
 

 

 

CURRICULUM VITAE  
 

 

                                                    Dr. KANCHAN MISHRA     

Contact No.:9301350993 

Email: Skanchanmishra09@yahoo.com 

Career Objective 

To get a creative and challenging position of lecturer in which I can share my knowledge and utilize my experience to make 

the bright carrier of student as well as to gain more experience into the education and teaching field. 

 

Ed     Educational Qualifications 

 

Board/University               Examination           Academic 

      Year 

            Percentage             Name of School/College 

Rabindranath Tagore University 

(Bhopal) 

          PhD  

        

 

2021 -- Rabindranath Tagore 

University(Bhopal) 

The Global Open University  

(Nagaland) 

M.Phil. 2009 70% The Global Open University                   

( Nagaland) 

Pt.RSU(Raipur) PGDCA 2008 62%    Maharaja Agrasen International 

College ( Raipur) 

Barkatullah University, Bhopal (M.P.)           M.Sc.(Maths) 2005 66% NMV College 

(Narmadapuram) 

Barkatullah University, Bhopal (M.P.)          B.Sc.(Maths) 2002 56% Home Scienc College 

(Narmadapuram) 

      M.P.Board Higher  

Secondary 

1999 61% Girls School 

(Narmadapuram) 

      M.P.Board High School 1997 65% Girls School 

(Narmadapuram) 

 

 

Professional Experience 
 

 Selected as a guide in Department of Mathematics for PhD Scholar(Pt. Ravishankar  Shukla University) 

 Working as Assistant Professor (Mathematics) in Vipra College, Raipur  from  19/07/2019 Till date under 

section 28.. 

 Working as Assistant Professor (Mathematics) in Disha College, Raipur  from  2014-2018 . 

 Worked as a Asst. Professor (Mathematics) Maharaja Agrasen International College (MAIC), Samta Colony 

Raipur (C.G.) From 16.08.2010 to 30.05.2011 

 Worked as a Teacher (Maths) Sadhu Vasvani Vidhya Mandri Higher Secondary School, Hoshangabad 

(M.P.) From 01.07.2005 to 30-11-2006. 

 Worked as a Teacher (Maths) Maharshi  Vidya Mandir Higher Secondary School, Hoshangabad (M.P.) 

From 20.11.2003 to 31.03.2004. 

 

 



 

 

Key Responsibilities Handled 
 

 Member of Research Cell Committee. 

 Convener of IT Cell. 

 Convener of Magazine Cell. 

 Meet with parents to discuss progress and address behavior or mastery issues. 

 Monitoring Attendance. 

 Preparation of Question papers for the Mid-terms and Finals. 

 Prepare lesson plans and methods of assessment. 

 Making of Progress reports. 

 Meeting with students and helping them in solving their problems. 

 Extra-classes during College hours for the children willing to learn. 

 Assist in admission and counseling. 

Research Papers                            
 

 

1. International Journal of Advance Technology & Engineering Research (IJATER) , (2017)  

Paper Topic- ‘Study of fixed point and common fixed point with Quasi metric space’ UGC 

Approved (Paper     Published). 

2. International Journal of  scientific progress and Research (IJSPR), (2017)                                                                                                                                

Paper Topic- ‘Study of fixed point in complete Metric Space by Symmetric Rational  

Expression’ UGC Approved (Paper Published)  

3. Mathematical Theory and Modling (IISTE) ,ISSN No 2224-5804(paper),ISSN 2225-

0522(online),Vol 8 (2018). 

Paper Topic- Study of Soft set and Common Soft Point With Complete Metric Space. (Paper 

Published) 

4. International Journal of Engineering, Applied and Management Sciences Paradigms 

(IJEAM),Issue 2,Vol.     54 , UGC Approved (2019). 

Paper Topic -Study of Fixed Point Theorems with b-Metric Space(Paper Published) 

5. International Journal Of Scientific & Technology Research, Vol. 8,Issue 10, UGC Approved 

(2019). 

Paper Topic- Implementation of soft fixed point theorems with b-metric space(Paper 

Published) 

6. International journal of Science and Research(IJSR),ISBN: 2319-7064(2021). 

Paper Topic -Implementation of Coupled Fixed Point Theorems with 𝜷- Monotone Property in  

Soft b-Metric space, (2022)UGC Approved (Paper Published) 

7. Journal of Research and Development A Multidisciplinary International Level Referred Journal, 

Vol. -15,Issue -11, ISSN 2230-9578. 

Paper Topic -Implementation of Common Soft Fixed Point with Intuitionastic Soft Fuzzy Metric 

Space ,Impact Factor 7.265,  UGC Approved.(2023)(Paper Published)  

8. Journal of Network Security,STM JOURNALS, “Advances in Data Security in 

Cryptography”ISSN:2395-6739(Online),ISSN: 2321-8517(Print),Vol. 12,Issue 1,(2024) 



 

 

9. CompSci Journal Double Blind Peer Reviewed Open Access International Research Journal Paper 

topic-Impact of Common Fixed Point Theorems Involving Cubic Terms of d(p, q) in b-Metric Space 

,ISSN: 3067-3089, Vol.-1,Issue-6,Dec.2025 ,Website: Website: https://csjour.com | 

 

 

 

 

 International Conference on Resent Advances in Science, Technology and 

Management(ICRASTM-2025).Topic- Impact of Common Fixed Point Theorems 

involving Cubic Terms Of d(p,q) in b-Metric Spaces,(2025). 

 International Innovation Horizon(IIH-2026) International Conference on 

Computational Intelligence, Quantum Computing and Emerging Science,(May 2026). 

 International Conference on Resent Trends in Advance Science and Computing 

(ICRTASC-25 ).Topic- Application of Cubic Terms of d(p,q) in Soft b-metric spaces to 

Soft Common fixed Point. VIT BHOPAL ,(Nov 2025). 

                                                                                                                                             
 

 
1. International Workshop” FAIRNESS AND TRUST IN THE MATHEMATICAL MODELING AND 

MACHINE LEARNING TECHNIQUES” VIT BHOPAL(OCT 2023). 
2. EMERGING AREAS IN COMPUTER SCIENCE AND TECHONOLOGY,VIPRA COLLEGE 

,RAIPUR(CG)(2023). 
 

3.  One day national webinar on” Biodiversity,  Ecosystem Services and Sustainabie Development, 
Raipur(2023)International seminar on “ Indian Strategic interest in the Indian Ocean” 
Raipur(2023). 

4. One day national webinar on” Role of Mathematics in real Life”Raigarh(MP)(2023).Seven Days 
Faculty development program “ Teaching Pedagogy in Perspective of New Education Policy” 
Mahant Lakshaminarayan College Raipur(CG),(2023). 

5. One week National workshop on “ INTELLECTUAL PROPERTY RIGHTS(IPR) ,(2018). 
6.   International Conference on “Recent Advancement in Science & Technology” Bhopal(2017). 
7.  Faculty Development Program” Research Methodology for Innovative Research  in Engineering 

and Applied Science” Bhopal(2018). 
 

HH    ACHIVMENTS 
 

1. UGC –Sponsored Refresher Course MMTC Program Mathematics and Its Application 

,Orgniesed by Silchar, Asam University ,Dec.2025. Grad A+. 

2. UGC –Sponsored Refresher Course 18th Sep. To 1st October 2024 Grade A+. 

3. UGC-Sponsored FIP “ Guru Dakshata” FACULTY INDUCTION PROGRAM 20/11/2023 To 

19/12/2023 in GURU GASIDAS UNIVERSITY. 

4. NEP 2020 ORIENTATION & SENSTIZATION PROGRAM ON 04/03/2024 To 13/03/2024 

Obtained Grade A. 

Seminar Attened 

Paper Presenting 

website:%20https://csjour.com


 

 

 

   

HH    Hobbies 

 Interaction with children 

 Teaching 

 Reading Books 

 Listening Music 

 Watching movies 

 

 

Father’s Name      : Late. Mr.Ramyash Dwivedi 

Mother’s Name     : Mrs. Geeta Dwivedi 

Date of Birth         : 7th April, 1981 

Postal Address     : 28, Central Avenue (West) Choubey Colony ,Raipur, Chhattisgarh.   

Sex/Marital Status : Female / Married 

Nationality             : Indian 

Languages  : English, Hindi. 

Educational Status : Ph. D (Mathematics) 

      

 

I hereby declare that above-mentioned information is correct up to my knowledge and I bear the responsibility for the 

correctness of the above-mentioned particulars. 
 

 

 

 

 

 

Signature 

……………………… 

            Personal Information 

Declaration & Signature 







IIJJSSPPRR  AApppprroovveedd  &&  

RReeccoommmmeennddeedd  bbyy  

UUGGCC    

  

SSJJIIFF    

IImmppaacctt  FFaaccttoorr    

22001177  

44..442277  

IInnddeexxeedd  BByy  

Organizer, IJSPR 

International Journal of Scientific Progress & Research 

RRRRRRRRRR  

   

          
IInntteerrnnaattiioonnaall  JJoouurrnnaall  ooff  SScciieennttiiffiicc  PPrrooggrreessss  &&  RReesseeaarrcchh  

              ((IIJJSSPPRR  AApppprroovveedd  aanndd  RReeggiisstteerreedd  BByy  NNaattiioonnaall  SScciieennccee  LLiibbrraarryy  ((NNSSLL)),,  IISSSSNN,,  GGooooggllee  SScchhoollaarr,,  IInnnnoossppaaccee))  IISSSSNN  ::  22334499  --  44668899,,  wwwwww..iijjsspprr..ccoomm  

      CCeerrttiiffiiccaattee  ooff  PPuubblliiccaattiioonn  
IJSPR/ECERT/V35/N3/1921 

 

This to certify that paper titled  "Study of Fixed Points in Complete Metric Space by Symmetric Rational Expression", authored 

by Mr. / Ms. Kanchan Mishra has published in International Journal of Scientific Progress and Research IJSPR, in Volume 35, 

Number 03, May 2017. The Paper has been passed through peer review process in terms of originality and quality of work by Reviewer 

Panel of IJSPR. The Paper is available online on following link:- http://www.ijspr.com/citations/v35n3/IJSPR_3503_1921.pdf 

 

 

 

 



INTERNATIONAL JOURNAL OF SCIENTIFIC PROGRESS AND RESEARCH (IJSPR)                                           ISSN: 2349-4689 
Issue 102, Volume 35, Number 03, 2017 
 

www.ijspr.com                                                                                                                                                                                IJSPR | 178 

Study of Fixed Points in Complete Metric Space 
by Symmetric Rational Expression 

Kanchan  Mishra*a,  Chitra Singh* 
Department of Mathematics, AISECT University  Bhopal, MP

Abstract: In this paper we introduce the different method to 
solve and prove some fixed point and  common fixed 
pointtheorems for banach contraction in complete metric 
space  by using new type rational contraction conditions. Our 
results  extend and improve the recent ones. 

Keywords: Fixed point, Common Fixed point, Continuous 
mapping, Complete Metric Space,cauchy sequence. AMS 
Classification: 45H10. 

I. INTRODUCTION AND PRELIMINARIES: 

Impact of fixed point theory in different branches of 
mathematics and its applications is immense. The first 
result on fixed points for contractive type mapping was 
the much celebrated Banach’s contraction principle by S. 
Banach [1] in (1922). In the general setting of complete 
metric space, The important part of fixed point theory is 
Metric fixed point theory, because of its applications in 
different areas like variation and linear inequalities, 
improvement and approximation 
theory.Kannan[2]established fixed theorems in different 
spaces like Metric space. Rhoades (2001) and Khan 
et.al.(1984) author have proved that some unique fixed 
point theorems. In (1980) Jaggi[5] and Das [6] obtained 
some fixed point theorems with the mapping satisfying. 
Before going to prove our results first we define some 
important definitions. 

Definition 2.1: Let (X, d) be a complete metric space, c 
∈(0,1) and f: X → X be a mapping such that for each 
x,y∈X, d(𝑇𝑇𝑥𝑥 ,𝑇𝑇𝑦𝑦 ) ≤ cd (x, y)  [1], Then f has a unique fixed 
point, a ∈ X,such that for each x ∈ X ,lim𝑛𝑛→∞ 𝑓𝑓𝑛𝑛𝑥𝑥 = 𝑎𝑎. 
after the classical result, Kannan [2] gave a subsequently 
new contractive mapping to prove the fixed point 
theorem. Since then a number of mathematicians have 
been worked on fixed point theory dealing with mappings 
satisfying various type of contractive conditions. In 
(2002)A. Branciari [3] analyzed the existence of fixed 
point. 

Definition 2.2: If T is self mapping of a complete metric 
space X into itself satisfying; d(𝑇𝑇𝑥𝑥 ,𝑇𝑇𝑦𝑦)  ≤ 𝛼𝛼 [d(𝑇𝑇𝑥𝑥 , x)+ 
d(𝑇𝑇𝑦𝑦 ,x) ] for all x,y 𝜖𝜖𝜖𝜖and 0 ≤𝛼𝛼 ≤ 1 ,then T has unique 
fixed point in X.See[2] 

Definition 2.3:d(𝑇𝑇𝑥𝑥 ,𝑇𝑇𝑦𝑦 ) ≤ [d(x,𝑇𝑇𝑦𝑦 )+ d(y,𝑇𝑇𝑥𝑥 ) ] for allx,y 
𝜖𝜖𝜖𝜖 and 0 ≤ 𝛼𝛼 ≤ 1 ,then T has unique fixed point in 

X.See[4], A similar conclusion was also obtained by 
Chaterjee [7 ]. 

Definition 2.4: Let the rational expression     

d(𝑇𝑇𝑥𝑥 ,𝑇𝑇𝑦𝑦 ) ≤α d( x ,𝑇𝑇𝑥𝑥 ) d (y ,𝑇𝑇𝑦𝑦  )
d(x,y)

+ β d(x, y) 

for allx ,y 𝜖𝜖𝜖𝜖, x ≠y and 0 ≤  𝛼𝛼 +  𝛽𝛽 ≤ 1 

 thenThas unique fixed point in X. See[5] 

 Definition 2.5: let some fixed point theorems with the 
mapping satisfying:                                                                                                                                               

d(𝑇𝑇𝑥𝑥 ,𝑇𝑇𝑦𝑦 ) ≤α d( x ,𝑇𝑇𝑥𝑥 )d (y ,𝑇𝑇𝑦𝑦  )
 d(x,y)+d�x, 𝑇𝑇𝑦𝑦 �+d(y,𝑇𝑇𝑥𝑥 )

+ β d(x, y) 

for allx ,y 𝜖𝜖𝜖𝜖 , x ≠ y,and0 ≤  𝛼𝛼 +   𝛽𝛽 ≤ 1 then 𝑇𝑇 has 
unique fixed point in X. See[5][6]. 

Definition 2.6: A sequence { 𝑥𝑥𝑛𝑛} in metric space (X,d) is 
called Cauchy sequence if for  

Each𝜀𝜀 < 0, there exists a positive integer𝑛𝑛0 such 
that𝑚𝑚,𝑛𝑛 ≥ 𝑛𝑛0 ⇒ d(𝑥𝑥𝑚𝑚 , 𝑥𝑥𝑛𝑛)<𝜀𝜀 

Definition 2.7 : A complete metric space is a metric space 
in which every Cauchy sequence is convergent. 

Definition 2.8 : A sequence { 𝑥𝑥𝑛𝑛} converges to x 
iflim𝑛𝑛→∞ d(𝑥𝑥𝑛𝑛 , x) =  0 in this case x is called a limit of 
{𝑥𝑥𝑛𝑛} and we write𝑥𝑥𝑛𝑛 → 𝑥𝑥. 

II. MAIN RESULTS 

Theorem-3.1: Let T be a continuous self map, defined on 
a complete metric space X, satisfies the following 
condition ; 

d(𝑥𝑥𝑛𝑛+1,𝑥𝑥𝑛𝑛 ) ≤ 𝛼𝛼 �𝑑𝑑
3(𝑥𝑥 ,𝑇𝑇𝑥𝑥 )+𝑑𝑑3�𝑥𝑥 ,𝑇𝑇𝑦𝑦 �

1+𝑑𝑑2(𝑥𝑥 ,𝑇𝑇𝑥𝑥 )
� + β�𝑑𝑑�𝑦𝑦,𝑇𝑇𝑦𝑦�.𝑑𝑑(𝑦𝑦,𝑇𝑇𝑥𝑥)�+ 

γ d(x,y) +η[𝑑𝑑(𝑥𝑥,𝑇𝑇𝑥𝑥) + 

 𝑑𝑑�𝑦𝑦,𝑇𝑇𝑦𝑦�] + δ[𝑑𝑑�𝑥𝑥,𝑇𝑇𝑦𝑦� + 𝑑𝑑(𝑦𝑦,𝑇𝑇𝑥𝑥)]                 
  (3.1.1) 

for all x,y,𝑥𝑥 ≠ 𝑦𝑦and for some α,β,γ,η,δ ∈ [0,1�) with 
(α+2β+2γ+2δ+η)<1.then T has fixed point in X. 

Proof:Let 𝑥𝑥0be an arbitrary point in X and we define a 
sequence {𝑥𝑥𝑛𝑛}by means of iterates of T by setting, 
𝑇𝑇𝑥𝑥0
𝑛𝑛 = 𝑥𝑥𝑛𝑛  where n is a positive integer. If 𝑥𝑥𝑛𝑛 = 𝑥𝑥𝑛𝑛+1 for 

some n,then 𝑥𝑥𝑛𝑛  is affixed point of T.Taking 𝑥𝑥𝑛𝑛 ≠
𝑥𝑥𝑛𝑛+1,for all n. 
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d(𝑥𝑥𝑛𝑛+1,𝑥𝑥𝑛𝑛 ) = d(𝑇𝑇𝑥𝑥𝑛𝑛 ,𝑇𝑇𝑥𝑥𝑛𝑛−1) 

d(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛) ≤ 𝛼𝛼 �
𝑑𝑑3�𝑥𝑥𝑛𝑛 ,𝑇𝑇𝑥𝑥𝑛𝑛 �+𝑑𝑑3�𝑥𝑥𝑛𝑛 ,𝑇𝑇𝑥𝑥𝑛𝑛−1�

1+𝑑𝑑2�𝑥𝑥𝑛𝑛 ,𝑇𝑇𝑥𝑥𝑛𝑛 �
�+ β [𝑑𝑑�𝑥𝑥𝑛𝑛−1,𝑇𝑇𝑥𝑥𝑛𝑛−1�.𝑑𝑑(𝑥𝑥𝑛𝑛−1,𝑇𝑇𝑥𝑥𝑛𝑛 )]  +  γ d(𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛−1)  

                        + η[𝑑𝑑�𝑥𝑥𝑛𝑛 ,𝑇𝑇𝑥𝑥𝑛𝑛 � + 𝑑𝑑(𝑥𝑥𝑛𝑛−1,𝑇𝑇𝑥𝑥𝑛𝑛−1 )] + δ [𝑑𝑑�𝑥𝑥𝑛𝑛 ,𝑇𝑇𝑥𝑥𝑛𝑛−1� + 𝑑𝑑(𝑥𝑥𝑛𝑛−1,𝑇𝑇𝑥𝑥𝑛𝑛 )] 

≤ 𝛼𝛼 �𝑑𝑑
3(𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛+1)+𝑑𝑑3(𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛 )

1+𝑑𝑑2(𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛+1)
� + β [𝑑𝑑(𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛).𝑑𝑑(𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛+1)] + γ d(𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛−1)       

 + η[𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1) + 𝑑𝑑(𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛)] + δ [𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛) +  𝑑𝑑(𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛+1)] 

≤ 𝛼𝛼 �
𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1) + 𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛){𝑑𝑑2(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1) + 𝑑𝑑2(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛) + 𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1)𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛)}

1 + 𝑑𝑑2(𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛+1) � 

        +  β 𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1)  + γ d(𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛−1)+ η[𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1) + 𝑑𝑑(𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛)] +δ𝑑𝑑(𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛+1) 

≤ 𝛼𝛼 �𝑑𝑑(𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛+1)𝑑𝑑2(𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛+1)
𝑑𝑑2(𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛+1)

�+ β[ 𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1)]+γ d(𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛−1) + η  [𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1) + 𝑑𝑑(𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛)] 

+ δ [𝑑𝑑(𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛+1)] 

𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1) ≤ 𝛼𝛼𝛼𝛼(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1)+ β𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1)+ γ d(𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛−1) + η[𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1) + 𝑑𝑑(𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛)]  

+ δd(𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛+1)       (3.1.2) 

𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1) ≤ (𝛼𝛼 + β + η +  δ)𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1)+ ( γ + η + δ) 𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛−1) 

{1-( 𝛼𝛼 + β + η +  δ)} 𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1) ≤( γ + η + δ) 𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛−1) 

 

𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1) ≤
( γ +  η + δ)

1 − ( 𝛼𝛼 + β + η +  δ)
𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛−1) 

⋮ 

�
( γ +  η + δ)

1 − ( 𝛼𝛼 + β + η +  δ)
�
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛−1) 

By the triangular inequality, we have m>n,    

𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑚𝑚) ≤ 𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛+1) + 𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛+2) + + −−− 𝑑𝑑(𝑥𝑥𝑚𝑚−1, 𝑥𝑥𝑛𝑛) 

≤ (𝐾𝐾𝑛𝑛 + 𝐾𝐾𝑛𝑛+1 + 𝐾𝐾𝑛𝑛+2 + + + −− 𝐾𝐾𝑚𝑚−1) 𝑑𝑑(𝑥𝑥1, 𝑥𝑥0) 

Where K = (γ+ η+δ)
1−(𝛼𝛼+β+η+ δ)

< 1        (3.1.3) 

1 − (𝛼𝛼 + β + η +  δ) ≤( γ+η + δ)              (3.1.4) 

(𝛼𝛼 + β + 2η + 2 δ + γ) ≤ 1                           (3.1.5) 

∴ 𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑚𝑚) ≤ 𝐾𝐾𝑛𝑛

1−𝐾𝐾
𝑑𝑑(𝑥𝑥0,𝑇𝑇𝑥𝑥0 )                     (3.1.6) 

So{𝑥𝑥𝑛𝑛}is Cauchy sequence in X,So by completeness of X,there is apoint u𝜖𝜖𝜖𝜖,such that 𝑥𝑥𝑛𝑛 → 𝑢𝑢 𝑎𝑎𝑎𝑎 𝑛𝑛 → ∞ 

Further,the continuity of T in X,implies 

𝑇𝑇(𝑢𝑢) = lim
𝑛𝑛→∞

𝑇𝑇𝑇𝑇𝑛𝑛  

= lim
𝑛𝑛→∞

𝑇𝑇𝑥𝑥𝑛𝑛  

 = lim
𝑛𝑛→∞

𝑥𝑥𝑛𝑛+1 

                                                                   = u 

∴      u is fixed point of T in X.    

Theorem3.2: Let T be the self map defined on a complete metric space (X,d) such that(3.1.1)holds.if for some positive 
integer p,𝑇𝑇𝑝𝑝    is continuous ,then T has a fixed point not unique. 
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Proof: We define a sequence  {𝑥𝑥𝑛𝑛} as in Theorem-3.1 ,clearly it converges to some point u is (X,d). therefore its 
subsequence {𝑥𝑥𝑛𝑛𝑘𝑘 }}   ,( 𝑛𝑛𝑘𝑘 =  𝑘𝑘𝑝𝑝 )  also converges to u. 

𝑇𝑇𝑢𝑢  
𝑝𝑝 = 𝑇𝑇𝑝𝑝(lim

𝑘𝑘→∞
𝑥𝑥𝑛𝑛𝑘𝑘 ) = lim

𝑘𝑘→∞
𝑇𝑇𝑥𝑥𝑛𝑛𝑘𝑘
𝑝𝑝  

        = lim
𝑘𝑘→∞

(𝑇𝑇𝑥𝑥𝑘𝑘+1 ) 

                                                                                           = u  

Therefore u is a fixed point of 𝑇𝑇𝑝𝑝 . Now ,we show that ,𝑇𝑇𝑢𝑢 = 𝑢𝑢.Let m be the smallest positive integer,s.t.𝑇𝑇𝑢𝑢𝑚𝑚 = 𝑢𝑢, 𝑏𝑏𝑏𝑏𝑏𝑏𝑇𝑇𝑢𝑢  
𝑞𝑞 ≠

𝑢𝑢,for q=1,2,3,-----m-1. 

If m > 1,then by (3.1.1) 

d(𝑇𝑇𝑢𝑢 ,𝑢𝑢) = d(𝑇𝑇𝑢𝑢 ,𝑇𝑇𝑢𝑢𝑚𝑚 ) = d[𝑇𝑇𝑢𝑢 ,𝑇𝑇(𝑇𝑇𝑢𝑢𝑚𝑚−1)] 

d(𝑢𝑢,𝑇𝑇𝑢𝑢 )≤  𝛼𝛼 �𝑑𝑑
3(𝑢𝑢  ,𝑇𝑇𝑢𝑢 )+𝑑𝑑3�𝑢𝑢  ,𝑇𝑇(𝑇𝑇𝑢𝑢𝑚𝑚−1)�

1+𝑑𝑑2(𝑢𝑢  ,𝑇𝑇𝑢𝑢  )
� + β�𝑑𝑑�𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑇𝑇(𝑇𝑇𝑢𝑢𝑚𝑚−1)�.𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑇𝑇𝑢𝑢)� 

 +  γ d(u,𝑇𝑇𝑢𝑢𝑚𝑚−1) + η [𝑑𝑑(𝑢𝑢 ,𝑇𝑇𝑢𝑢) + �𝑑𝑑�𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑇𝑇(𝑇𝑇𝑢𝑢𝑚𝑚−1)��] 

 + δ [𝑑𝑑�𝑢𝑢,𝑇𝑇(𝑇𝑇𝑢𝑢𝑚𝑚−1)� + 𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑇𝑇𝑢𝑢)]       (3.2.1) 

≤  𝛼𝛼 �
𝑑𝑑(𝑢𝑢 ,𝑇𝑇𝑢𝑢) + 𝑑𝑑�𝑢𝑢 ,𝑇𝑇(𝑇𝑇𝑢𝑢𝑚𝑚−1)� {𝑑𝑑2(𝑢𝑢 ,𝑇𝑇𝑢𝑢) + 𝑑𝑑2�𝑢𝑢 ,𝑇𝑇(𝑇𝑇𝑢𝑢𝑚𝑚−1)�+ 𝑑𝑑(𝑢𝑢 ,𝑇𝑇𝑢𝑢).𝑑𝑑�𝑢𝑢 ,𝑇𝑇(𝑇𝑇𝑢𝑢𝑚𝑚−1)�}

1 + 𝑑𝑑2(𝑢𝑢 ,𝑇𝑇𝑢𝑢  )
� 

+β[𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑢𝑢).𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑇𝑇𝑢𝑢)]+γd(u,𝑇𝑇𝑢𝑢𝑚𝑚−1)+η [𝑑𝑑(𝑢𝑢 ,𝑇𝑇𝑢𝑢) + 𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑢𝑢)] 

+δ[𝑑𝑑(𝑢𝑢,𝑢𝑢) + 𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑇𝑇𝑢𝑢)] 

≤  𝛼𝛼 �{𝑑𝑑(𝑢𝑢  ,𝑇𝑇𝑢𝑢 )+𝑑𝑑(𝑢𝑢  𝑢𝑢)}{ 𝑑𝑑2(𝑢𝑢  ,𝑇𝑇𝑢𝑢 )+ 𝑑𝑑2(𝑢𝑢  ,𝑢𝑢)+𝑑𝑑(𝑢𝑢  ,𝑇𝑇𝑢𝑢 ).𝑑𝑑(𝑢𝑢 ,𝑢𝑢)}
1+𝑑𝑑2(𝑢𝑢  ,𝑇𝑇𝑢𝑢  )

� + β[𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑢𝑢).𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑇𝑇𝑢𝑢)] 

+γd(u,𝑇𝑇𝑢𝑢𝑚𝑚−1) + η [𝑑𝑑(𝑢𝑢 ,𝑇𝑇𝑢𝑢) + 𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑢𝑢)] + δ [𝑑𝑑(𝑢𝑢,𝑢𝑢) + 𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑇𝑇𝑢𝑢)] 

≤  𝛼𝛼 �
{𝑑𝑑�𝑢𝑢  ,𝑇𝑇𝑢𝑢 ) 𝑑𝑑2 (𝑢𝑢  ,𝑇𝑇𝑢𝑢  )�

𝑑𝑑2 (𝑢𝑢  ,𝑇𝑇𝑢𝑢  )
� +β𝑑𝑑(𝑢𝑢,𝑇𝑇𝑢𝑢)  +  γ d(u,𝑇𝑇𝑢𝑢𝑚𝑚−1) + η [𝑑𝑑(𝑢𝑢 ,𝑇𝑇𝑢𝑢) + 𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑢𝑢)] 

+  δ 𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑇𝑇𝑢𝑢) 

d(𝑢𝑢,𝑇𝑇𝑢𝑢 ) ≤  𝛼𝛼(𝑢𝑢,𝑇𝑇𝑢𝑢) +β𝑑𝑑(𝑢𝑢,𝑇𝑇𝑢𝑢)+  γ d(u,𝑇𝑇𝑢𝑢𝑚𝑚−1) + η [𝑑𝑑(𝑢𝑢 ,𝑇𝑇𝑢𝑢) + 𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑢𝑢)] 

+δ [𝑑𝑑(𝑇𝑇𝑢𝑢𝑚𝑚−1,𝑢𝑢) + 𝑑𝑑(𝑢𝑢,𝑇𝑇𝑢𝑢)]     (3.2.2) 

d(𝑢𝑢,𝑇𝑇𝑢𝑢 ) ≤  (𝛼𝛼 + β + η +  δ)𝑑𝑑(𝑢𝑢,𝑇𝑇𝑢𝑢) + (γ + η +  δ )d(u,𝑇𝑇𝑢𝑢𝑚𝑚−1)           (3.2.3) 

d(𝑢𝑢,𝑇𝑇𝑢𝑢 ) ≤ 𝐾𝐾d(u,𝑇𝑇𝑢𝑢𝑚𝑚−1)                                                    (3.2.4) 

Where  K =   (γ+ η+δ)
1−(𝛼𝛼+β+η+ δ)

< 1 

[1 −  (𝛼𝛼 + β + η +  δ)]𝑑𝑑(𝑢𝑢,𝑇𝑇𝑢𝑢) ≤ (γ + η +  δ)d(u,𝑇𝑇𝑢𝑢𝑚𝑚−1) 

(𝛼𝛼 + β + 2η + 2 δ + γ) ≤ 1                    ( 3.2.5) 

Thus we write d(u,𝑇𝑇𝑢𝑢 ,) ≤ 𝐾𝐾𝑚𝑚d(u,𝑇𝑇𝑢𝑢)  

Since 𝐾𝐾𝑚𝑚 < 1 

Therefore  d(u,𝑇𝑇𝑢𝑢 ,) ≤ d(u,𝑇𝑇𝑢𝑢) 

Which is contradiaction. 

Hence  𝑇𝑇𝑢𝑢 = 𝑢𝑢,i.e. u is a fixed point of T. But T has not unique fixed point. 

 

Theorem 3.3: Let,𝑇𝑇1 and ,𝑇𝑇2 be two self maps, defined on a complete metric space (X,d) satisfying the condition ; 

d(𝑇𝑇1 𝑥𝑥,𝑇𝑇2 𝑦𝑦)≤ 𝛼𝛼 �𝑑𝑑
3�𝑥𝑥2𝑛𝑛   , 𝑇𝑇1𝑥𝑥2𝑛𝑛   �+𝑑𝑑3�𝑥𝑥2𝑛𝑛  , 𝑇𝑇2𝑥𝑥2𝑛𝑛−1 �

1+𝑑𝑑2�𝑥𝑥2𝑛𝑛   , 𝑇𝑇1𝑥𝑥2𝑛𝑛 �
� 



INTERNATIONAL JOURNAL OF SCIENTIFIC PROGRESS AND RESEARCH (IJSPR)                                           ISSN: 2349-4689 
Issue 102, Volume 35, Number 03, 2017 
 

www.ijspr.com                                                                                                                                                                                IJSPR | 181 

+β�𝑑𝑑�𝑥𝑥2𝑛𝑛−1 , 𝑇𝑇2𝑥𝑥2𝑛𝑛−1�.𝑑𝑑�𝑥𝑥2𝑛𝑛−1  , 𝑇𝑇1𝑥𝑥2𝑛𝑛  �� +   γ d (𝑥𝑥2𝑛𝑛  ,𝑥𝑥2𝑛𝑛−1 ) 

      +η [𝑑𝑑(�𝑥𝑥2𝑛𝑛   , 𝑇𝑇1𝑥𝑥2𝑛𝑛   � + 𝑑𝑑�𝑥𝑥2𝑛𝑛−1  ,𝑇𝑇2𝑥𝑥2𝑛𝑛−1 �] 

                        +δ [𝑑𝑑�𝑥𝑥2𝑛𝑛   ,𝑇𝑇2𝑥𝑥2𝑛𝑛−1 � + 𝑑𝑑(𝑥𝑥2𝑛𝑛−1  , 𝑇𝑇1𝑥𝑥2𝑛𝑛   )] 

for all x,y,𝑥𝑥 ≠ 𝑦𝑦and for some α,β,γ,η,δ ∈ [0,1�) with (α+2β+2γ+2δ+η)<1.then T has  

   fixed point in X and by Theorem (3.2) 𝑇𝑇1 𝑎𝑎𝑎𝑎𝑎𝑎𝑇𝑇2 are continuous on X. 

Then 𝑇𝑇1 𝑎𝑎𝑎𝑎𝑎𝑎𝑇𝑇2 have a common fixed point. 

Proof : We have   d(𝑥𝑥2𝑛𝑛+1   ,𝑥𝑥2𝑛𝑛   ) = d( 𝑇𝑇1𝑥𝑥2𝑛𝑛    ,   𝑇𝑇2𝑥𝑥2𝑛𝑛−1) 

 d(𝑥𝑥2𝑛𝑛+1 ,𝑥𝑥2𝑛𝑛  )≤ 𝛼𝛼 �𝑑𝑑
3�𝑥𝑥2𝑛𝑛   , 𝑇𝑇1𝑥𝑥2𝑛𝑛   �+𝑑𝑑3�𝑥𝑥2𝑛𝑛  , 𝑇𝑇2𝑥𝑥2𝑛𝑛−1 �

1+𝑑𝑑2�𝑥𝑥2𝑛𝑛   , 𝑇𝑇1𝑥𝑥2𝑛𝑛 �
� 

 +β�𝑑𝑑�𝑥𝑥2𝑛𝑛−1 , 𝑇𝑇2𝑥𝑥2𝑛𝑛−1�.𝑑𝑑�𝑥𝑥2𝑛𝑛−1  , 𝑇𝑇1𝑥𝑥2𝑛𝑛  ��+  γ d (𝑥𝑥2𝑛𝑛  ,𝑥𝑥2𝑛𝑛−1 )  

 +η [𝑑𝑑(�𝑥𝑥2𝑛𝑛   , 𝑇𝑇1𝑥𝑥2𝑛𝑛   � + 𝑑𝑑�𝑥𝑥2𝑛𝑛−1  ,𝑇𝑇2𝑥𝑥2𝑛𝑛−1 �] 

 +δ [𝑑𝑑�𝑥𝑥2𝑛𝑛   ,𝑇𝑇2𝑥𝑥2𝑛𝑛−1 � + 𝑑𝑑(𝑥𝑥2𝑛𝑛−1  , 𝑇𝑇1𝑥𝑥2𝑛𝑛   )](3.3.1) 

≤ 𝛼𝛼 �
�𝑑𝑑�𝑥𝑥2𝑛𝑛   , 𝑇𝑇1𝑥𝑥2𝑛𝑛   � + 𝑑𝑑�𝑥𝑥2𝑛𝑛  , 𝑇𝑇2𝑥𝑥2𝑛𝑛−1 ��{𝑑𝑑2�𝑥𝑥2𝑛𝑛   , 𝑇𝑇1𝑥𝑥2𝑛𝑛   � + 𝑑𝑑2�𝑥𝑥2𝑛𝑛  , 𝑇𝑇2𝑥𝑥2𝑛𝑛−1 � + 𝑑𝑑�𝑥𝑥2𝑛𝑛   , 𝑇𝑇1𝑥𝑥2𝑛𝑛   �𝑑𝑑�𝑥𝑥2𝑛𝑛  , 𝑇𝑇2𝑥𝑥2𝑛𝑛−1 �}

1 + 𝑑𝑑2 (𝑥𝑥2𝑛𝑛   , 𝑇𝑇1𝑥𝑥2𝑛𝑛   ) 
�

 

+β�𝑑𝑑�𝑥𝑥2𝑛𝑛−1 ,𝑥𝑥2𝑛𝑛   �.𝑑𝑑�𝑥𝑥2𝑛𝑛−1  ,𝑥𝑥2𝑛𝑛+1 ��  +  γ d (𝑥𝑥2𝑛𝑛  ,𝑥𝑥2𝑛𝑛−1 ) + η [𝑑𝑑(�𝑥𝑥2𝑛𝑛   ,𝑥𝑥2𝑛𝑛+1 � 

+𝑑𝑑�𝑥𝑥2𝑛𝑛−1  ,𝑥𝑥2𝑛𝑛  �]+ δ [𝑑𝑑�𝑥𝑥2𝑛𝑛  ,𝑥𝑥2𝑛𝑛   � + 𝑑𝑑(𝑥𝑥2𝑛𝑛−1   𝑥𝑥2𝑛𝑛+1 )] 

≤ 𝛼𝛼 �{𝑑𝑑�𝑥𝑥2𝑛𝑛   ,𝑥𝑥2𝑛𝑛+1 �𝑑𝑑2�𝑥𝑥2𝑛𝑛   ,𝑥𝑥2𝑛𝑛+1 �}
𝑑𝑑2�𝑥𝑥2𝑛𝑛   ,𝑥𝑥2𝑛𝑛+1,�

� +β�𝑑𝑑�𝑥𝑥2𝑛𝑛  ,𝑥𝑥2𝑛𝑛+1 ��  +  γ d (𝑥𝑥2𝑛𝑛  ,𝑥𝑥2𝑛𝑛−1 )  

+ η  [𝑑𝑑(�𝑥𝑥2𝑛𝑛   ,𝑥𝑥2𝑛𝑛+1 � + 𝑑𝑑�𝑥𝑥2𝑛𝑛−1  ,𝑥𝑥2𝑛𝑛  �]+ δ [𝑑𝑑(𝑥𝑥2𝑛𝑛−1  ,𝑥𝑥2𝑛𝑛   ) + 𝑑𝑑(�𝑥𝑥2𝑛𝑛   ,𝑥𝑥2𝑛𝑛+1 �] 

≤ 𝛼𝛼𝛼𝛼(𝑥𝑥2𝑛𝑛   ,𝑥𝑥2𝑛𝑛+1 )+β𝑑𝑑�𝑥𝑥2𝑛𝑛   ,𝑥𝑥2𝑛𝑛+1 �+γd(𝑥𝑥2𝑛𝑛  ,𝑥𝑥2𝑛𝑛−1 )+η[𝑑𝑑(�𝑥𝑥2𝑛𝑛   ,𝑥𝑥2𝑛𝑛+1 � + 𝑑𝑑�𝑥𝑥2𝑛𝑛−1  ,𝑥𝑥2𝑛𝑛  �] 

    + δ [𝑑𝑑(𝑥𝑥2𝑛𝑛−1  ,𝑥𝑥2𝑛𝑛   ) + 𝑑𝑑(�𝑥𝑥2𝑛𝑛   ,𝑥𝑥2𝑛𝑛+1 �]                                                              (3.3.2) 

d(𝑥𝑥2𝑛𝑛+1 ,𝑥𝑥2𝑛𝑛  )≤ (𝛼𝛼 + β + η +  δ)𝑑𝑑�𝑥𝑥2𝑛𝑛   ,𝑥𝑥2𝑛𝑛+1�+(γ + η +  δ)𝑑𝑑(𝑥𝑥2𝑛𝑛−1  ,𝑥𝑥2𝑛𝑛   )         (3.3.3) 

𝑑𝑑�𝑥𝑥2𝑛𝑛+1 ,𝑥𝑥2𝑛𝑛  � ≤
(γ +  η + δ)

1 − (𝛼𝛼 + β + η +  δ) d(𝑥𝑥2𝑛𝑛−1  ,𝑥𝑥2𝑛𝑛   ) 

𝑑𝑑�𝑥𝑥2𝑛𝑛+1 ,𝑥𝑥2𝑛𝑛  � ≤ 𝐾𝐾2𝑛𝑛d((𝑥𝑥0  ,𝑥𝑥1    )  

Where  K =   (γ+ η+δ)
1−(𝛼𝛼+β+η+ δ)

< 1 

 [1 −  (𝛼𝛼 + β + η +  δ)]𝑑𝑑�𝑥𝑥2𝑛𝑛+1 ,𝑥𝑥2𝑛𝑛  � ≤ (γ + η +  δ)d((𝑥𝑥2𝑛𝑛−1  ,𝑥𝑥2𝑛𝑛   ) 

(𝛼𝛼 + β + 2η + 2 δ + γ) < 1 

   Similarly we can show that            

�𝑥𝑥2𝑛𝑛+1 ,𝑥𝑥2𝑛𝑛+2 � ≤ 𝐾𝐾2𝑛𝑛+1d((𝑥𝑥0  ,𝑥𝑥1    ) 

Now it can be easily seen that {𝑥𝑥𝑛𝑛  } is a Cauchy sequence. Let 𝑥𝑥𝑛𝑛  → 𝑢𝑢 then the subsequence{𝑥𝑥𝑛𝑛𝑝𝑝 } also converges to u, for 
𝑛𝑛𝑝𝑝   = 2𝑝𝑝. 

Now  𝑇𝑇1𝑇𝑇2(𝑢𝑢) = 𝑇𝑇1𝑇𝑇2 lim𝑝𝑝→∞ 𝑥𝑥𝑛𝑛𝑝𝑝  

                        =lim𝑝𝑝→∞ 𝑥𝑥𝑛𝑛𝑝𝑝+1 

                        = u 

We now show that 𝑇𝑇2(𝑢𝑢)  ≠ 𝑢𝑢 
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If  𝑇𝑇2(𝑢𝑢) ≠ 𝑢𝑢  ,then 

d (u,𝑇𝑇2𝑢𝑢 ) =d(𝑇𝑇1𝑇𝑇2𝑢𝑢 ,𝑇𝑇2𝑢𝑢) 

d(u,𝑇𝑇2𝑢𝑢 )≤ 𝛼𝛼 �𝑑𝑑
3 (𝑇𝑇2𝑢𝑢  ,𝑇𝑇1𝑇𝑇2𝑢𝑢)+𝑑𝑑3 (𝑇𝑇2𝑢𝑢   ,𝑇𝑇2𝑢𝑢)

1+𝑑𝑑2 (𝑇𝑇2𝑢𝑢   ,   𝑇𝑇1𝑇𝑇2𝑢𝑢)
� + β[𝑑𝑑(𝑢𝑢 ,  𝑇𝑇2𝑢𝑢).𝑑𝑑(𝑢𝑢 ,𝑇𝑇1𝑇𝑇2𝑢𝑢)]  +  γ d  (𝑇𝑇2𝑢𝑢 ,𝑢𝑢 )  

 +η [𝑑𝑑((𝑇𝑇2𝑢𝑢 ,𝑇𝑇1𝑇𝑇2𝑢𝑢) + 𝑑𝑑(𝑢𝑢 ,  𝑇𝑇2𝑢𝑢)]+ δ [𝑑𝑑(𝑇𝑇2𝑢𝑢 ,𝑇𝑇2𝑢𝑢) + 𝑑𝑑(𝑢𝑢,𝑇𝑇1𝑇𝑇2𝑢𝑢)    (3.3.3) 

≤ 𝛼𝛼 �
𝑑𝑑(𝑇𝑇2𝑢𝑢 ,𝑢𝑢) + 𝑑𝑑(𝑇𝑇2𝑢𝑢  ,𝑇𝑇2𝑢𝑢){(𝑑𝑑2𝑇𝑇2𝑢𝑢 ,𝑢𝑢) + 𝑑𝑑2(𝑇𝑇2𝑢𝑢  ,𝑇𝑇2𝑢𝑢) + 𝑑𝑑(𝑇𝑇2𝑢𝑢 ,𝑢𝑢).𝑑𝑑(𝑇𝑇2𝑢𝑢  ,𝑇𝑇2𝑢𝑢)}

1 + 𝑑𝑑2 (𝑇𝑇2𝑢𝑢 ,𝑢𝑢) � 

+β[𝑑𝑑(𝑢𝑢 ,𝑇𝑇2𝑢𝑢).𝑑𝑑(𝑢𝑢 ,𝑢𝑢)] +γ d(𝑇𝑇2𝑢𝑢 ,𝑢𝑢) + η [𝑑𝑑((𝑇𝑇2𝑢𝑢 ,𝑢𝑢) + 𝑑𝑑(𝑢𝑢 ,  𝑇𝑇2𝑢𝑢)]+ δ 𝑑𝑑(𝑇𝑇2𝑢𝑢 ,𝑇𝑇2𝑢𝑢 )  + 

𝑑𝑑(𝑢𝑢,𝑢𝑢)] 

≤ 𝛼𝛼 �𝑑𝑑(𝑇𝑇2𝑢𝑢  ,𝑢𝑢){𝑑𝑑2 (𝑇𝑇2𝑢𝑢  ,𝑢𝑢)}
𝑑𝑑2 (𝑇𝑇2𝑢𝑢   ,   𝑢𝑢)

� +γd (𝑇𝑇2𝑢𝑢,𝑢𝑢) + η [𝑑𝑑((𝑇𝑇2𝑢𝑢 ,𝑢𝑢) + 𝑑𝑑(𝑢𝑢 ,  𝑇𝑇2𝑢𝑢)] ≤ 𝛼𝛼𝛼𝛼(𝑇𝑇2𝑢𝑢 ,𝑢𝑢)+γ d  

      (𝑇𝑇2𝑢𝑢  ,𝑢𝑢) + η [𝑑𝑑((𝑇𝑇2𝑢𝑢 ,𝑢𝑢) + 𝑑𝑑(𝑢𝑢 ,  𝑇𝑇2𝑢𝑢)]𑐀 

d(u,𝑇𝑇2𝑢𝑢) ≤(𝛼𝛼 + γ + 2η) d(𝑇𝑇2𝑢𝑢,𝑢𝑢)                                                                   (3.3.4) 

which is contradiction. 

∴ (𝛼𝛼 + β + 2η + 2 δ + γ) < 1 ,so (𝛼𝛼 + γ + 2η)  ≤ 1. 

Hence we have 𝑇𝑇2𝑢𝑢 = 𝑢𝑢 

Now 𝑇𝑇1𝑇𝑇2𝑢𝑢 = 𝑇𝑇2𝑢𝑢 = 𝑢𝑢 

Thus u is the common fixed point of 𝑇𝑇1𝑎𝑎𝑎𝑎𝑎𝑎𝑇𝑇2,But uniqueness is not possible. 

Conclusion: In this paper we proof some theorems of fixed points in complete metric space. 
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Abstract:  

Quasi metrics have been used in several places in the literature 

on domain theory and the formal semantics of programming 

languages [1], [3]. In this paper we introduce the concept of 

generalized quasi metric (gq) space and establish some fixed 

point theorems in gq metric spaces.    

Keywords: Generalised Quasi metric, Fixed point, 

Contractive Condition, CS Complete, CS Continuous, 

Complete Metric Space.    

AMS Classification: 45H10. 

2.  Introduction and Preliminaries: 

Pascel Hitzler[1] presented Rutten Smyth definition [2.1] for 

quasi metric space and applied it to semantic analysis of logic 

programs. In this paper we prove the gq metric version of 

Rutten Smyth Theorem. Rhoades[3] collected a large number 

of variants of Banach’s Contractive conditions on self maps on 

a metric space and proved various implications or otherwise 

among them. We pick up a good number of these conditions 

which ultimately imply Banach condition [4]. We prove that 

these implications hold good for self maps on a gq metric 

space and prove the gq metric version of Banach’s result then 

by deriving the gq analogue’s of fixed point theorems of 

Rakotch, Edelstein, Kannan [5],Bianchini[6], Reich and 

Ciric[14]. We denote the set of non-negative real numbers by 

   and set of natural numbers by N. EkelandVariational 

Principle, proved by Ivar Ekeland in 1974, see [8], turned to 

be one of the most powerful tools in optimization theory, 

differentiability of convex and Lipschitz functions, and in 

other areas. At the same time it lies at the origins of a plethora 

of variational principles with astonishing applications in 

mathematics, economics, biology, and other domains. The aim 

of the present paper is to prove a version of housdroff 

sequentially complete quasi-metric spaces and apply it to 

some fixed point theorems. It is well known that in the metric 

case the validity of implies the completeness of the space, a 

result proved by Weston [10] in (1977) and rediscovered by 

Sullivan [11] in (1981). The fact that the validity of Caristi’s  

 

 

fixed point theorem (a result equivalent to Ekeland Variational 

Principle) implies completeness was proved by Kirk [12]. The 

more general case of partial metric spaces was considered by 

Romaguera [13] 

Definition 2.1: Let binary operation ◊           

    satisfies the following conditions: 

(I) ◊ is Associative and Commutative.  

(II) ◊ is continuous w.r.t to the usual metric    A few 

typical examples are a ◊ b = max{ a ,b }, a ◊ b =a + b 

, a ◊ b = a b , a ◊ b = a b + a + b and a ◊ b =
  

           
 

for each a , b ∈      

In what follows we fix a binary operation ◊ that satisfies (I) 

and (II). 

Definition 2.2: A binary operation ◊ on is    said to satisfy  

-property if there exists a  

positive real number  such that a ◊ b ≤  max{a , b} for every 

a , b ∈    

Definition 2.3: Let X be a non empty set. A generalized quasi 

(simply gq) metric (or * d metric) on X is a function * d 

:     that satisfies the following conditions: 

 (1)  * d (x, x) = 0  

(2) dx, y * =  * d( y, x) = 0, Implies x  y 

(3) dx, z * ≤ d x, y * ◊  * d( y ,z) for each      ∈  .  The 

pair (X, * d) is called a  

Generalized quasi (or simply * d) metric space. 

Definition 2.4: A sequence (  ) in a gq metric space (X , * d) 

is a (forward) Cauchy sequence if  for all  > 0, there 

corresponds         such that for all n  m         we have   * 

d (      ) <  . A Cauchy sequence (  ) converges to x  

X.if  for all y X , * d ( x , y  ) = lim * d(  , y ). In this case 



International Journal of Advanced Technology & Engineering Research (IJATER) 

                               www.ijater.com 

ISSN No: 2250-3536                                               Volume 7, Issue 4, July 2017                                                                         23 

we write lim (    = x . Finally X is called CS-complete if 

every Cauchy sequence in X converges. 

Note : Let X be a gq metric space such that  satisfies  - 

property with   1 ,then limits of Cauchy sequence are 

unique. 

 Definition 2.5: Let X be a gq metric space. A function f: X 

X is called 

(1)  CS-continuous if, for all Cauchy sequences     in X 

with lim   =  x ,  f (  ) is a  

        Cauchy sequence and lim f (  ) = f (x). 

(2)  Non expanding if * d ( f ( x ), f ( y )) * d ( x , y ) for all x 

, y  X. 

(3)  Contractive if there exists some 0  c 1 such that * d (f 

(x ) , f ( y ))  c * d ( x , y )  

      for all  x, y    X . 

We present the gq metric version of housdroff   sequentially 

theorem [1] for fixed points. 

3. Main Result: 

Let (    ,F) be a Housdorff Sequentiacally complete quasi-

gauge function space generated by a family F of pseudometric 

and T be a continuous mapping define on (    ,F) into itself, 

satisfying condition : 

(p T(f),T(g))(x) 

   [
 (   (  )(   (    (  )(    (    (  )(    (   (  )(  

 (    (  
]

  

 [
 (   (  )(     (   (  )(    (   (  )(   (    (   (  

  (    (  
]  + 

    (   (  )(    (    (  )(    

+   [  (    (  )(     (   (  )(  ] +    (     (   

For all          where    ,                     

          Then T has a fixed point in (     F). 

Theorem 3.1: Let (    ,F) be a Housdorff Sequentiacally 

complete quasi-gauge function space generated by a family F 

of pseudo-metric and T be a continuous mapping define on 

(     F) into itself, satisfying condition : 

d(       )  [
  (          (    )

    (     
] + β[ (    )  (     ]+ γ 

d(x,y) + η [ (       

 (    )  + δ [ (    )   (     ]             (3.1.1) 

for all x,y , x     and for some α,β,γ, η, δ∈     ) with (α + 2β 

+ 2γ + 2δ + η ) < 1.then T has fixed point in X.                                          

Proof: Let       
  and {    } be defined by    

     (x) = T   (  ,                and for all x in X. 

Then by hypothesis of the Theorem, 

We have   p (           ) (x) = p (               ) (x) 

p (           ) (x)     [
  (           (     (             (  

       ((           (  
]+ [ p 

(              ) (x) . p  

(            ) (x)] +    (               (   +       (          )(   

+ (              )(   +     (             )(   

  (             )(         (3.1.2) 

  [
  (            (     (             (  

      (            (  
]    [p (           ) (x)  . p 

(            ) (x) ]  

    + [ (             )(      + [  (           )(   

  (           )(  ] 

    +      (          )(      (              )(     

      (             (      +  [p (           ) (x)] 

+  [ (             )(     

    +      (           )(     (           )(      + 

      (              )(     

     (             (       +  [p (           ) (x)] 

+ [ (             )(         

   +      (           )(     (           )(     + 

      (            )(     (            )(     

p (           )(x)  (          (           )(   

(        (           )     (3.1.3) 

[   (            (           )(    (     

    (           )(   
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  (           )(    [
(        

   (        
]    (           )(                               

(3.1.4) 

   (         (       

(               

We have  

  (           )(      (           )(   

  

      (       )(   

Now   (           )(   ∑  (               (  
 
    

  
  

   
 (       )(   

          

Hence the sequence {   } is a Cauchy sequence in   . By the 

completeness of   , there exist some    in   such that 

            =     

Further the continuity of T implies. 

T(  ) = T (        ) 

             =           (   ) 

             =            

              =    

Thus     is a fixed point of T.            

Theorem 3.2: Let           are two continuous mapping on a 

Housdroff sequentially complete quasi- gauge function space 

generated by a the family F of pseudo –metric and by 

(3.1.1) 

p(         (   

   [
  (        (    (         (    (         (    (          (  

 (      (  
] 

    [
  (        (    (          (      (         (    (          (  

 (      (  
]+

     (         (                                  (         (    + 

    (         (    (        (     +      (    (    

for   all             where                 (       

       . 

Then           have a fixed point in (    ).                             

(3.2.1) 

Proof:  Let       
  be an arbitrary element and let      be 

defined as             

     (x) =     (   

   (x) =        (                 and for all x in X. 

Then by hypothesis of the Theorem, 

We have  

p (           ) (x) = p (     (           ) (x) 

p (           ) (x)    [
   (            (     (               (  

     (            (  
] +  [p 

(               ) (x) . p  

(             ) (x)]+      (              (     +  

     (           )(    

  (               )(     +      (              )(   

   (              )(        (3.2.2) 

 

  [
  (            (     (             (  

      (            (  
]+ [p(           )(x).p(

            ) (x)]  

          [ (             )(    +       (           )(   

  (           )(    

      +     (          )(      (              )(    

      (             (    +  [p (           ) (x)] 

+    (              (    

     +     (           )(     (           )(      + 

      (              )(     

      (             (     +  [p (           ) (x)] 

+ [ (             )(    

     +  [  (           )(     (           )(  ]+ 

      (            )(     (            )(     
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p (           ) (x) (          (           )(   

(         (           )  (3.2.3) 

[   (             (           )(    (     

     (           )(   

                              

  (           )(   

[
(        

   (         
]   (           )(            (3.2.4) 

(        

   (         
     

   (           (         

 (              1 

We have         (           )(      (           )(   

  

      (       )(   

Now   (           )(   ∑  (               (  
 
      

  
  

   
  ((       )(   

          

Hence the sequence {   } is a Cauchy sequence in   . By the 

completeness of   , there exist some    in   such that 

          = z   

Further the continuity of     implies, 

   (z) = T(        ) 

                       =           (   ) 

                       =       z   

Thus z is a fixed point of    . 

Similarly z is a fixed point of   . 

Theorem 3.3: Let E ,F and T are three continuous mappings 

onto a housdroff sequentially complete quasi-gauge function 

space generated by the family p of pseudo-metric and by 

 

      ET = TE , FT = TE and E (     (     , F (    

 (                  (3.3.1) 

p( Ef , Fg)(x)   [
 (       (    (      (    (      (    (      (  

 (      (  
]  

                + 

 [
  (      (    (      (    (      (    (      (  

 (      (  
]+     (      (   

 (      (    

               +     (      (    (      (    +     (      (                                 

(3.3.2) 

for all                                 (       

       . Then E ,F and T have  

a fixed point in   . 

Proof: Let      
  and E (     (     and F (     (    

We define a sequence {T  } as follows (3.1.1) 

       (x) =    (   

    (x) =F     (                   and for all x in X. 

Now by hypothesis of the Theorem, we have  

p (             ) (x) = p (E   (          ) (x) 

p (             ) (x)     
  (            (     (               (  

     (             (  
    

+   [p (               ) (x) . p  

(               (x)] +    (                 (    + 

[  (           )(   (               )(  ]   

  [  (              )(   

   (              )(   ]                            (3.3.3) 

  

[
 
 
 
  (            )(     (              (      

 (              (     (              (     (              (    (              (   

     (              (  

]
 
 
 

 

  +   [p(            )(x)]+    (               (    + 

     (            )(     (            )(         

  +       (               )(    

 

 [
   (               (       (              (    

  (              (  
] +   [p(            )(x)

] +   ( (                (    +   
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  [  (            )(     (            )(  ]  

      (             )(     (             )(     

        (            )(    +   [p(            )(x)] 

+   ( (                (        

    +  [ (            )(    (            )(  ] 

+    (             )(    (             )(     

  (            )(   (           (             )(   

(         (            )(x)   

[   (             (             )(    (     

     (             )(   

  (             )(  

 
(        

   (         
   (             )(   

(        

   (         
     

   (           (         

(              1 

 

We have       (             )(      (             )(   

  

      (         )(   

Now   (            )(   ∑    (                  (  
 
    

                                                             < 
  

   
  ((         )(   

          

Hence the sequence {   } is a Cauchy sequence in  . By the 

completeness of    ,{  } converges to a point z in      

Conclusion:  

In this paper we investigations the existence of fixed point in 

quasi metric space with completeness. 
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Abstract:  

Quasi metrics have been used in several places in the literature 

on domain theory and the formal semantics of programming 

languages [1], [3]. In this paper we introduce the concept of 

generalized quasi metric (gq) space and establish some fixed 

point theorems in gq metric spaces.    

Keywords: Generalised Quasi metric, Fixed point, 

Contractive Condition, CS Complete, CS Continuous, 

Complete Metric Space.    

AMS Classification: 45H10. 

2.  Introduction and Preliminaries: 

Pascel Hitzler[1] presented Rutten Smyth definition [2.1] for 

quasi metric space and applied it to semantic analysis of logic 

programs. In this paper we prove the gq metric version of 

Rutten Smyth Theorem. Rhoades[3] collected a large number 

of variants of Banach’s Contractive conditions on self maps on 

a metric space and proved various implications or otherwise 

among them. We pick up a good number of these conditions 

which ultimately imply Banach condition [4]. We prove that 

these implications hold good for self maps on a gq metric 

space and prove the gq metric version of Banach’s result then 

by deriving the gq analogue’s of fixed point theorems of 

Rakotch, Edelstein, Kannan [5],Bianchini[6], Reich and 

Ciric[14]. We denote the set of non-negative real numbers by 

   and set of natural numbers by N. EkelandVariational 

Principle, proved by Ivar Ekeland in 1974, see [8], turned to 

be one of the most powerful tools in optimization theory, 

differentiability of convex and Lipschitz functions, and in 

other areas. At the same time it lies at the origins of a plethora 

of variational principles with astonishing applications in 

mathematics, economics, biology, and other domains. The aim 

of the present paper is to prove a version of housdroff 

sequentially complete quasi-metric spaces and apply it to 

some fixed point theorems. It is well known that in the metric 

case the validity of implies the completeness of the space, a 

result proved by Weston [10] in (1977) and rediscovered by 

Sullivan [11] in (1981). The fact that the validity of Caristi’s  

 

 

fixed point theorem (a result equivalent to Ekeland Variational 

Principle) implies completeness was proved by Kirk [12]. The 

more general case of partial metric spaces was considered by 

Romaguera [13] 

Definition 2.1: Let binary operation ◊           

    satisfies the following conditions: 

(I) ◊ is Associative and Commutative.  

(II) ◊ is continuous w.r.t to the usual metric    A few 

typical examples are a ◊ b = max{ a ,b }, a ◊ b =a + b 

, a ◊ b = a b , a ◊ b = a b + a + b and a ◊ b =
  

           
 

for each a , b ∈      

In what follows we fix a binary operation ◊ that satisfies (I) 

and (II). 

Definition 2.2: A binary operation ◊ on is    said to satisfy  

-property if there exists a  

positive real number  such that a ◊ b ≤  max{a , b} for every 

a , b ∈    

Definition 2.3: Let X be a non empty set. A generalized quasi 

(simply gq) metric (or * d metric) on X is a function * d 

:     that satisfies the following conditions: 

 (1)  * d (x, x) = 0  

(2) dx, y * =  * d( y, x) = 0, Implies x  y 

(3) dx, z * ≤ d x, y * ◊  * d( y ,z) for each      ∈  .  The 

pair (X, * d) is called a  

Generalized quasi (or simply * d) metric space. 

Definition 2.4: A sequence (  ) in a gq metric space (X , * d) 

is a (forward) Cauchy sequence if  for all  > 0, there 

corresponds         such that for all n  m         we have   * 

d (      ) <  . A Cauchy sequence (  ) converges to x  

X.if  for all y X , * d ( x , y  ) = lim * d(  , y ). In this case 
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we write lim (    = x . Finally X is called CS-complete if 

every Cauchy sequence in X converges. 

Note : Let X be a gq metric space such that  satisfies  - 

property with   1 ,then limits of Cauchy sequence are 

unique. 

 Definition 2.5: Let X be a gq metric space. A function f: X 

X is called 

(1)  CS-continuous if, for all Cauchy sequences     in X 

with lim   =  x ,  f (  ) is a  

        Cauchy sequence and lim f (  ) = f (x). 

(2)  Non expanding if * d ( f ( x ), f ( y )) * d ( x , y ) for all x 

, y  X. 

(3)  Contractive if there exists some 0  c 1 such that * d (f 

(x ) , f ( y ))  c * d ( x , y )  

      for all  x, y    X . 

We present the gq metric version of housdroff   sequentially 

theorem [1] for fixed points. 

3. Main Result: 

Let (    ,F) be a Housdorff Sequentiacally complete quasi-

gauge function space generated by a family F of pseudometric 

and T be a continuous mapping define on (    ,F) into itself, 

satisfying condition : 

(p T(f),T(g))(x) 

   [
 (   (  )(   (    (  )(    (    (  )(    (   (  )(  

 (    (  
]

  

 [
 (   (  )(     (   (  )(    (   (  )(   (    (   (  

  (    (  
]  + 

    (   (  )(    (    (  )(    

+   [  (    (  )(     (   (  )(  ] +    (     (   

For all          where    ,                     

          Then T has a fixed point in (     F). 

Theorem 3.1: Let (    ,F) be a Housdorff Sequentiacally 

complete quasi-gauge function space generated by a family F 

of pseudo-metric and T be a continuous mapping define on 

(     F) into itself, satisfying condition : 

d(       )  [
  (          (    )

    (     
] + β[ (    )  (     ]+ γ 

d(x,y) + η [ (       

 (    )  + δ [ (    )   (     ]             (3.1.1) 

for all x,y , x     and for some α,β,γ, η, δ∈     ) with (α + 2β 

+ 2γ + 2δ + η ) < 1.then T has fixed point in X.                                          

Proof: Let       
  and {    } be defined by    

     (x) = T   (  ,                and for all x in X. 

Then by hypothesis of the Theorem, 

We have   p (           ) (x) = p (               ) (x) 

p (           ) (x)     [
  (           (     (             (  

       ((           (  
]+ [ p 

(              ) (x) . p  

(            ) (x)] +    (               (   +       (          )(   

+ (              )(   +     (             )(   

  (             )(         (3.1.2) 

  [
  (            (     (             (  

      (            (  
]    [p (           ) (x)  . p 

(            ) (x) ]  

    + [ (             )(      + [  (           )(   

  (           )(  ] 

    +      (          )(      (              )(     

      (             (      +  [p (           ) (x)] 

+  [ (             )(     

    +      (           )(     (           )(      + 

      (              )(     

     (             (       +  [p (           ) (x)] 

+ [ (             )(         

   +      (           )(     (           )(     + 

      (            )(     (            )(     

p (           )(x)  (          (           )(   

(        (           )     (3.1.3) 

[   (            (           )(    (     

    (           )(   



International Journal of Advanced Technology & Engineering Research (IJATER) 

                               www.ijater.com 

ISSN No: 2250-3536                                               Volume 7, Issue 4, July 2017                                                                         24 

  (           )(    [
(        

   (        
]    (           )(                               

(3.1.4) 

   (         (       

(               

We have  

  (           )(      (           )(   

  

      (       )(   

Now   (           )(   ∑  (               (  
 
    

  
  

   
 (       )(   

          

Hence the sequence {   } is a Cauchy sequence in   . By the 

completeness of   , there exist some    in   such that 

            =     

Further the continuity of T implies. 

T(  ) = T (        ) 

             =           (   ) 

             =            

              =    

Thus     is a fixed point of T.            

Theorem 3.2: Let           are two continuous mapping on a 

Housdroff sequentially complete quasi- gauge function space 

generated by a the family F of pseudo –metric and by 

(3.1.1) 

p(         (   

   [
  (        (    (         (    (         (    (          (  

 (      (  
] 

    [
  (        (    (          (      (         (    (          (  

 (      (  
]+

     (         (                                  (         (    + 

    (         (    (        (     +      (    (    

for   all             where                 (       

       . 

Then           have a fixed point in (    ).                             

(3.2.1) 

Proof:  Let       
  be an arbitrary element and let      be 

defined as             

     (x) =     (   

   (x) =        (                 and for all x in X. 

Then by hypothesis of the Theorem, 

We have  

p (           ) (x) = p (     (           ) (x) 

p (           ) (x)    [
   (            (     (               (  

     (            (  
] +  [p 

(               ) (x) . p  

(             ) (x)]+      (              (     +  

     (           )(    

  (               )(     +      (              )(   

   (              )(        (3.2.2) 

 

  [
  (            (     (             (  

      (            (  
]+ [p(           )(x).p(

            ) (x)]  

          [ (             )(    +       (           )(   

  (           )(    

      +     (          )(      (              )(    

      (             (    +  [p (           ) (x)] 

+    (              (    

     +     (           )(     (           )(      + 

      (              )(     

      (             (     +  [p (           ) (x)] 

+ [ (             )(    

     +  [  (           )(     (           )(  ]+ 

      (            )(     (            )(     
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p (           ) (x) (          (           )(   

(         (           )  (3.2.3) 

[   (             (           )(    (     

     (           )(   

                              

  (           )(   

[
(        

   (         
]   (           )(            (3.2.4) 

(        

   (         
     

   (           (         

 (              1 

We have         (           )(      (           )(   

  

      (       )(   

Now   (           )(   ∑  (               (  
 
      

  
  

   
  ((       )(   

          

Hence the sequence {   } is a Cauchy sequence in   . By the 

completeness of   , there exist some    in   such that 

          = z   

Further the continuity of     implies, 

   (z) = T(        ) 

                       =           (   ) 

                       =       z   

Thus z is a fixed point of    . 

Similarly z is a fixed point of   . 

Theorem 3.3: Let E ,F and T are three continuous mappings 

onto a housdroff sequentially complete quasi-gauge function 

space generated by the family p of pseudo-metric and by 

 

      ET = TE , FT = TE and E (     (     , F (    

 (                  (3.3.1) 

p( Ef , Fg)(x)   [
 (       (    (      (    (      (    (      (  

 (      (  
]  

                + 

 [
  (      (    (      (    (      (    (      (  

 (      (  
]+     (      (   

 (      (    

               +     (      (    (      (    +     (      (                                 

(3.3.2) 

for all                                 (       

       . Then E ,F and T have  

a fixed point in   . 

Proof: Let      
  and E (     (     and F (     (    

We define a sequence {T  } as follows (3.1.1) 

       (x) =    (   

    (x) =F     (                   and for all x in X. 

Now by hypothesis of the Theorem, we have  

p (             ) (x) = p (E   (          ) (x) 

p (             ) (x)     
  (            (     (               (  

     (             (  
    

+   [p (               ) (x) . p  

(               (x)] +    (                 (    + 

[  (           )(   (               )(  ]   

  [  (              )(   

   (              )(   ]                            (3.3.3) 

  

[
 
 
 
  (            )(     (              (      

 (              (     (              (     (              (    (              (   

     (              (  

]
 
 
 

 

  +   [p(            )(x)]+    (               (    + 

     (            )(     (            )(         

  +       (               )(    

 

 [
   (               (       (              (    

  (              (  
] +   [p(            )(x)

] +   ( (                (    +   
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  [  (            )(     (            )(  ]  

      (             )(     (             )(     

        (            )(    +   [p(            )(x)] 

+   ( (                (        

    +  [ (            )(    (            )(  ] 

+    (             )(    (             )(     

  (            )(   (           (             )(   

(         (            )(x)   

[   (             (             )(    (     

     (             )(   

  (             )(  

 
(        

   (         
   (             )(   
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We have       (             )(      (             )(   

  

      (         )(   

Now   (            )(   ∑    (                  (  
 
    

                                                             < 
  

   
  ((         )(   

          

Hence the sequence {   } is a Cauchy sequence in  . By the 

completeness of    ,{  } converges to a point z in      

Conclusion:  

In this paper we investigations the existence of fixed point in 

quasi metric space with completeness. 

References: 

 

[1] P.Hitzler,  Generalized   metrics   and   topology   in   

logic   programming semantics, Ph. D Thesis, School   of 

Mathematics, Applied Mathematics and Statistics, 

National University Ireland, University College 

Cork,(2001). 

[2] S.G.  Mathews,  Metric  domains  for  completeness,  

Technical  report  76Department of Computer Science, 

University of Warwick, U.K, Ph.D Thesis (1985). 

[3] B.E.Rhoades,A comparison of various definitions of 

contractive mappings, Trans of the Amer. Math. Society 

Vol .226(1977) P.P.257-290. 

[4] Banach, sur les operations dans les ensembles 

abstraitsetleur application aux equations integrals, 

fundamental, Mathematics 3(1922),133-181. 

[5] R .Kannan, Some results on fixed points, Bull 

.CalcuttaMath.Soc,60(1968),71-76,Math. 

Moan.,(1969),76,405-406 MR41,2487. 

[6] A. Branciari, fixed point theorems for mappings 

satisfying a general contractive conditionof   

Integraltype,Int.J.Math.Sci,29(2002),no.531-536. 

[7] I. Ekeland, Nonconvex minimization problems, Bull. 

Amer. Math. Soc. (N.S.)1 (3) (1979) 443–474.  

[8]   E. Alemany, S. Romaguera, On right K -sequentially 

complete quasi-metric spaces, ActaMath. Hungar. 75 (3) 

(1997) 267–278. 

[9] A. Kristály, V.D. Radulescu, Cs. Varga, Variational 

Principles in Mathematical Physics, Geometry, and 

Economics – Qualitative Analysis of Nonlinear ˘ 

Equations and Unilateral  

[10] Problems, Encyclopedia Math. Appl. Cambridge 

University Press, Cambridge, (2010)10   F. Sullivan, A 

characterization of complete metric spaces, Proc. 

Amer.Math.Soc.83 (2) (1981) 345–346. 

[11] W.A. Kirk, Caristi’s fixed point theorem and metric 

convexity, Colloq. Math. 36 (1) (1976) 81–86. 

[12] S. Romaguera, A Kirk type characterization of 

completeness for partial metric spaces, Fixed Point 

Theory Appl. (2010) Art. ID 493298, 6 pp. 

[13]   D. Azé, J.-N. Corvellec, On some variational properties 

of metric spaces, J. Fixed Point Theory Appl. 5 (1) (2009) 

185–200. 

[14] H. Brézis, F.E. Browder, A general principle on ordered 

sets in nonlinear functional analysis, Advances in Math. 

21 (3) (1976) 355–364. 

[15] J. Caristi, Fixed point theorems for mappings satisfying 

inwardness conditions, Trans.Amer. Math. Soc. 215 

(1976) 241–251. 

[16] J. Caristi, W.A. Kirk, Geometric fixed point theory and 

inwardness conditions, in: TheGeometry of Metric and 

Linear Spaces, Proc. Conf., Michigan State Univ., East 

Lansing, Mich., (1974) in Lecture Notes in Math., vol. 

490, Springer, Berlin,(1975) pp. 74–83. 

[17] S.A. Chen, W. Li, S.P. Tian, Z.Y. Mao, On optimization 

problems in quasi-metric  spaces, In Proc. 5th 



International Journal of Advanced Technology & Engineering Research (IJATER) 

                               www.ijater.com 

ISSN No: 2250-3536                                               Volume 7, Issue 4, July 2017                                                                         27 

International Conf. on Machine Learning and 

Cybernetics, Dalian,   13–16 ,Aug. (2006) pp. 865–870.  

[18] S. Chen, S. Tian, Z. Mao, On Caristi’s fixed point 

theorem in quasi-metric spaces, Dyn.Contin. Discrete 

Impuls. Syst. Ser. A Math. Anal. 13A (Part 3, suppl.) 

(2006) 1150–1157 

[19] S.A. Chen, W. Li, D. Zou, S.B. Chen, Fixed point 

theorems in quasi-metric spaces, in: Proc. 6th 

International Conf. on Machine Learning and 

Cybernetics, Hong Kong, 19–22 Aug. (2007) pp. 2499–

2504. 

[20] L.Ciri ´ c, Periodic and fixed point theorems in a quasi-

metric space, J. Austral. Math. Soc. Ser. A 54 (1) (1993) 

80–85.  

[21]   S. Cobzas¸ Asymmetric locally convex spaces, Int. J. 

Math. Math. Sci. (16) (2005) 2585–2608.  

[22] S. Cobza¸s, Compact and precompact sets in asymmetric 

locally convex spaces,  Topology Appl.156 (9) (2009) 

1620–1629 

[23]   S.Cobza¸s, Functional analysis inasymmetric normed 

spaces, arXiv:1006.1175v1, (2010). 

[24] I. Ekeland, On the variational principle, J. Math. Anal. 

Appl. 47 (1974) 324–353. 

[25] P. Fletcher, W.F. Lindgren, Quasi-Uniform Spaces, M. 

Dekker, New York, (1982). 

[26] L.M. García-Raffi, S. Romaguera, E.A. Sánchez-Pérez, 

On Hausdorff asymmetric normed linear spaces, Houston 

J. Math. 29 (3) (2003) 717–728. 

[27] L.M. García-Raffi, S. Romaguera, E.A. Sánchez-Pérez, 

Weak topologies on asymmetric normed linear spaces and 

non-asymptotic criteria in the theory of complexity 

analysis of algorithms, J. Anal. Appl. 2 (3) (2004) 125–

138. 

[28]   T.L. Hicks, Fixed point theorems for quasi-metric 

spaces, Math. Japon. 33 (1988) 231–236. 

[29]   J.C. Kelly, Bitopological spaces, Proc. London Math. 

Soc. 13 (1963) 71–89. 

[30] H.-P.A. Künzi, M. Mrševic, I.L. Reilly, M.K. 

Vamanamurthy, Convergence, precompactness and 

symmetry in quasi-uniform spaces, Math. Japon. 38 

(1993)´ 239–253. 

[31] A.C.G. Mennucci, On asymmetric distances, preprint, 2nd 

version 2007 (1st version 2004) bothavailable at 

http://cvgmt.sns.it/people/mennucci.  

[32] I.L. Reilly, P.V. Subrahmanyam, M.K. Vamanamurthy, 

Cauchy sequences in quasi-pseudo-metric spaces, 

Monatsh. Math. 93 (1982) 127–140. 

[33] S. Romaguera, Left K-completeness in quasi-metric 

spaces, Math. Nachr. 157 (1992) 15–23. 

[34] S. Romaguera, A. Gutiérrez, A note on Cauchy sequences 

in quasipseudometric spaces, Glas. Mat.Ser. III 21(41) (1) 

(1986) 191–200. 

[35] S. Romaguera, M. Schell kens, Quasi-metric properties of 

complexity spaces, Topology  

[36] S. Romaguera, M. Schell kens, Duality and quasi-

normability for complexity spaces, Appl. Gen .Topol. 3 

(1) (2002) 91–112. 

[37]   R.A. Stoltenberg, On quasi-metric spaces, Duke Math. J. 

36 (1969) 65–71. 

[38] J. Sh. Ume, A minimization theorem in quasi-metric 

spaces and its applications, Int. J. Math. Math. Sci. 31 (7) 

(2000). 

 



 

 

 



International Journal of Engineering, Applied and Management Sciences Paradigms (IJEAM) 

Volume 54 Issue 2 May 2019 01 ISSN 2320-6608 

 

 

Study of Fixed Point Theorems with b-Metric 
Space 

Kanchan Mishra1, Chitra Singh2 
1Department of Mathematics, Disha College, Raipur(C.G) India 

2Department of Mathematics, RNT University, Bhopal (MP) India 
 

Abstract: In this paper we have access some fixed point theorems on b-metric space which is an  more extension of a  
some fixed point theorems by Kannan [2] and Chatterjea [3]. Also we known that any contraction mapping is not 
necessary to be a weak contraction mapping in b-metric spaces. 
Keyword: b-metric space , fixed point ,contraction mappings ,cauchy sequence ,complete metric space. 
AMS Classification: 45H10. 

 
I. INTRODUCTION AND PRELIMINARIES 

We know that fixed point theory is most important topic in development of mathematics in nonlinear analysis and 
other branches of mathemetics. Since fixed point theory has been used capable in many other branch of science, 
chemistry, biology, economics, computer science, engineering, and etc. It is known that Banach contraction  
mapping is a good example. However metric fixed point theory is vast field of study and is effectively of solving 
many fixed point equations. To overcome the problem of measurable functions w.r.t. a measure and their 
convergence,Czerwik [4] needs an extension of metric space. Using this idea, he presented a generalization of the 
renowned Banach fixed point theorem in the b-metric spaces (see also [9,10,11]). Many researchers including Aydi 
[5], Boriceanu [6,22,23], Bota [7], Chug [8], Du [12],Kir [13], Olaru [14], Olatinwo [15], Pǎcurar [16,17], Rao 
[18],Roshan [20] and Shi [21] studied the extension of fixed point theorems in b-metric space.. In this paper, our aim 
is to show the validity of some important fixed point results into b-metric spaces and solve by different methods .We 
recall some definitions and properties for b-metric spaces and fixed point given by Czerwik [4]. Some problems, 
particularly the problem of the convergence of measurable functions with respect to a measure, lead to a 
generalization of notation of metric.Using this idea, Czerwik in [4] and [5] presented a generalization of the well 
known Banach’s fixed point theorem in so called b-metric spaces. Our purpose is to show that some well-known 
fixed point theorems are valid in b-metric spaces. It is interesting that we see some properties in (usual) metric space 
is not valid in b-metric space. 
In this section we consider the basic definitions and properties of b-metric space and unique fixed point. we give 
some basic definitions and results on b-metric space. 
We recall some definitions and properties for b-metric spaces given by Czerwik [4] 
Definition 2.1: [4]Let (M, ρ) be a b-metric space then xn in M is called 
A Cauchy sequence iff ∀ ϵ > 0 there exists n(ε) <   such that for each n, m ≥ n ε  
We have ρ xn , xm <   . 
(b) Convergent sequence if and only if there exist  x ϵ M  such that for all ϵ > 0 there exists n( ε) <   ,such that 
for every n ≥ n ε we have ρ xn , x <   . 

Definition 2.2: [4] If (M , ρ) is a b-metric space then a subset L  M is called 
Compact iff for every sequence of elements of L there exists a subsequence that 
converges to an element of L. 

Closed  iff  for each sequence xn     in L which converges to an element x, we have x   L. 
(c) The b-metric space is complete if every Cauchy sequence converges. 

 
Definition 2.3: [8] Let X be a nonempty set and let s ≥ 1 be a given real number. A function 
d   X × X → R + is called a b-metric provided that, for x, y, z ϵ X 
(a) d (x ,y) = 0 if and only if x = y 

(b) d (x, y)= d(y ,x), 
(c)  d  x, z  ≤ s[ d  x , y  +  d (y , z)]. ( 2.1) 

 
A pair (X, d) is called a b-metric space. It is clear that the definiton of b-metric space is a extension of usual metric 
space. Also, if we consider s = 1 in Definition 2.1(c), then we obtain definition of usual metric space. By this reason, 
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n=1 

x0 

our results are more general than the same results in (usual) metric space. We can give some example of b-metric 
space as following: 

 
Example 2.1: The space lp ,( 0 < p < 1) 

lp = xn   R   ∞ xn 
p < ∞ , 

together with the function ρ   lp × lp → R where 
1 
p p 

ρ  x, y   =           xn  − xy      
n=1 

Where x = xn , y = yn ϵ lp is a b -metric space. By an elementary calculation we obtain that 
1 

 

ρ x, y = 2p [ρ x, y + ρ y , z ] 
 

Example 2.2: Let X= [1,∞).Define a function d : X × X → [ 1, ∞) such that d(x ,y) = 
 x − y 2 for all x ,y ϵ X. Then (X ,d) is a complete b-metric space on X with 
constant s = 2.Also d is not a metric on X. 

 
 

Definition 2.4: [6] Let (X, d) be a b-metric space. Then a sequence xn in X is called 
Cauchy sequence if and only if for all ε > 0 there exists n( ε) ϵ N such that for 
each n, m ≥ n ε we have ρ xn , xm < ε. 

 
Definition 2.5: [6] Let (X, d) be a b-metric space. Then a sequence xn in X is called 

convergent sequence if and only if there exists  x ϵ X such that for all 
n(ε) ϵ N , n ≥ n ε ,we have d ( xn , x) < ε. In this case we write limn→∞ xn = x . 

Definition 2.6: [6] The b-metric space is complete if every Cauchy sequence convergent. 
 

Definition 2.7: [22] Let E be a nonempty set and T : E → E a self map. We say that x ϵ X is 
a fixed point of T if T (x) = x and denote by FT or Fix (T) the set of all fixed points of T. 

Let E be any set and T : E → E a self map. For any given x ϵ X ,we define Tn (x) inductively by 
Tn (x) = x and Tn+1 x = T Tn (x) ; we recall Tn (x) the nth iterative of x under T. 

For any x0 ϵ X ,the sequence xn n≥0   X given by 
 

xn = Tx 

 
 

n−1 
= Tn  , n = 1,2,3….. (2.2) 

( 2.2) is called the sequence of successive approximations with the initial value x0 . It is also 
known as the picard iteration starting at x0. 

Definition 2.8: [4] Let (X, d) be a metric space. A mapping T : X → X is called weak 
contraction if there exists a constant δ ϵ 0,1 and some L ≥ 0 such that 
d( Tx  , Ty  )≤ δ d x, y  +  L (y, Tx  ) (2.3) 
for all x, y ϵ X 

 
Remark 1: [4] Due to the symmetry of the distance, the weak contractive condition (2.2) 

implicitly includes the following dual one 
d( Tx  , Ty  )≤ δ d x, y  +  L (y, Ty  ) (2.4) 

for all x, y ϵ X,Consequently, in order to check the weak contractiveness of T; it is 
necessary to check both (2.3) and (2.4). 

Definition 2.9: Let (X ,d) be a b-metric space and T : X → X be a given mapping .We 
say that T is α - admissible if x, y ϵ X , α x, y ≥ 1 implies that α( Tx , Ty ) ≥ 1. 

 
Example 2.3: Let X = (0, ∞) .Define T : X → X and α: X × X → 0, ∞ by Tx = In x 

For all x, ϵ X and 

∞ 
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n=1 

n=1 

n=1 

x0 

n=1 

n=1 

α x, y  =    
2  if x ≥ y

 
0  if  x ≥ y 

 

Then T is α – admissible. 
 
 

III. MAIN RESULT 
Let (X, d) be a complete b-metric space with constant s ≥ 1 and define the sequence xn 

∞   
k by the recursion 2.1(c). Let T : X → X be a mapping for which there exists μ ϵ [ 0 , 

1 
) 

2 

such that d (Tx,Ty ) ≤ μ d x, Tx    + d y, Ty (A) 
for all x, y ϵ X . 
Then there exists x ϵ X such that xn → x  and x  is unique fixed point of T. 

Theorem 3.1: Let (X ,d) be a complete b-mertic space with constant s ≥ 1 and define the 
sequence   xn  

∞   K by the recursion 2.3 (c), 

Let T: X → X be a mapping for which there exists, μ ϵ 0, 
1

 
2 

), Such that 

d(Tx,Ty ) ≤ μ d x , Tx + d y , Ty +δ d x , Ty + d y , Tx + η d( x , y)+ 

β
  d x,Ty +d y,Tx 

 (3.1.1)
 

1+ d x,Tx d y,Ty d x,Ty d y,Tx   

for all x, y ϵ X and μ, δ, η, β ϵ X . 
Then there exists x’ϵ X such that xn → x’ and x’ is unique fixed point of T. 
Proof: Let x0ϵ X and xn  

∞ be a sequence in X defined as 
xn = Tx 

 
n−1 

= Tn , n = 1,2,3,4 … … … . by using (A) and (2.3) and (2.7) . We know that 

d(xn , xn+1) = d(Txn−1 , Txn ) 
d(xn , xn+1) ≤ μ d xn−1, Txn−1 + d xn , Txn + δ d xn−1 , Txn + d xn , Txn−1 + η d(xn−1 , xn ) 

+ β 
d xn −1,Txn +d xn ,Txn−1   

1+ d xn−1,Txn−1 d xn ,Txn d xn−1,Txn d xn ,Txn−1   

≤ μ d xn−1 , xn + d xn , xn+1 + δ d xn−1, xn+1 + d xn , xn + η d(xn−1 , xn ) + 

β  d xn−1,xn+1 +d xn ,xn     
1+ d xn−1,xn d xn ,xn+1 d xn−1,xn+1 d xn ,xn+1  

≤ μ d xn−1, xn + d xn , xn+1 + δ d xn−1, xn+1 + η d(xn−1 , xn ) + β d xn−1, xn+1  

d(xn , xn+1) ≤ μ d xn−1 , xn + d xn , xn+1 + δ d xn−1, xn + d xn , xn+1 + ηd(xn−1 , xn ) 
+ β [ d xn−1 , xn + d xn , xn+1 ] 

d( xn , xn+1 ) ≤ ( μ + δ + η + β )d  xn−1, xn   + (μ + δ + β ) d  xn , xn+1 (3.1.2) 
 1 − (μ + δ + β ) d xn , xn+1 ≤ (μ + δ + η + β ) d xn−1, xn   

 

d( xn , xn+1 
) ≤ μ + δ + η +β

 d x
 

1−(μ+ δ + β) 

 

n−1 , xn 

Similarly d (x , x ) ≤ μ + δ + η + β 
 

 

n n+1   
1−(μ+ δ + β) 

d x0, x1 

Note that μ ϵ [0, 
1
 ) Then    μ + δ + η + β ϵ [ 0, 

1 
) . 

2 1−( μ+ δ + β) 2 

Thus T is a contraction mapping. We know that  xn  
∞ is a Cauchy sequence and hence a 

convergent   sequence ,We consider that  xn  
∞ convergent to x’ϵ X, 

Then we have 

d( x ΄ , Tx ΄  ) ≤ s[d  x ΄, xn+1  + d  xn+1 , xn   + d(xn ,  Tx ΄)] 
≤ s[d x΄, xn+1 + d xn+1, xn + d(Tx n−1 ,  Tx ΄)] 

  d x΄, xn+1 + d xn+1, xn + μ d xn−1, Txn−1 + d x΄, Tx΄        
  

≤ s   
+ δ d xn−1, Tx΄ + d x΄ , Tx n−1 

   + η d xn−1, x
΄  

+β    d xn−1, Tx΄ + d x΄ , Tx n−1 

1 + d xn−1, Tx n−1  d ( x΄, Tx΄ )d xn−1, Tx΄ d x΄ , Tx n−1 

n 

n 
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n=1 

x0 

n=1 

  d x΄, xn+1 + d xn+1, xn + μ[d xn−1, xn + d x΄, Tx΄ ]   
+δ d xn−1, Tx΄ + d x΄ , xn + η d xn−1, x

΄  
≤ s   

  d xn −1,T ΄ +d x΄ ,xn   
+ β x 

1+d xn−1 ,xn d ( x΄,Tx΄ ) xn−1,Tx΄ d x΄ ,xn   
 

  d  x΄, xn+1  + d xn+1, xn    + μd xn−1, xn   
΄ + δ d  xn−1, Tx΄  + d x΄ , xn   + ηd  xn−1, x΄  

(1 − sμ ) d( x , Tx΄ ) ≤ s   
  

d xn−1,T ΄ +d x΄ ,xn   
+ β x 

1+d xn−1,xn d ( x΄,Tx΄ )d xn−1,Tx΄ d x΄ ,xn   

 
d( ΄ 

  d x΄, xn+1  + d xn+1, xn   + μd xn−1 , xn   
s + δ d xn−1, Tx΄  + d x΄ , xn + ηd  xn−1, x

΄  
 

 x , Tx΄ ) ≤ (1− sμ )   
  
  

d xn−1 ,T ΄ +d x΄ ,xn   
+β x 

1+d xn−1,xn d ( x΄,Tx΄ )d xn−1 ,Tx΄ d x΄ ,xn   

Lim n → ∞, limn→∞ d x΄, Tx΄ = 0 
∴  x΄ = Tx΄ 

x΄ is the fixed point of T. 
 

Theorem 3.2: let ( X ,d) be a complete b-metric space and define the sequence xn  
∞   K 

by the recursion(2.3) and (2.7). 

Let T: X → X be a mapping under the terms, sλ ϵ [ 0, 
 
1), Such that 
2 

d(Tx , Ty ) ≤ λ [ d( x , Ty  ) + d( y, Tx ) ] (3.2.1) 
for all x , y ϵ X . Then there exist x΄ϵ X such that xn → x΄ and x΄ is unique fixed point of T. 

Proof : Let x0 ϵ X , xn = Tx  
n−1 

= Tn , n-1,2,3 --------- 

d( xn+1,xn+2 ) = d( Txn , Txn+1 ) 
≤ λ [ d( xn , Txn+1 ) + d( xn+1 , Txn ) ] 
≤ λ [ d(xn , xn+2 ) + d(xn+1 , xn+1) ] 
≤ λ [d(xn, xn+2 )] 

d( xn+1 , xn+2 ) ≤ s λ [ d(xn  , xn+1 ) + d( xn+1  , xn+2 ) ] ( by 2.3) 
(1 - sλ) d(xn+1 , xn+2 ) ≤ sλ [ d( xn , xn+1) ] 

d (x  
n+1 , xn+2 ) ≤  s λ 

(1−s λ) 
d(xn , xn+1 ) (3.2.2 ) 

 
Note that  s λ 

(1−s λ) 
ϵ [ 0, 

1). 
2 

Thus T is contraction mapping, by using (A) and Theorem-3.1, We see that  xn  
∞ is a 

cauchy sequence then a convergent sequence . 
 

Now we show that x΄ is a fixed point of T. 
d( x΄, Tx΄  ) ≤ s[d  x΄, xn   + d(xn ,  Tx΄)] 

≤ s[d x΄, xn + d(Tx 
 

n−1 ,  Tx ΄)] 

  d x΄, xn + μd xn−1, Txn−1 + d x΄, Tx΄     
  

≤ s   
+δ d xn−1, Tx΄ + d x΄ , Tx  

n−1 
   + η d xn−1, x

΄  

+β   d xn−1, Tx΄ + d x΄ , Tx  
n−1 

1 + d xn−1, Tx 
 

n−1   d x΄, Tx΄ d xn−1, Tx΄ d x΄ , Tx  
n−1 

  d x΄, xn + μd xn−1, xn + d x΄, Tx΄    
+δ d xn−1, Tx΄ + d x΄ , xn + η d xn−1, x

΄  
≤ s   d  x , T + d x΄ , x 

  +β  n−1    x΄ n     
1 + d xn−1 , xn d( x΄, Tx΄ )d xn−1, Tx΄ d x΄ , xn   

Lim n → ∞, d ( x΄, Tx΄ ) ≤ sμ d( x΄, Tx΄ ) (3.2.3) 
(3.2.3) is false unless d ( x΄, Tx΄ ) = 0 
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n 

Thus we arrive at x΄ = Tx΄ . 
Now we show that x΄ is the unique fixed point of T.We assume that x΄ is another fixed point of T. Then 
we have x = T(x) , y = T(y) 

d(x ,y) = μ d x, T(x) + d y, T(y) +δ d x, T(y + d y, T(x) + η d( x, y) + 
  d x,T(y), +d y,T(x)   

β     
1+ d x,T(x) d y,T(y) d x,T(y) d y,T(x)  

d (x ,y) = μ  d x, x  + d y, y   + δ d x, y  + d y, x   + η d(x, y) + β 
d x,y +d y,T(x) 

 
1+ d x,x) d y,y) d x,y d y,x  

d (x ,y) = μ d x, x + d y, y + δ d x, y + d y, x + η d(x, y) + β[d x, y + d y, x ] 
d (x ,y) ≤ (2δ + η + 2β) d (x,y) 
Which is a contraction .This implies that x = x0 

This complete the proof. 
 
 

Theorem 3.3: let (X ,d) be a complete b-metric space with metric d and let S &  :   →   
are two functions with the following property. 

d ( Sx , Ty ) ≤ μ d(x , Sx ) + d y, Ty + δ d x, Sx + d y, Ty ) + η d( x, y) 

+ β
  d x,,Ty +d y,Sx )   

 
1+ d x ,Sx  d y,Ty  d x,,Ty  d y,Sx   

for all x , y ϵ X , s ≥ 1 . Then S & T has a unique fixed point. 
Proof : Let x0 ϵ X and xn be a sequence in X. Such that 
x1 = S(x0 ) , x2 = T (x1 ) 
x2n = T (x2n−1 ) , x2n+1 = S(x2n ) 
Now d(x2n+1 ,x2n+2) = d( Sx2n,Tx2n+1) 
d(x2n+1 , x2n+2) ≤ μ d( x2n , Sx2n ) + d x2n+1 ,T x2n+1 + δ d x2n+1 , Sx2n + d x2n , T x2n+1   

+ ηd x2n , x2n+1   + β   d  x2n ,T x2n+1 +d(x2n+1 ,Sx2n )                        
1+d( x2n ,Sx 2n,)d x2n+1 ,T x2n+1 d x2n ,T x2n+1 d(x2n+1 ,Sx2n ) 

≤ μ d( x2n , x2n+1 ) + d x2n+1 , x2n+2    + η d  x2n , x2n+1    + δ d x2n+1  , x2n+1  + d x2n , x2n+2 + 

β   d  x2n ,x2n+2 +d(x2n+1 ,x2n+1 )                       
1+d( x2n ,x2n+1 )d x2n+1 , x2n+2 d x2n ,x2n+2 d(x2n+1 ,x2n+1) 

≤ μ d x2n , x2n+1 + d x2n+1 , x2n+2 + ηd x2n , x2n+1    
+ δ d x2n+1 , x2n+1 + d x2n , x2n+2   

≤ μ d x2n , x2n+1 + d x2n+1 , x2n+2 + ηd x2n , x2n+1 + δd x2n , x2n+2   
≤ μ d x2n , x2n+1 + d x2n+1 , x2n+2 + ηd x2n , x2n+1    

+ δ[d  x2n , x2n+1  + d  x2n+1 , x2n+2 ] (3.3.1) 
If d(x2n+1 , x2n+2) ≥ d x2n , x2n+1 Then we have 
d(x2n+1 , x2n+2 ) ≤ μ d x2n+1 , x2n+2 + d x2n+1 , x2n+2 + ηd x2n+1 , x2n+2    

+ δ s[d x2n+1, x2n+2 + d x2n+1 , x2n+2 ]   
d(x2n+1 , x2n+2 ) ≤ ( 2μ + η +2δ ) d  x2n+1 , x2n+2 (3.3.2) 
This is a contraction. 

 
From the above inequality ,we deduce that 
d(x2n+1 ,x2n+2) ≤ ( 2μ + η +2δ ) d xn , xn+1 

Continuing this process we can in general 
d  xn , xn+1   ≤ Kn d  x0 , x1 (3.3.3) 
This implies that T is a contraction mapping. 
Now it is show that {xn } is a Cauchy sequence in X. 
Let m , n > 0 with m > n 
d xn , xm ≤ s d xn , xn+1 + d xn+1 , xm     
≤ sd xn , xn+1 + s2 d xn+1, xn+2 + s3 d xn+2 , xn+3  + + + + − − − − 
≤ sKn d x0, x1 + s2 Kn+1 d x0, x1 + s3 Kn+3 d x0, x1 +++++-------------- 
≤ sKn d x0, x1 1 + sK + (sK)2 + (sK)3 + + + + − − − −  
≤   

sK     
   d  x  , x (3.3.4) 

 

1−sK 0 1 

(3.2.4)
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Taking limit n → ∞, we get limn →∞ d xn , xm = 0 
∴  xn is a Cauchy sequence in X is complete. 
We consider that xn converse to u. 
Now we show that u is fixed point of S & T . 
We have d  u, Su  ≤ s  d u, xn    + d  xn , Su (3.3.5) 
d u, Su ≤ s d u, xn + d Txn−1 , Su    

  
d u, xn + μ d u, Su + d xn−1 , Txn−1     

+ δ d u, Txn−1 + d xn−1 , Su + η d u , xn−1  
≤ s d u, Txn−1 + d xn−1 , Su   

  + β   
  1 + d u, Su d x 

 
n−1 , Txn−1  d u, Txn−1  d x 

 
n−1 , Su   

    
 
 

 
d u, Su ≤ s 

  
d u, xn + μ d u, Su + d xn−1 , xn     

+ δ d u, xn + d xn−1 , Su + η d u , xn−1  
d u, xn + d xn−1 , Su )  

  + β   
  1 + d u, Su d x 

 
n−1 , xn  d u, xn  d x 

 
n−1 , Su   

    
 

taking limit n → ∞, we get 
d u, Su ≤ s μd u, Su  
(1- s μ) d u, Su ≤ 0 
Which gives d u, Su = 0   Su = u 
Hence u is a fixed point of S. 
Similarly we can show that u is a fixed point of T. 
Hence u is a common fixed point of S & T. 
Uniqueness: Let u & v be two fixed point of S & T. 
Such that u ≠ v ,Putting x = u & y = v in Theo.(3.1), 
We have d (u ,v) =d( Su,Tv) 
≤ μ d u , Su + d v , Tv + δ d u , Tv + d v , Su + η d u , v  

+ β d u ,Tv +d v ,Su   

1+ u ,Su d v ,Tv d u ,Tv d v ,Su   

≤ μ d u , u + d v , v + δ d u , v + d v , u + η d u , v  

+ β d u ,v +d v ,u  

1+ u ,u d v ,v d u ,v d v ,u  

≤ ( 2δ + η + 2β)d u , v  
This is a contraction. 

 
IV. CONCLUSION 

In this paper we proof some unique fixed point theorems in b-metric space. We have apply different method to  
solve b-metric space theorems and discussed in detail the fundamentals of b-metric space theory. 
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Abstract: In this paper we instigate the different types of soft sets and different methods to solve and show some fixed point theorems on a soft metric 
space by using new type rational contraction conditions. Our results increase and raise the recent ones. 
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                      Metric space, Soft set. AMS Classification: 45H10. 

———————————————————— 

 

1. Introduction and Preliminaries:  
The concept of soft sets was first given by Molodtsov [1] 
soft sets was new mathematical idea to solve problems. 
Molodtsov[1] defines soft set as a parameterized family of 
subsets of whole set where each element is regarded as a 
set of closer elements of the soft set. In the past few years, 
many researchers have done their researches on the 
fundamentals of soft set theory. Maji et al. [2] presented a 
OR . They researched on it and described the basic 
properties of there operations Pei and Miao [3] discussed 
the relationship between soft sets and information systems 
and also redefined subset and intersection of soft sets.  Ali 
et al. [4] gave new operations like the restricted union, the 
restricted intersection, the restricted difference and the 
extended intersection of two soft sets and said emphasis 
mainly on their basic properties. Cagman and Enginoglu [5] 
introduced soft matrix theory and were successfully 
applying it to a decision making problem. Babitha and Sunil 
[6] introduced the idea of soft set relation and function and 
discussed some   related concepts like equivalence soft set 
relation, partition of soft sets, ordering on soft sets. They 
specially worked on soft set relation and ordering. Babitha 
and Sunil [7] By introducing the concept of relation and got 
proofs with some results. Sezgin and Atagun [8], Fuli [9] 
and others modified the work of  Maji et al. [2] and gave 
some new  results  Sezgin also put forth some new results. 
Sezgin and Atagun [8] gave restricted symmetric difference 
of soft sets and studied its properties with examples. Singh 
and Onyeozili [2012] got some results on distributive and 
absorption properties with respect to different operations on 
soft sets and [19, 20,21,22] added some more results of 
soft fixed point in b-metric space. 

 

 

 

 

 

 

 

 

 

 

Definition 2.1: Let (Y, d) is a metric space and the set (F, B) 
is a soft set of  Y is called  

                             null soft set and it is denoted by   .if for 

all  ε ∈ B , F(ε) = ϕ. (empty set ) 

Definition 2.2: Let (Y, d) is a metric space and suppose that 
the set (F, B) is a soft set    

                            over (Y, d) is called absolute soft set. If for 
all ε ∈ B, F(ε) = Y. 

 Definition 2.3: Let (Y, d) is a metric space and if the 
difference (F, A) of two soft sets  

                              (F, A) and (F, A) over Y is denoted by   
(F, A)/ (F, A) and is defined as 

                              F(e) = H(e)\G(e) for all e ∈ A. 

Definition 2.4: For any two soft real numbers  

(i)   ̃  ≤  ̃,       if   ̃ (e) ≤  ̃ (e), for all e ∈ A. 

 

(ii)    ̃  ≥  ̃,       if   ̃ (e) ≥  ̃ (e), for all e ∈ A. 
 

(iii)     ̃ <  ̃,      if  ̃  (e) <  ̃ (e), for all e ∈ A.  
 

            (iv)          ̃  >   ̃,        if   ̃ (e) >  ̃ (e), for all e ∈ A.  
 
Definition 2.5: The complement of a soft set (F, A) is 
denoted by         and is defined by     

                      = (     A) where    : A→ P(X) is mapping 

given by ( ) = X− F(  ) ,∀   ∈ A.  

 

Definition 2.6: Let R be the set of real numbers and B(R) be 
the collection of all nonempty    

                    Bounded subsets of R and B taken as a set of 
parameters. Then a mapping  

                   F: H→A(R) is said to be a soft real set. It is 
denoted by (F, H).If specifically (F, H)   

                   is a singleton soft set, then  identifying (F,H) 
with the corresponding soft element,    

                    it will be said to a soft  real number and 

denoted  ̃  ̃ etc. 

        Let    ̅, ̅  are any two soft real numbers where  ̅(e) = 

0,  ̅ (e) = 1for all e ∈ H, respectively 
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 Definition 2.7: Let (Y, d) is a metric space and any soft set 
of Y is called a soft point of  

                     Y if there is exactly one e ∈ H, such that B (e) 

= {y} for some y ∈ Y and 

                      B (e′) = ϕ, ∀ e′ ∈ H \ {e}. It will be denoted 

by  ̃ . 

 

 Definition 2.8:  Let (F, A) is any soft set and let any two soft 
point a, b of (F, A) are said  

                      to be equal if e = e′ and B(e) = B(e′) i.e. a = b. 
Thus a ≠ b ⟺ a ≠ b or e ≠ e′. 

 

 Definition 2.9: A mapping   ̃: SP ( ̃) × SP ( ̃) →R     , is 

said to be a soft metric on the  

                      soft set  ̃ if  ̃ satisfies the following conditions: 

 

     (M1)      ̃ ( ̃  
  ̃  

)  ̃  ̃ for all  ̃  
  ̃  

 ̃   ̃ 

 

     (M2)      ̃ ( ̃  
  ̃  

) =  ̃ ⟺  ̃  
  ̃  

 

 

     (M3)     ̃ ( ̃  
  ̃  

)  ̃  ̃ ( ̃  
  ̃  

) for all  ̃  
  ̃  

 ̃   ̃ 

 

     (M4)     ̃ ( ̃  
  ̃  

)  ̃   ̃ ( ̃  
  ̃  

) +  ̃ ( ̃  
    

) 

 

    for all  ̃  
  ̃  

  ̃  
  ∈  ̃ The soft set  ̃ with a soft metric d on 

 ̃   is called a soft metric space    

   and denoted by  ( ̃,  ̃ A). 
 

  

 Definition 2.10: A sequence {  ̃   }n  of soft point in(    ̅  ) 

is  considered as a Cauchy  

                    sequence in  ̃  if  corresponding to every  ̃  

 ̃    ̅,    n   N  such that 

                     d( ̃   
  ̃   

 )  ̃   ̃ , ∀     n,i.e. d( ̃   
  ̃   

 )   ̅  as 

i,j   . 

 

 Definition 2.11: A soft metric space ( ̃,  ̃ H) is said to be 
complete, if every Cauchy  

                    Sequence in  ̃ converges to some point of    ̃.  

 

Definition 2.12: A mapping         where(Y, d) is a metric 

space is said to be weakly  

                      C-contractive or a weak C-contraction if for all 
x, y ∈ Y.   

                    d(      ) ≤ [d(x ,   ) + d(y ,   )] −   d(x,    ), 

d(y,    ) Where   ∶[0,∞)→[0,∞) is a  

                    continuous mapping  such that    (x, y) = 0 ⟺ 

x = y = 0.  We introduce  

                   the new notion of a soft weak C-contractive 
mapping as follow.  

 

Definition 2.13: Let  ̃ be a nonempty set and let  ̃ ≥ 1 be a 

given real number. A function  

                    ̃ ∶  ̃    ̃    ̃    is called a b-metric provided 

that, for     ̃   ̃     ̃  

    (a)     ̃ ( ̃  ̃ ) = 0 ⟺  ̃    ̃ 

         (b)     ̃ ( ̃  ̃ ) =  ̃ ( ̃  ̃ ) 

              (c)     ̃   ̃  ̃     ̃  ̃   ̃  ̃     ̃    ̃  ̃  .          

 
3. Main Result: 
 

Let (  ̃ ,  ̃ ) be a soft complete b-metric space with the 
constant  ̃    and define the sequence  

{  }   
     by the recursion(2.13). Let         ̃   ̃ be a 

mapping for which there exists     

  ∈    
 

 
)  such  that  

 ̃        ̃       ̃       ̃  ̃         ̃     ̃  ̃        ̃              (A)  

For all   ̃   ̃ ∈   ̃ . 

 

Theorem 3.1: Suppose (  ̃ ,  ̃) be a soft complete b-metric 

space with the constant s    and explain the sequence 

{  }   
     by (2.13). Let         ̃   ̃ be a contraction with 

the reduction K ∈      , and     . Then there exists  

 ̃ ∈  ̃  such that  ̃  
   ̃  and  ̃  is unique soft fixed point 

of      . 

Proof: Let   ̃  
 ∈  ̃ be any arbitrary chosen soft point in  ̃  

and {  }   
  be a sequence  

Let   ̃  
        ̃     

           ̃ 
   , n=1, 2, _ _ _ _ 

Since (f, ) is a contraction mapping with the constant 

 ∈        

Then we get 

 ̃[        ̃  
         ̃  

  ]     ̃       ̃  
         ̃  

   

                                                 ̃  ̃  
     

   

We easily get here 

 ̃[        ̃  
           ̃  

  ]      ̃  ̃  
   ̃  

   

Now, we proof that {  }   
  is a Cauchy sequence in   ̃. 

Suppose that m, n > 0 with m > n, 

 ̃  ̃   
   ̃  

       ̃  ̃   
   ̃    

         ̃  ̃     
     ̃    

      

     ̃  ̃    
     ̃    

    ------- 

      ̃  ̃  
   ̃  

            ̃  ̃  
   ̃  

   

         ̃  ̃  
   ̃  

  ++------------- 

=   ̃  ̃  
   ̃ 

                                          
(3.1.1) 
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Now we take        in (3.1.1), we get here at 

       ̃  ̃   
   ̃  

     

Therefor {  }   
  is a Cauchy sequence in   ̃ . 

In view of completeness of   ̃ . We examine that {  }   
  

convergent to    ∈  ̃ . 

Now we proof that  ̃  is the unique fixed point of      . 

Actually        ̃  =             ̃   
      

   
       ̃    

    

                  =   ̃  

Therefore   ̃  is a soft fixed point of      . Finally we have to  

Proof that the soft fixed point is unique. 

Suppose that  ̃  is another soft fixed point of      . Then 

      ̃    ̃   

 ̃( ̃    ̃ )   ̃[       ̃          ]      ̃( ̃    ̃ )         (3.1.2) 

By equation (4)     1; but this is a contradiction to 
K ∈       . 

So the soft fixed point is unique. 

Theorem 3.2:  Let ( ̃ ,  ̃) be a soft complete b-metric space 

with the constant s    and  

           define the sequence {  }   
     by the (2.13). Let 

        ̃   ̃ be a     

           mapping for which there  exists  ∈      
 

 
 ) such that  

 ̃        ̃       ̃   

  [ ̃  ̃         ̃     ̃  ̃        ̃  ]+   [ ̃  ̃         ̃   

  ̃  ̃        ̃  ]+    ̃  ̃   ̃   + 

  [
  ̃{  ̃         ̃      ̃  ̃        ̃  }

    ̃{  ̃         ̃  }  ̃{  ̃        ̃  }  ̃{    ̃         ̃  }  ̃{  ̃         ̃  }
]           (3.2.1) 

For all   ̃   ̃ ∈   ̃ . 

Then there exists  ̃ 
     ̃  such that  ̃    ̃ 

   and   ̃ 
   is 

unique fixed point of        . 

Proof: Suppose  ̃ 
    ̃  and {  }   

  be a sequence in   ̃ . 

 ̃  
        ̃     

            
   , n=1, 2, 3 _ _ _ _ 

By using equation (A) and (2.13).  We obtain that 

 ̃  ̃  
    ̃    

      =   ̃{      ̃     
          ̃   

 }  

 ̃  ̃  
    ̃    

        [ ̃  ̃     
          ̃     

    +  ̃  ̃   
        ̃   

 ] 

     ̃  ̃     
          ̃   

   

                     ̃  ̃     
     ̃   

    

   [
  ̃{ ̃     

          ̃   
  }     ̃{ ̃   

        ̃     
   }

   ̃{  ̃     
          ̃     

    }  ̃{  ̃   
        ̃   

  }  ̃{   ̃   
        ̃     

    }   ̃{ ̃     
          ̃   

 } 
] 

                     

 ̃  ̃  
    ̃    

         [ ̃  ̃     
     ̃   

   +  ̃  ̃   
   ̃     

   ] 

+    ̃  ̃     
     ̃    

    +    ̃  ̃     
     ̃   

      

   

                        + 

  [
  ̃{ ̃     

     ̃    
    }    ̃{ ̃   

   ̃   
 }

   ̃{( ̃     
     ̃   

 )}  ̃{  ̃   
   ̃     

    }  ̃{  ̃   
   ̃   

  }  ̃{ ̃     
     ̃     

   } 
] 

 

 ̃  ̃  
    ̃    

      

   [ ̃  ̃     
     ̃   

   +  ̃  ̃   
   ̃     

     +    ̃  ̃     
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Similarly  ̃  ̃   
   ̃    
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]  ̃  ̃  

   ̃  
                                                             

(3.2.2) 

 

Note that   ∈     
 

 
   Then  [

       

      
]
 

  ∈      
 

 
 ) 

 

Thus       is a contraction mapping. We know that {  }   
  

is a Cauchy sequence and convergent sequence, It is 

convergent to   ̃ ∈  ̃ . 

Then we have 

  ̃( ̃   
       ̃ 

  )        ̃( ̃   
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     ̃  
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       ̃  
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Let lim      ,         ̃ ( ̃   
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 ̃ 
   is the fixed point of      . 

 

Theorem 3.3:  Let (  ̃ ,  ̃ ) be a soft complete b-metric space and 
define the sequence     

{  }   
     by (2.13 ). Let         ̃   ̃ be a mapping for 

which there exists   ∈      
 

 
 ) such that     ̃        ̃       ̃   

    ̃  ̃         ̃     ̃  ̃        ̃    

For all   ̃   ̃ ∈   ̃ . 

Proof: Suppose that   ̃ 
     ̃  and {  }   

  be a sequence in  

 ̃, defined as  

 ̃  
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   , n = 1, 2, 3 _ _ _ _ 
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Note that [
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                                (3.3.1) 

Thus       is contraction mapping, by Theorem 3.1, We See 

that 

{  }   
  is a Cauchy sequence and It is a convergent 

sequence. 

Now we show that  ̃ 
  is a soft fixed point of      . 
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(3.3.3) 

Equation (3.3.3) is false unless  ̃( ̃   
       ̃ 

  )    

Thus we get here at  ̃   
        ̃ 

  

Now we proof that  ̃   
  is the unique soft fixed point of      . 

We suppose that  ̃   
  

Is another soft fixed point of      . 

Then we have   ̃  =        ̃ ,   ̃ =        ̃ 
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Which is a contradiction. This implies that x =  ̃ 
  . 

This complete the proof. 

 
CONCLUSION:  
Hence in the above paper we have proved some unique 
fixed point theorems in soft b-metric space and we have 
discussed the fundamentals of soft b-metric space and also 
put forth different methods to solve soft b-metric space 
theorems.  
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1. Introduction and Preliminaries 
 

Metric fixed point theory is an necessary part of 

mathematics because  its applications use in different areas 

like variational and linear inequalities, improvement and 

approximation theory. Ali et al. [9], Agraval et al. ([14], 

[15], [16]), Pathak et al. [7] and many authors (see [1], [2], 

[3], [8], [13]) established fixed theorems in different spaces 

like partially ordered metric space, Metric space, Manger 

space, Banach space, generalized Banach space etc. A 

concept of soft theory as new mathematical tool for dealing 

with uncertainties is discussed in 1999 by Molodtsov [6]. A 

soft set is a collection of approximate descriptions of an 

object this theory has rich potential applications. On soft set 

theory many structures contributed by many researchers (see 

[5], [10], [12]). Shabir and Naz [11] were studied about soft 

topological spaces. In these studies, the concept of soft point 

is explained by different techniques. Later a notion of soft 

metric space and investigated some basic properties of these 

spaces. Recently Wadkar et.al [4] proved fixed point results 

in soft metric space. In this paper we first prove soft coupled 

fixed point theorem in ordered soft b-metric space using 

monotone property for contractive condition. In the next 

theorem we prove the coupled soft coincidence fixed point 

theorem for mapping satisfying generalized contractive 

conditions with α –monotone property in an ordered soft b-

metric space. 

 

Definition 1.1: Let Z and H are respectively an initial 

inverse set and a parameter set. A soft set over Z is pair 

denoted by (G, H) if and only if G is a mapping from E into 

the set of all subsets of the set X. That is G: H → P(z), 

where P(z) is the power set of Z. 

 

Definition 1.2: The intersection of two soft sets Z , Cand 

Y , E over X is a soft set denoted by I , H  over X and is 

given by Z , C
~ 
Y , E  I ,H  where H  C  E and 

  H , I ( )  Z ( )  Y ( ). 

 

Definition 1.3: A soft set (Z, B) over Y is said to be a null 

soft set denoted by ∅ 

 

 if Z p = empty, for all p in A. 

Definition 1.4: For all p  B , if Z (p)  Y then Z , B is 

called an absolute soft set over Y. 

 

Definition 1.5: The difference of two soft sets H , P  and 

L, P  over Y is a soft set G , P  over X, denoted by h , E 

 \ L, E  , is defined as G(y) = F(y) \ G(y), y  H . 

 

Definition  1.6: The complement  of soft  set  H , B  is  

denoted  by  H , B
c 

and is defined as H , B
c 
 H 

c
 , B 

,where  H 
c
 : B  P( Y )  is a mapping given by H 

c
 ( 

)  Y  H ( ), for all  . 

 

Definition 1.7: Let R be the set of real numbers and B(R) be 

the collection of all nonempty bounded subsets of R and E 

taken as a set of parameters. Then a mapping Y:EB(R) is 

called a soft real set, and it is denoted by (Y,E).  

 

2. Main Results 
 

Let (Y, ≤) be  a  partially  ordered  soft  set  and  ρ  
  

be  a  

soft  metric  on  Y  such  that (Y, ρ , H) is  a  complete  soft  

b-metric  space. Consider a product (Y, ρ , H) X (Y, ρ  
, H) 

with the following partial order. For all 

(xφ, yδ) ϵ  Y, ρ , H x  Y, ρ , H . We have (uφ, vδ) ≥ (xφ, yδ)   ⇔  
xφ ≥ uφ,  yδ  ≤  vδ    

 

Theorem 2.1: Let ((Y, ρ , H), ≤ ) be a partially ordered 

complete soft b- metric space and let S be a continuous 

mapping having the mixed monotone property such that For 

all xφ , yδ, uφ, vδ ϵ  Y, ρ , H  and  0,
1

s
  and s ≥ 1,  

 

We have 

ρ  F xφ , yδ , (uφ , vδ ≤

βmax

 
 
 
 
 ρ  (xφ  , F uφ , vδ + ρ  yδ , F vδ , uφ  

+ρ  (uφ  , F xφ , yδ + ρ  vδ , F yδ , xφ  

+ρ (yδ  ,
F uφ ,vδ  F vδ ,uφ  F xφ ,yδ  

1+F xφ ,yδ  F uφ ,vδ  
)

 
 
 
 
 

           (2.1.1) 

 

Then F has a coupled soft fixed point in soft b-metric space 

 Y, ρ , H . 
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Proof: Let two points xφ
0 , yδ

0 ϵ Y, ρ , H x  Y, ρ , H   and 

xφ1

1 = F(xφ
0 , yδ

0);  yδ1

1 = F(yδ
0 , xφ

0). 

 

In general   yδn +2

n+2  = F( yδn +1

n+1 , xφn +1

n+1 ), yδn +1

n+1  = F( yδn

n , xφn

n ) 

 

Similarly     xφn +2

n+2  = F( xφn +1

n+1 , yδn +1

n+1 ), xφn +1

n+1  = F( xφn

n , yδn

n ) 

 

with       xφ
0 ≤ F xφ

0, yδ
0 = xφ1

1 and  yδ
0 ≥ F yδ

0 , xφ
0 =  yδ1

1   

(2.1.2) 

 

by iteartive process, we have  

 

xφ2

2 = F xφ1

1 , yδ1

1  = F F xφ
0 , yδ

0 , F(yδ
0 , xφ

0) = F2(xφ
0, yδ

0)  

 

and yδ2

2 = F yδ1

1 , xφ1

1  = F F yδ
0 , xφ

0 , F(xφ
0 , yδ

0) =

F2(yδ
0, xφ

0)  

 

By the mixed monotone property of F we obtain 

 

xφ2

2 = F2 xφ
0 , yδ

0 =  F  xφ1

1 , yδ1

1  ≥  F xφ
0, yδ

0 = xφ1

1  

And yδ2

2 = F2 yδ
0, xφ

0 = F  yδ1

1 , xφ1

1  ≤ F yδ
0 , xφ

0 = yδ1

1  

 

In general we have for n ∈ N 

 

xφn +1

n+1 = Fn+1(xφ
0 , yδ

0) = F Fn xφ
0 , yδ

0 , Fn(yδ
0 , xφ

0)     (2.1.3) 

 

and yδn +1

n+1 = Fn+1 yδ
0, xφ

0 = F(F yδ
0, xφ

0 , F xφ
0 , yδ

0 ) 

It is obvious that 

xφ
0 ≤  F xφ

0 , yδ
0 = xφ1

1 ≤ F2 xφ
0, yδ

0 = xφ2

2  ≤ ⋯

≤ Fn xφ
0 , yδ

0 = xφn

n ≤ 

 

yδ
0 ≥  F yδ

0, xφ
0 = yδ1

1 ≥  F  yδ1

1 , xφ1

1  = yδ2

2 ≥ ⋯ ≥

Fn xφ
0, yδ

0 = yδn

n ≥. ..      (2.1.4) 

 

Thus by mathematical induction principal we have for n ∈ N 

xφ
0 ≤ xφ1

1 ≤ xφ1

2 ≤ ⋯ ≤ xφn

n ≤ xφn +1

n+1 … and yδ
0 ≥ yδ1

1 ≥

 yδ2

2 ≥ ⋯ ≥ yδn

n ≥ yδn +1

n+1  

 

Thus we have by condition (2.1.1) that 

ρ  xφn +1

n+1 , xφn

n  = ρ   F  xφn

n , yδn

n  , F(xφn−1

n−1 , yδn−1

n−1 )  

 

≤ β 

max

 
 
 

 
 ρ  xφn

n , F  xφn−1

n−1 , yδn−1

n−1   + ρ  yδn

n , F  yδn−1

n−1 , xφn−1

n−1   ,

ρ  xφn−1

n−1 , F  xφn

n , yδn

n   + ρ  yδn−1

n−1 , F  yδn

n , xφn

n   ,

ρ  yδn

n ,
F xφn−1

n−1 ,yδn−1
n−1  .F yδn−1

n−1 ,xφn−1
n−1  .F xφn

n ,yδn
n  

1+ F xφn
n ,yδn

n  . xφn−1
n−1 ,yδn−1

n−1  
 

 
 
 

 
 

 

 

≤ β max

 
 
 

 
 ρ  xφn

n , xφn

n  + ρ  yδn

n , yδn

n  ,

ρ  xφn−1

n−1 , xφn−1

n+1  + ρ  yδn−1

n−1 , yδn−1

n+1  ,

ρ  yδn

n ,
F xφn−1

n−1 ,yδn−1
n−1  .F yδn−1

n−1 ,xφn−1
n−1  .F xφn

n ,yδn
n  

 F xφn
n ,yδn

n  .F xφn−1
n−1 ,yδn−1

n−1  
 
 
 
 

 
 

 

≤ β max

 
 
 

 
 ρ  xφn

n , xφn

n  + ρ  yδn

n , yδn

n  ,

ρ  xφn−1

n−1 , xφn−1

n+1  + ρ  yδn−1

n−1 , yδn−1

n+1  ,

ρ  yδn

n , yδn

n   
 
 

 
 

 

 

≤ β max ρ  xφn−1

n−1 , xφn−1

n+1  + ρ  yδn−1

n−1 , yδn−1

n+1    

 

ρ  xφ
n−1

n+1 , xφ
n−1

n  ≤ β  ρ  xφ
n−1

n−1 , xφ
n−1

n+1  + ρ  yδn−1

n−1 , yδn−1

n+1     (2.1.5) 

 

 

Similarly since yδn−1

n−1 ≥ yδn

n  andxφn−1

n−1 ≤ xφn

n      (2.1.6) 

 

ρ  yδn−1

n+1 , yδn

n  ≤ β  ρ  xφn−1

n−1 , xφn−1

n+1  + ρ  yδn−1

n−1 , yδn−1

n+1    

 

ρ  xφn−1

n+1 , xφn−1

n  + ρ  yδn−1

n+1 , yδn

n  

≤ β  ρ  xφn−1

n−1 , xφn−1

n+1  + ρ  yδn−1

n−1 , yδn−1

n+1   

+ β  ρ  xφn−1

n−1 , xφn−1

n+1  + ρ  yδn−1

n−1 , yδn−1

n+1    

 

≤ 2β  s  ρ  xφn−1

n−1 , xφn

n  + ρ  xφn

n , xφn−1

n+1   

+ s ρ  yδn−1

n−1 , yδn

n  + ρ  yδn

n , yδn−1

n+1     

 

2βs  ρ  xφn−1

n−1 , xφn

n  + ρ  yδn−1

n−1 , yδn

n   

+ 2 βs  ρ  xφn

n , xφn−1

n+1  + ρ  yδn

n , yδn−1

n+1    

 

(1-

2βs) ρ  xφn

n , xφn−1

n+1  + ρ  yδn

n , yδn−1

n+1   ≤ 2βs  ρ  xφn−1

n−1 , xφn

n  +

ρyδn−1n−1,yδnn 

 

 ρ  xφn

n , xφn−1

n+1  + ρ  yδn

n , yδn−1

n+1   

≤
2βs

(1 − 2βs)
 ρ  xφn−1

n−1 , xφn

n  

+ ρ  yδn−1

n−1 , yδn

n    

 

Let suppose that h = 
2βs

(1−2βs)
  and dm = ρ  xφn

n , xφn−1

n+1  +

ρ  yδn

n , yδn−1

n+1   Then dm ≤ hdm−1       

 

Similarly it can be proved that  dm−1 ≤ hdm−2. 

 

Therefore  dm ≤ hdm−1 ≤ h2dm−2 ≤ ⋯hnd0  .   (2.1.7) 

 

This implies that limn→∞ dn = 0. 

Thuslimn→∞d  xφn−1

n+1 , xφn

n  = lim
n→∞

d yδn−1

n+1 , yδn

n  = 0      

                                                  

For each p≥ n, by (2.1.7) and repeat the application of 

triangle inequality that we optain that 

 

 yδn

n , yδp

p
 ≤ sρ  yφn

n , yφn−1

n+1  + s2ρ  yφn−1

n+1 , yφn +2

n+2  

+ s3ρ  yφn−2

n+2 , yφn−1

n+1  + ⋯ sm ρ  yφn

n , yφn−1

n+1   
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And  

 xδn

n , xδp

p
 ≤ sρ  xφn

n , xφn−1

n+1  + s2ρ  xφn−1

n+1 , xφn +2

n+2  

+ s3ρ  xφn−2

n+2 , xφn−1

n+1  + ⋯sm ρ  xφn

n , xφn−1

n+1   

Adding these we get  

 yδn

n , yδp

p
 +  xδn

n , xδp

p
 

≤ s  ρ  yφn

n , yφn−1

n+1  + ρ  xφn

n , xφn−1

n+1    

+ s2[ρ  xφn−1

n+1 , xφn +2

n+2  + ρ  xφn−1

n+1 , xφn +2

n+2  

+ s3  ρ  xφn−2

n+2 , xφn−1

n+1  

+ ρ  yφn−2

n+2 , yφn−1

n+1   … sm [ρ  xφn

n , xφn−1

n+1  

+ ρ  yφn−2

n+2 , yφn−1

n+1  ] 

≤ s[hn+hn+1+hn+2 + hn+3 + hn+4 ………hm−1]d0 ≤ s
hn

1−hn  

d0 → 0 as  n → ∞ 

 

There  xφn

n   and yμn

n   are chouchy 

sequences.Since(X, ρ  , E)is complete b- soft metric space. 

There exist yμ,xφin (X, ρ  , E) such that limn→∞ xφn

n =xφ 

 

And limn→∞ yμn

n =yμ. Thus by taking limit n → ∞, in equation 

we get 

xφ=limn→∞ xφn

n = limn→∞ S[ xφn−1

n−1 , yδn−1

n−1 ] = S 

limn→∞[ xφn−1

n−1 , yδn−1

n−1 ] = 

S(xφ,yδ) and 

yδ =limn→∞ yδn

n  

=limn→∞ S[ yδn−1

n−1 , xδn−1

n−1 ] =  limn→∞[ xδn−1

n−1 , yδn−1

n−1 ]= S(xφ,yδ) 

 

Therefore xφ = S(xφ, yδ)and yδ = S( yδ, xφ).Thus S has 

coupled soft fixed point in (X, ρ ,E). 

 

In next theorem we prove coupled soft coincidence fixed 

point theorem for mapping satisfying generalized contractive 

conditions with –monotone in an ordered soft b-metric 

space. 

 

Theorem2.2: Let ((X,ρ , E ),≤) be a partially ordered set and 

ρ : (X, ρ ,E) x  (X, ρ ,E)→ 𝑅 be a soft b-mtric defined on X 

with coefficient  s ≥ 1. Let 𝛽: (X, ρ ,E)→ (X, ρ , E) and 

S: (X, ρ ,E)→ (X, ρ , E)be two mappings such that 

ρ  S xφ, y
δ
 . S( uφ, vδ) + ρ  S y

δ
, xφ . S( vδ, uφ) ≤

𝑘  ρ  βxφ, βu
φ
 + ρ  βy

δ
, βv

δ
  ;     (2.2.1)  

for some k∈  0,
1

s
 )  and for all xφ, y

δ
 uφ, vδ ∈(X, ρ  , E) with  

βxφ ≥ βu
φ
 and β y

δ
 ≥ β v

δ
.We further assume the following 

hypothesis: 

1) S(X x X)⊆ β(X) 

2) β X  is complete 

3) β is continuous and commute with S. 

4) S has the mixed β-monotone property on X and eighter S 

is continuous or X has the following property 

a) If a non decreasing sequence and  xφn

n  →

xφ then  xφn

n  ≤ xφ  . 

b) If a non increasing sequence and  y
δn

n  →

y
δ
 then  y

δn

n  ≤ y
δ
. 

If there exist two elements xφ0 ,
0 y

δ0

0  in (X, ρ ,E) with βxφ0

0 ≤

S(xφ0,
0 y

δ0

0 ) 

βy
δ0

0 ≥ S(y
δ0

0 , xφ0

0 ), 

Then S 

and

 β have unique a coupled soft fixed point that is there exist  
a unique xφ ∈ (X, ρ , E)  such that xφ = S(xφ, xφ) = β xφ. 

 

Proof: Letxφ0
, y

δ0
∈ (X, ρ , E)  be such that  βxφ0

≤

S  xφ0
, y

δ0
 and  βy

δ0
≥ S  y

δ0
, xφ0

 .Since S(X x X) ≥ β(X), 

We can choose xφ0,
1 y

δ0

1 ∈ (X, ρ ,E) such that βxφ0

1 =

S(xφ0
, y

δ0
 ) and βy

δ0

1 = S(y
δ0

, xφ0
).Again since S(X x X) ≥ 

β(X),we can choose xφ0,
2 y

δ0

2 ∈ (X, ρ ,E) such that βxδ0

2 =

S( xφ0,
1 y

δ0

1 ) and βy
δ0

2 = S(y
δ0

1 , xφ0

1 ). 

 

Continuing this process we can constract two sequences 

 xφn

n  and  y
δn

n   in X. 

Such that  βxφn+1

n+1 = S( xφ0,
n y

δ0

n )                        (2.2.2) 

And            βy
δn+1

n+1 = S(y
δ0

n , xφ0

n ) for all n          (2.2.3) 

 

Now we will prove that for all n ≥ 0 . 

βxφn

n ≤  βxφn+1

n+1 ,                                                 (2.2.4) 

βy
δn

n ≥  βy
δn+1

n+1                                                    (2.2.5)      

 

We shall use the mathematical law of induction. Let n = 0. 

Since βxφ0
≤ S  xφ0

, y
δ0
 and  βy

δ0
≥ S  y

δ0
, xφ0

  and 

βxφ0

1 = S(xφ0
, y

δ0
 ) and βy

δ0

1 = S(y
δ0

, xφ0
) we have βxφ0

≤

 xφ0

1  and and  βy
δ0
≥  βy

δ0

1  

 

That is (2.2.4) and (2.2.5) holds for all n = 0. We assume 

that (2.2.4) and (2.2.5) holds for n> 0 

 

As S has the mixed monotone property and βxφn

n ≤

 βxφn+1

n+1 and 

βy
δn

n ≥  βy
δn+1

n+1 ,we get 

 

βx
φn+1

n+1 = S  xφn

n , y
δn

n  ≤ S(xφn+1

n+1 , y
δn

n ) and  

S(y
δn+1

n+1 , xφn

n ) ≤  S  y
δn

n , xφn

n  = βy
δn+1

n+1  

 

Also for the same reason we have  

βx
φn+1

n+2 = S  xφn+1

n+1 , y
δn+1

n+1  ≥ S(xφn+1

n+1 , y
δn

n ) and (y
δn+1

n+1 , xφn

n ) ≤ 

 S  y
δn

n , xφn

n+1 = βy
δn+1

n+1  

 

From (2.2.2) and (2.2.3) we obtain βx
φn+1

n+1 ≤ βx
φn+1

n+2
 and 

βy
δn+1

n+1 ≥  βy
δn+2

n+2 . Thus by mathematical induction we 

conclude that (2.2.4) and (2.2.5) holds for all n≥ 0. 

Continuing this process one can easily verify that 

βxφ0
≤  βxφ1

1 ≤  βxφ2

2  ≤  βxφ3  
3  ≤ ⋯ . βxφn 

n  ≤  βxφn+1

n+1  ≤

⋯….          (2.2.6) 
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βy
δ0
≥  βy

δ1

1 ≥  βy
δ2

2 ≥  βy
δ3

3 …… .≥  βy
δn

n ≥  βy
δn+1

n+1 ≥ ⋯… ..            

(2.2.7) 

 

Now if (xφn+1

n+1 , y
δn+1

n+1 ) =(xφn

n , y
δn

n ),then S and β have coupled 

soft coincidence point. 

So assume (xφn+1

n+1 , y
δn+1

n+1 ) ≠(xφn

n , y
δn

n ) for all n ≥ 0.i.e. we 

assume that either 

βx
φn+1

n+1 = (xφn

n , y
δn

n ) ≠ βxφn

n  or βy
δn+1

n+1 = S  y
δn

n , xφn

n   ≠ βy
δn

n
. 

 

Again let p and n be two positive integer such that p> 𝑛  

then we can write  

ρ   βx
φn,
n  βx

φp

p  ≤

s  ρ ( βx
φn,
n  βx

φn+1

n+1 ) +  s  ρ ( βx
φn+1,
n+1  βx

φp

p ) ≤

s  ρ ( βx
φn,
n  βx

φn+1 
n+1 ) + s2   ρ ( βx

φn+1,
n+1  βx

φn+2 
n+2 ) +

s3   ρ (  βx
φn+2

n+2 , βx
φn+3

n+3 ) + ⋯ . sp−n−1   ρ (  βx
φp+1

p+1 , βx
φn

n ) . 

Similarly  

ρ  βy
δn

n , βy
δp

p  ≤

ρ  s(βy
δn

n , βy
δn+1

n+1  ) + 𝑠2   (ρ (βy
δn+1

n+1 , βy
δn+2

n+2 ) +

⋯ sp−n−1  (ρ (βy
δp−1

p−1 , βy
δp

p
) . 

 

Therefore 

ρ   βx
φn,
n  βx

φp

p  + ρ  βy
δn

n , βy
δp

p  

≤ sdn + s2dn+1 + ⋯ . +sp−n−1dp−1 

≤ sk
n
d0 + s2k

n+1
d0 + ⋯ . +sp−n−1k

n d0 

≤ sk
n
d0

1

1 − sk
→ 0 ; as n → ∞ 

Hence  βx
φn

n   and  βy
δn

n   are two Cauchy sequences in βX 

and βX is complete. 

 

Thus there exist two soft point say xφ, y
δ
 in X such that 

 βx
φn

n  = βx
φ

= Ω  

and  

that  βx
φn

n  → βx
φ

= 𝜉 as 𝑛 → ∞. Hence S is complete and 

so 

β  βx
φn+1

n+1  = β  S(βx
φn

n , βy
δn

n ) = S(βx
φn

n , βy
δn

n )  (Since S 

andβ are commutative ) 

β(Ω) =S(Ω, 𝜉)     (Since S andβ are continuous ) 

 

Similarly we can show that β Ω = S(Ω, 𝜉) .Thus S(Ω, 𝜉)   

is point of coincidence for S and β.Again le we getthat 

holds,by (2.2.6)  βx
φn

n   is a non decreasing sequence and 

βx
φn

n → Ω, therefore βx
φn

n ≤ Ω for all n.Similarly by (2.2.7) 

we get that   βy
δn

n   is non increasing sequence and 

 βy
δn

n →  𝜉, so βy
δn

n ≥  𝜉 for all n,  

then  

ρ  β Ω , S Ω, 𝜉  ≤ sρ   

s β  Ω , ββx
φn+1

n+1  + 𝑠 ρ  ββx
φn+1

n+1 , S Ω, 𝜉   

  s β  Ω , ββx
φn+1

n+1  +  𝑠ρ  β( S(xφn

n , y
δn

n  )), S Ω, 𝜉   

  s β  Ω , ββx
φn+1

n+1  + 𝑠 ρ  β( S(βxφn

n , βy
δn

n  )), S Ω, 𝜉   

≤  β  Ω , ββx
φn+1

n+1  + sρ  β( S(βxφn

n , βy
δn

n  )), S Ω, ξ  

+  sρ  ( S(βy
δn

n , βxφn

n  )), S Ω, ξ   

≤  β  Ω , ββx
φn+1

n+1  + sk  β  ββx
φn

n , βΩ +  sρ  ββy
δn

n , βξ     

(2.2.8) 

Since β is continuous ,β βx
φn

n → βΩ and ββy
δn

n → β ξ  and 

hence the right hand side of equation (2.2.8) becomes zero 

as n → ∞.  

 

Thus β  Ω =  S(Ω, ξ ), similarly we can show that  

β  ξ  =  S(ξ , Ω). 

 ρ  (β Ω , S Ω, ξ  

ρ  β Ω , S Ω, ξ  + ρ  βξ, Ω 

=  ρ  𝑆 Ω, ξ , 𝑆 ξ, Ω  

+ ρ (𝑆 ξ , Ω , 𝑆 Ω, ξ 
≤ 𝑘 ρ { βΩ, βξ + ρ { βξ, βΩ    

2ρ { βΩ, βξ ≤ 2kρ { βΩ, βξ   → ρ { βΩ, βξ ≤ kρ { βΩ, βξ  
 

Since k< 
1

𝑠
 ; 

 ρ { βΩ, βξ = 0. Thus βΩ = βξ, Hence S(Ω, ξ) = 𝑆 Ω =
 β(ξ) = 𝑆 ξ , Ω  
 

Finally 

 ρ  Ω, βΩ ≤ 𝑠ρ  Ω, βxφn+1

n+1  +  𝑠ρ  βxφn+1

n+1 , βΩ +

𝑠ρ  Ω, βxφn+1

n+1  +  𝑠ρ  S  xφn,
n y

δn

n  , S(Ω, ξ)  

 

In the same way 

ρ  ξ, βξ ≤  𝑠ρ  ξ, βy
φn+1

n+1  +  𝑠ρ  βy
φn+1

n+1 , βξ  

≤  𝑠ρ  ξ, βy
φn+1

n+1  

+  𝑠ρ  S  y
δn

n , xφn

n  , S(ξ, Ω)  

 

Therefore  

(1-k𝑠2)[ ρ  Ω, βΩ + ρ  ξ, βξ ] ≤ 𝑠  ρ  Ω, βxφn+1

n+1  +

ρξ,βyφn+1n+1+ 

𝑠2   βy
φn ,
n Ω +  βxφn ,

n ξ   → 0  𝑎𝑠 → ∞ 

 

Thus ρ  Ω, βΩ = 0 =  ρ  ξ, βξ  
ξ = βξ and Ω = βΩ 

βy
δ

= S y
δ
, y

δ
 = y

δ
 

This means that S and β have a common soft fixed point. 

 

3. Conclusion 
 

In this paper the investigations concerning the existence of 

coupled soft fixed point theorem for a contractive condition 

with monotone property and β − monotony property in an 

ordered soft b- metric space are established. 
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Abstract: In this article, we define compatible mappings of type (K) in intuitionistic fuzzy metric space and 

prove a general Soft fixed point theorem with an application to self mappings on a full intuitionistic fuzzy 

metric space. Our conclusion broadens and enhances earlier, related findings in the literature. 

Keywords: Intuitionistic fuzzy metric space, weakly compatible, compatible mappings of type (K),Soft set,soft 

fixed point 

 

Introduction 

Functional analysis must include the 

examination of soft fixed points. Studying 

frequently occurring soft fixed points of mappings 

that satisfy contractive type constraints has proven 

to be a very fruitful field of research. The idea of a 

fuzzy set was created in 1965 by L.A. Zade[11]. 

Following that, fuzzy metric spaces were introduced 

by Kramosil and Michalek [13]. George and 

Veeramani [1] used continuous t-norms to create the 

idea of fuzzy metric spaces. In 1986, G. Jungck [5] 

was the first to put forth the concept of compatible 

mappings. By G. Jungck, P. P. Murthy, and Y. J. 

Cho in 1993 [6,]. Compatible mappings of type (P) 

were introduced by M. Kang 

[7] and contrasted with compatible 

mappings of type (A) and compatible mappings. In 

1998,. The idea of compatible mappings of type (K) 

in metric space was recently proposed by Jha et al. 

[10], who also demonstrated that each compatible 

mapping of type (K) is independent of the others. A 

common soft fixed point theorem for compatible 

mappings of type (K) in intuitionistic fuzzy metric 

spaces is established in this study with an 

accompanying illustration.   Molodtsov [18] 

introduced the idea of soft sets as a novel 

mathematical approach for problem-solving. A 

parameterized family of subsets of the full set is 

what Molodtsov[1] refers to as a soft set. Each 

element of the soft set is thought of as a collection 

of nearby items, and the soft set is a parameterized 

family of subsets of the full set. Numerous scholars 

have been studying the foundations of soft set 

theory during the past few years. A OR was 

presented by Maji et al. [19]. They conducted study 

and discussed the fundamental characteristics of 

their methods. Pei and Miao [20] examined the 

connection between information systems and soft 

sets and redefined the terms intersection and subset 

of soft sets. [21] with a focus on their fundamental 

features. Soft matrix theory was introduced by 

Cagman and Enginoglu [22] 

Preliminaries 

Definition 2.1. [12] Any non empty set Y and B is a fuzzy set in Y is a mapping with domain Y and [0,1]. 

Definition 2.2. [1] A binary operation ⟐ : [0, 1] × [0, 1] → [0, 1] is a continuous t-norm if ⟐ is 

satisfying the following conditions: 

1. ⟐ is commutative and associative; 

2. ⟐ is continuous; 

3. p ⟐1 = p for all a ∈ [0, 1]; 

4. p ⟐ q ≤ r ⟐ s whenever p ≤ r and q ≤ s, and p, q, r, s ∈ [0, 1]. 

  Definition 2.3. [2] A binary operation * :[0, 1] × [0, 1] → [0, 1] is a continuous t-conorm if it satisfies the 

following conditions: 

1. is commutative and associative; 

2. *is continuous; 

3. p *0 = p for all p∈ [0, 1]; 

4. p * q ≤ r * s whenever p ≤ r and q ≤ s, for each p, q, r, s ∈ [0, 1]. 

Definition 2.4. [3] Let (Y,P , Q, *, ⟐ ) be an intuitionistic fuzzy metric space. 

1. A sequence {xn} in Y is called cauchy sequence if for each t > 0 and P > 0, lim 𝜔→∞ P (𝑦𝜔+𝑝,, t) = 1and lim 

𝜔→∞ Q (𝑦𝜔+𝑝,𝑦𝜔, t) = 0. 

2. A sequence {yn} in Y is convergent to y ∈Y if lim 𝜔→∞ Q (𝑦𝜔+𝑝,, t) = 1 and lim 𝜔→∞ Q (𝑦𝜔+𝑝,𝑦𝜔, t) = 0. 

3. for each t > 0. 

4. An intuitionistic fuzzy metric space is said to be complete if every Cauchy sequence is convergent. 

Definition 2.5.[10] The self mappings B and R of a fuzzy metric space (Y, P, ∗) are said to be compatible of type 

(E) iff lim𝜔 →∞ P(BB𝑦𝜔, BR𝑦𝜔, t ) = 1, lim𝜔 →∞ P(BB𝑦𝜔, Ry, t ) = 1, 

𝑙𝑖𝑚𝜔→∞   P(BR𝑦𝜔, Ry, t ) = 1 and 𝑙𝑖𝑚𝜔→∞ P(RR𝑦𝜔, RB𝑦𝜔, t ) = 1,𝑙𝑖𝑚𝜔→∞ P(RR𝑦𝜔, By, t ) = 1, 

𝑙𝑖𝑚𝜔→∞ P(RR𝑦𝜔, By, t ) = 1. 
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Definition 2.6.[10] The self mappings B and R of a metric space (Y, d) are said to be compatibleof type (K) iff 

𝑙𝑖𝑚𝜔→∞   BB𝑦𝜔 = Ry and 𝑙𝑖𝑚𝜔→∞RR𝑦𝜔 = By, whenever {y𝜔} is a sequence in Y such that 𝑙𝑖𝑚𝜔→∞ B𝑦𝜔 = 

𝑙𝑖𝑚𝜔→∞R𝑦𝜔 = y for some y in Y. 

Definition 2.7 The self mappings B and R of a intuitionistic fuzzy metric space (Y, P, Q, *, ⟐) are said to be 

compatible of type (K) iff 𝑙𝑖𝑚𝜔→∞ P(BB𝑦𝜔, Ry, t ) = 1 and 𝑙𝑖𝑚𝜔→∞ P(RR𝑦𝜔, By, t ) = 1, whenever {y𝜔} is a 

sequence in Y such that 𝑙𝑖𝑚𝜔→∞ B𝑦𝜔 =𝑙𝑖𝑚𝜔→∞ R𝑦𝜔 = y for some x in Y and t 

> 0. 

Definition 2.10:[18]Let(Y,d) is a metric space and the set (F, B) is a soft set of Y is called null soft set and it is 

denoted by φ.iffor all ε ∈ B , F(ε) = ϕ. (empty set ) 

Definition 2.11:[19]Let (Y,d) is a metric space and suppose that the set (F, B) is a soft set 

over (Y, d) is called absolute soft set. If for all ε ∈ B, F(ε) = Y. 

Definition 2.12:[20]Let (Y,d) is a metric space and if the difference (F,A) of two soft sets (F,A) and (F,A) over Y 

is denoted by (F,A)/(F,A)and is defined as 

F(e) = H(e)\G(e) for all e ∈ A. 

Lemma 2.14. [16] Let (Y, P, Q, *,⟐) be an intuitionistic fuzzy metric space. If there exists a constant k ∈ (0, 1) 

such that, P(𝑦𝜔+2, 𝑦𝜔+1 kt) ≥ P(𝑦𝜔+1, y𝜔 , t), Q (𝑦𝜔+1, y𝜔 + 1,kt) ≤ Q(𝑦𝜔+1, y𝜔 

, t ) for every t > 0 and n =1, 2,... then {𝑦𝜔} is a Cauchy sequence in Y . 

Definition 2.13:[21]For any two soft real numbers 

1. p   ≤ q , if p   (e)  ≤  q (e), for all e ∈ A. 

2. p   ≥ q  if p   (e)  ≥  q   (e), for all e ∈ A. 

3. p    q  if p    (e)    q   (e), for all e ∈ A. 

4. p    q , if  p   (e)   q   (e), for all e ∈ A. 

Definition 2.14:[22]The complement of a soft set (P,B) is denoted by ( P, B)𝑐 and is defined by 

( P, B)𝑐= (P𝑐, B) whereF : B→ Q(Y) is mapping given by (β) = Y− P(β) ,∀ β∈ B. 

 

Definition 2.15:[23] Let R be the set of real numbers and C(R)be the collection of all nonempty Bounded subsets 

of R and C taken as a set of parameters. Then a mapping 

A:H→B(R) is said to be a soft real set. It is denoted by (A,H).If specifically (A,H) isa singleton soft set, then 

identifying (A,H) with the corresponding soft element, it will be said to a soft real number and denoted  , b
 
etc. 

Let 0
 
,1

  
are any two soft real numbers where 0

 
(e) = 0,1

  
(e) = 1 for all e ∈ H, respectively 

Main Results 

If the following requirements are met and B, K, L, and T are self mapping on a full intuitionistic soft fuzzy metric 

space (
 
Y, P, Q, *,), 

(i)  C (
 
Y)  ⊆ T (Y

 
, K(

 
Y) ⊆ L(

 
Y). 

There exists k ∈ (0, 1) such that for every x ,    ∈   and t   0, 
           P (C x ,   , kt) ≥ min {P ( x , T , t), P (Cx ,  x , t), P (  , T , t), P (Cx , T , t),  P       (Cx ,  , t), P ( x ,   , t) , 

and 

          Q (C x ,   , kt) ≤ max {Q ( x , T , t), Q (Cx ,  x , t), Q (  , T , t), Q (Cx , T , t),Q            (Cx ,   , t), Q ( x ,   , 

t)}. 

           K and T weakly compatible mappings. 

Then C, K, L, and T all have a single common soft fixed point in 
 
Y if the pair of mappings (C, L) is compatible of 

type (K) and one of the mappings is continuous. 

Theorem 3.1: If the following requirements are met and B, K, L, and T are self mapping on a full intuitionistic 

soft fuzzy metric space (
 
Y, P, Q, *,), 

(i) C (
 
Y) ⊆ T (

 
Y), K(

 
Y) ⊆ L(

 
Y). 

There exists k ∈ (0, 1) such that for every     , z  ∈ 
 
Y and t > 0, 

P ( C y 

, Kz  

, kt) ≥ min{ P(    

, Tz  

,t), P( C y 

, Lz  

,t), P( Kz  

, Tz  

,t),  (   P( C   ,Tz   ,t)    ), 

1+ P( C   ,Tz   ,t) 
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P ( C  

, Kz  

, kt),  (
   P(     , z   ,t)    )   } and 

1+ P(     , z   ,t) 

 

Q ( C , Kz , kt) ≤ max{Q (   y , Tz  ,t), Q ( C y , Lz    ,t), Q ( Kz    , Tz    ,t), 

(   Q( C  ,Tz   ,t)    ) ,  Q ( C  , K  , kt),  (   Q(    , z   ,t)  

 

1+ Q( C  ,Tz   ,t) 

 y z  

1+ Q(     , z   ,t) 

 

K and T weakly compatible mappings. 

Then C, K, L, and T all have a single common soft fixed point in 
 
Y if the pair of mappings (C, L) is compatible of 

type (K) and one of the mappings is continuous 

 

Proof: Suppose  0 be any random point in  Y ,constract a  {z n  in   

as a means to  z 2ω−1  = T 2ω−1 

 

= C 2ω−2   z 2ω =    2ω =    2ω+1, ω = 1,2,3,4  this can be done by (1), 

By using contractive condition ,we obtain 

P (z 2ω+1, z 2ω+2, kt) = P (C  2ω,   2ω+1, kt) 

P (z 2ω+1, z 2ω+2, kt) ≥  min{P(  2ω ,T  2ω+1 , t), P( C 2ω,   2ω+1 , t), P(  2ω+1, T  2ω+1 , t), P(  2ω , 

   

2ω+1 

, t),       P(  2ω ,  2ω+1  ,t), 1+  P(  2ω ,  y2ω+1  ,t) 

,   P  ( C 2ω,T y2ω+1  ,t)      } 

1+ P ( C y2ω,T y2ω+1 ,t) 

≥  min{P(z 2ω , z 2ω+1 , t), P( z 2ω+1, z 2ω+1 , t), P (z 2ω+1,  z2ω+1 , t),   P(z 2ω , z 2ω+1 , t), 

 

 

 

  P(z2ω+1 ,z 2ω+1  ,t)  1+  P(z2ω+1 ,z 2ω+1 ,t) 

,   P  ( z 2ω   ,z 2ω,t)      } 

1+ P  ( z 2ω,z2ω  ,t) 

 

P (z 2ω+1, z 2ω+2, kt) ≥ min{P(z 2ω , z 2ω+1 , t), P ( z 2ω+1, z 2ω+1 , t), P (z 2ω+1,  z2ω+1 , t),  P(z 2ω , z 2ω+1 , t), 

   P(z2ω+1  ,z 2ω+1  ,t)  P(z2ω+1  ,z 2ω+1  ,t) 

,P  ( z 2ω   ,z 2ω,t)   } 

P  ( z 2ω,z2ω ,t) 

P (z 2ω+1, z 2ω+2, kt) ≥  min{P(z 2ω , z 2ω+1 , t), 1, 1,  P(z 2ω , z 2ω+1 , t),1,1 } 

 

P (z 2ω+1, z 2ω+2, kt) ≥  P(z 2ω , z 2ω+1 , t) 

Similarly, we have P(z 2ω , z 2ω+1 , t) ≥ P(z 2ω−1 , z 2ω , t) (1) So we get P(z 2ω+2 , z 2ω+1 , t)   ≥ 

 P(z 2ω+1 , z 2ω , t) 

Also ,we get 

Q(z 2ω+1 , z 2ω+2 , kt) = Q(Cz 2ω ,  z 2ω+1 ,kt) 

Q(z 2ω+1 , z 2ω+2 ,kt)  ≤ max{Q(  2ω ,T  2ω+1 , t), Q ( C 2ω,   2ω+1 , t), Q (  2ω+1, T  2ω+1 , t), 

 

Q(  2ω 

,    

2ω+1 

, t),   Q(  2ω ,  y2ω+1 ,t),  1+  Q(  2ω ,  y2ω+1  ,t) 

,   Q  ( C 2ω,T 2ω+1  ,t)       } 

1+ Q  ( C 2ω,T y2ω+1  ,t) 
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≤ max {Q(z 2ω , z 2ω+1 , t), Q  ( z 2ω+1, z 2ω+1 , t), Q (z 2ω+1,  z2ω+1 , t),  Q (z 2ω , z 2ω+1 , t), 

 

  Q(𝑧2𝜔+1  ,𝑧 2𝜔+1  ,t)  1+  Q(𝑧2𝜔+1  ,𝑧 2𝜔+1  ,t) 

,   Q (  2𝜔   ,𝑧 2𝜔,t)      } 

1+ Q (  2𝜔,𝑧2𝜔  ,t) 

 

Q (𝑧 2𝜔+1, 𝑧 2𝜔+2, kt) ≤  max {Q(𝑧2   𝜔 , 𝑧 2𝜔+1 , t), Q ( 𝑧 2𝜔+1, 𝑧2   𝜔+1 , t), Q (𝑧 2𝜔+1,  𝑧2𝜔+1 , t), 

Q(𝑧 2𝜔 
, 𝑧 2𝜔+1 

,  t),     Q(𝑧2𝜔+1  ,𝑧 2𝜔+1  ,t)  Q(𝑧2𝜔+1 ,𝑧 2𝜔+1  ,t) 

, Q (  2𝜔   ,𝑧 2𝜔,t)    } 

Q  ( 𝑧 2𝜔,𝑧2𝜔  ,t) 

Q (𝑧 2𝜔+1, 𝑧2   𝜔+2, kt) ≤ {Q(𝑧2   𝜔 , 𝑧 2𝜔+1 , t), 0,0 ,  Q(𝑧2   𝜔  , 𝑧2   𝜔+1 , t),0,0 } Q (𝑧 2𝜔+1, 𝑧2   𝜔+2, kt) ≤  Q(𝑧2   𝜔  , 𝑧 2𝜔+1 , 

t) 

Similarly we have 

Q(𝑧 2𝜔 , 𝑧 2𝜔+1 , t) ≤ Q(𝑧 2𝜔−1 , 𝑧 2𝜔 , t) (2) So we get Q(𝑧 2𝜔+2 , 𝑧 2𝜔+1 , t) ≤ Q(𝑧 2𝜔+1 , 𝑧 2𝜔 , t) 

From (1),(2) and (2.13), We comprehend that {𝑧 } is a Cauchy sequence in 
 
Y . 

 

But  (
 
Y, P

 
, Q

 
,∗, ⟐) is complete,So there are a soft  point z  in Y

   
.Such that {z ω  → q .     Also we have 

{C 2ω−2 ,{T 2ω−1 ,{  2ω ,{  2ω−1    →  q . 

Since (C,  ) is compatible of type ( ) and one of the mapping is continuous. So using (2.15), e obtain Cq . =  q .

 (3) 

 

Since C(
 
Y)  ⊆ T(

 
Y) ,Then one can find a point  .  in Y

  
, as a means to  C q . = T . 

 

Now by contractive condition, we obtain 

 

P(Cq ,  ,kt) ≥min {P( q ,T ,t),P(Cq ,  ,t),P(  ,T ,t),   𝑃
(𝐿q ,𝐾  v,𝑡) 

1+ (𝐿q , v,𝑡) 
 

,P(Cq ,  ,t),  𝑃
(𝐶q ,𝑇 ,𝑡) } 

1+ (𝐶q , ,𝑡 
 

= min { P(Cq ,Cq ,t),P(Cq ,Cq ,t),P(  ,Cq ,t),   𝑃
(𝐶q ,𝐾  v,𝑡) 

1+ (𝐶q , v,𝑡) 
, P(Cq ,Cq ,t),  𝑃

(𝐶q ,𝐾 ,𝑡) } 

1+ (𝐶q , ,𝑡 
 

= min { P(Cq ,Cq ,t),P(Cq ,Cq ,t),P(  ,Cq ,t), P(  ,Cq ,t)  ,P(Cq ,Cq ,t), P(  ,Cq ,t)   } 

 

P(Cq ,  ,kt) ≥  P(Cq ,  ,t) (4) 

 

Also ,we obtain 

 

Q(Cq ,  ,kt) ≤ max {Q( q ,T ,t),Q(Cq ,  ,t),Q(  ,T ,t),   
Q( q ,  ,t) 

1+ Q( q ,  v,t) 

 

,Q(Cq ,  ,t),  
Q(Cq ,T ,t) } 

1+ Q(Cq ,T ,t 

 

 

= max { Q(Cq ,Cq ,t),Q(Cq ,Cq ,t),Q(  ,Cq ,t),   
Q(Cq ,  ,t) 

1+ Q(Cq ,  ,t) 

,Q(Cq ,Cq ,t),  
Q(Cq ,  v,t) } 

1+ Q(Cq ,  ,t 
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= max { Q(Cq ,Cq ,t),Q(Cq ,Cq ,t),Q(  ,Cq ,t), Q(  ,Cq ,t)  ,Q(Cq ,Cq ,t), Q(  ,Cq ,t)   } 

 

Q(Cq ,  ,kt) ≤  Q(Cq ,  ,t) (5) 

 

 ow from (4) and (5) and  emma (2.14),  e obtain Cq   =    

Thus we obtain Cq   =  q   = q   =Tq  (6) 

To prove Rq   = q  

P(   Cq ,   Kz2ω+1   kt  )   ≥ min  {P( q ,   Tz2ω+1   ,  t)   ,   P(Cq ,  Lz2ω+1,  t)  ,P(Kz2ω+1, Tz2ω+1, t   ), 

 

   P( q ,Tz2ω+1  ,t)  1+ P( q,Tz2ω+1 ,t) 

, P(Cq ,  z 

2ω+1 

, t) ,      P(Cq ,Tz2ω+1,t)      } 

1+ P(Cq ,Tz2ω+1,t) 

 

 

let as n → ∞, we obtain 

 

P(Cq , q ,kt) ≥ min {P( q , q ,t),P (Cq, q ,t ),P(q , q ,t),   
P( q ,q ,t) 

1+P( q ,q ,t) 

 

, P(Cq , q ,t), 
P(Cq ,q ,t) } 

1+P(Cq ,q ,t) 

P(Cq , q ,kt) =  min {P( q , q ,t), P (Cq , q ,t ), 1 , 
P(Cq ,q ,t) 

1+P(Cq ,q ,t) 

, P(Cq , q ,t), 
P(Cq ,q ,t) } 

1+P(Cq ,q ,t) 

 

 

P(Cq , q ,kt) =  min {P(Cq , q ,t),P (Cq , q ,t ),1 , 
P(Cq ,q ,t) 

1+P(Cq ,q ,t) 

,  P(Cq , q ,t), 
P(Cq ,q ,t) } 

1+P(Cq ,q ,t) 

 

P(Cq , q ,kt) =  min {P(Cq , q ,t),P (Cq , q ,t ),1 ,1 ,  P(Cq , q ,t), 1  } 

 

P(Cq , q ,kt) ≥ P (Cq , q ,t ) (7) 

 

Q( Cq ,  z2ω+1 kt )   ≤   max {Q( q , Tz2ω+1 , t) , Q(Cq ,  z2ω+1, t) ,Q(Kz2ω+1, Tz2ω+1, t ), 

 

 

 

   Q( q ,Tz2ω+1 ,t)       ,Q(Cq ,  z 

1+ Q( q ,Tz2ω+1 ,t) 

 

let as n → ∞, we obtain 

2ω+1 

, t) ,   Q(Cq ,Tz2ω+1,t)     } 

1+ Q(Cq ,Tz2ω+1,t) 

 

 

 

Q(Cq , q ,kt) ≤max{Q( q , q ,t),  Q(Cq , q ,t ), Q(q , q ,t),   
Q( q ,q ,t) 

1+Q( q ,q ,t) 

,   Q(Cq , q ,t), 
Q(Cq ,q ,t) } 

1+Q(Cq ,q ,t) 
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Q(Cq , q ,kt) =  max {Q( q , q ,t), Q (Cq , q ,t ), 0 ,
 
 
Q(Cq ,q ,t)   , Q(Cq , q ,t), 

Q(Cq ,q ,t) } 

1+Q(Cq ,q ,t) 1+Q(Cq ,q ,t) 

 

Q(Cq , q , kt) =  max{Q(Cq , q ,t), Q (Cq , q ,t ), 0 ,
 
 
Q(Cq ,q ,t)   , Q(Cq , q ,t),   

Q(Cq ,q ,t) } 

 

1+Q(Cq ,q ,t) 

Q(Cq , q , kt) =  max {Q(Cq , q ,t), Q (Cq , q ,t ),0 ,0 ,Q(Cq , q ,t), 0   

1+Q(Cq ,q ,t) 

 

Q(Cq , q ,kt)  ≤ max Q(Cq , q ,t) (8) 

 

 

Now from (7) and (8) & lemma 2.14, we obtain  

Cq   = q  

That being the case ,we obtain Cq   =  q   = q  So q   is a comman soft point of C and L.  (9) 

As well we obtain     = T  = q  (10)  

Since   and T are weakly compatible ,we have T    =   T .   

So from (6),we obtain Tq   = q  Again ,we obtain (11)  

P(Cz  

2ω−2 

,  q , kt) ≥ min{ P( z  

2ω−2 

,Tq ,t),P(Cz  

2ω−2 

,  q , t),P( q ,Tq ,t),
 
 
P(Cz 2ω−2 

,Tq ,t)   , 

1+ P(Cz 2ω−2  ,Tq ,t) 

 

 

P(Cz  

2ω−2 

,  q , t),    P(Cz 2ω−2 ,Tq ,t)        } 

1+ P(Cz 2ω−2 ,Tq ,t) 

 

 

Taking limit n → ∞ , e have 

P(q  ,  q , kt) ≥ min { P(q ,Tq ,t), P(q   ,  q , t),P( q ,Tq ,t),
 
 
P(q  

,Tq ,t)   

1+ P(q  ,Tq ,t) 

 

P(q  ,  q , kt) ≥ min { P(q ,Tq ,t), P(q   , Tq , t),P(Tq ,Tq ,t),
 
 
P(q  

,Tq ,t)   

, P(q  , Tq , t),   
P(q  

,Tq ,t) } 

1+ P(q  ,Tq ,t) 

 

, P(Tq  , Tq , t),   
P(q  

,Tq ,t) } 

 

1+ P(q  ,Tq ,t) 1+ P(q  ,Tq ,t) 

 

P(q ,  q , kt) ≥ min {  P (q ,Tq ,t), P ( q , Tq , t), 1 , P( q  , Tq , t),   1, P( q , Tq , t) } 

 

P(q ,  q , kt)  ≥ P( q ,Tq ,t) (12) 

As well ,we obtain 

 

 

Q(Cz  Q(Cz  
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2ω−2 

 

2ω−2 

,  q , kt) ≤ max {Q( z  

,  q , t),    Q(Cz 2ω−2  ,Tq ,t)   } 

1+ Q(Cz 2ω−2  ,Tq ,t) 

2ω−2 

,Tq ,t), Q(Cz  

2ω−2 

,  q , t),Q( q ,Tq ,t),
 
 
Q(Cz 2ω−2 

,Tq ,t)   , 

1+ Q(Cz 2ω−2 ,Tq ,t) 

 

 

Taking limit n → ∞ , e have 

Q(q  ,  q , kt) ≤ max{Q(q ,Tq ,t), P(q   ,  q , t),Q( q ,Tq ,t),
 
 
Q(q  

,Tq ,t)   

1+ Q(q  ,Tq ,t) 

 

Q(q  ,  q , kt) ≤ max {Q(q ,Tq ,t), Q(q  , Tq , t),Q(Tq ,Tq ,t),
 
 
Q(q  

,Tq ,t)   

1+ Q(q  ,Tq ,t) 

, Q(q  , Tq , t), 
 
 
Q(q  

,Tq ,t)  } 

1+ Q(q  ,Tq ,t) 

 

, Q(Tqq , Tq , t), 
 
 
Q(q  

,Tq ,t)  } 

1+ Q(q  ,Tq ,t) 

 

 

Q(q  ,  q , kt) ≤ max {Q(q ,Tq ,t), Q(q   , Tq , t), 1 , Q(q , Tq  , t),   1, Q(q  , Tq  , t)  

 

Q(q  ,  q   , kt)  ≤   Q(q ,Tq ,t) (13) 

Now from (12) and (13 ) and Lemma( 2.14) 

Since we have Tq   =  q   = q  (14) 

That being the case ,we obtain  q    is a ordinary soft fixed point of C,K,L and T. For Uniqueness 

Suppose r   be the another ordinary soft fixed point then Cr   =  r   =  r    Rr   = r   

 

P(Cq ,   r, kt) ≥ min {P(( q , Tr  , t), P(Cq ,  r  , t) , P(  r, Tr  , t),  
P(Cq ,Tr  ,t) 

1+ P(Cq ,Tr  ,t) 

, P(Cq ,  r  , t) ,   
P( q ,Tr  ,t) } 

1+P ( q ,Tr  ,t) 

 

P(Cq ,   r, kt) ≥ min {P((Cq ,  r  , t), P(Cq , C r, t) , P(  r,  r  , t),
 
 
P(Cq , r  ,t)  

1+P (Cq , r  ,t) 

, P(Cq ,  r  , t) ,   
P(Cq , r  ,t) } 

1+P ( q , r  ,t) 

P(Cq ,  r  , kt) = min {P((Cq ,   r, t), P(Cq , Cr  , t) , 1,  , P(Cq ,  r  , t) , P(Cq ,   r, t), P(Cq ,  r  , t)   } 

 

(Cq ,  r  , kt) ≥  P((Cq ,   r, t) (15) 

As well we obtain 

 

 

Q(Cq ,  r  , kt) ≤ max {Q(( q , T r, t), Q(Cq ,  r  , t) , Q( r  , T 

, t),   Q(Cq ,Tr  ,t)  

1+ Q(Cq ,Tr  ,t) 

, Q(Cq ,  r  , t) ,   
Q( q ,Tr  ,t) } 

1+Q ( q ,Tr  ,t) 

 

Q(Cq ,  r  , kt) ≤ max {Q((Cq ,  r  , t), Q(Cq , C r, t) , Q( r  ,   r, t),   
Q(Cq , r  ,t) 

1+Q (Cq , r  ,t) 

} 



'Journal of Research & Development' 

A Multidisciplinary International Level Referred and Peer Reviewed Journal, 
Impact Factor-7.265, ISSN: 2230-9578, May-2023, Volume-15 Issue-11 

 

152 
 

, Q(Cq ,  r  , t) ,   
Q(Cq , r  ,t) 

1+ Q( q , r  ,t) 

 

 

Q(Cq ,  r  , kt) ≤ max{Q((Cq ,   

, t), Q(Cq , Cr  , t) , 0,  , Q(Cq ,  r  , t) , Q(Cq ,   

, t), Q(Cq ,  r  , t)   } 

 

Q(Cq ,   r, kt) ≤  Q((Cq ,  r  , t) (16) 

From (15),(16) and Lemma( 2.14) 

 e obtain Cq   =  q    ,This implies Cq   = Cr    ,and  q   is a unique soft fixed point. 

 

Remarks: Our result is also true for the pair of 

mappings (A, S) is compatible of type (E) in place 

of compatible mapping of type (K). Our result 

extends and generalizes the results of M. Verma and 

R.S. Chandel [13], Jha et al.[11] Manandhar et al. 
and improve the result of Manandhar et al. [10]. 

Also, our result improves other similar results in 

literature. 
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Abstract 

 Objective/Aim: To demonstrate the existence and uniqueness of fixed points for self-maps 

in b-metric spaces, we utilized a generalized 𝜙-weak contractive condition that incorporates cubic 

terms of d(x, y), along with the weak compatibility of two mappings within the context of b-metric 

spaces. Our findings include the proof of various fixed point theorems for a self-map, as well as 

common, point theorems for two mappings, accompanied by appropriate examples to substantiate the 

established results. The innovative aspect of our work lies in proving the existence of fixed points for 

mappings that meet generalized 𝜙-weak contractive conditions with cubic terms of d(x, y) in b-metric 

spaces, a result that has not been previously established by others. Furthermore, our results serve to 

extend,discribe and generalize the findings of Dutta and Choudhury, Murthy and Prasad, Hao and 

Guan, Jain and Kaur, Petru, sel, A. and Petru, sel, J., Peng et al., among others.Ues for other fixed 

point theorem and improve with work.  

Mathematics Subject Classification: 54H25,47H10. 

Keywords: Fixed Point, b-Metric Space,  –Weak Contraction, Generalized  –Weak Contraction, 

Weakly Compatible Mapping, Soft Set, Soft Fixed Point. 

Introduction 

 Fixed point Theory is one of the most important and useful tool in many branches of 

Science, Economics, Engineering and Computer Science, etc. The majority of applied 

mathematics problems reduce to fixed point problems. The famous Banach contraction principle 

proves the existence and uniqueness of fixed points for a contraction mapping in complete 

metric space. It has been generalized by many researchers by finding fixed point of single map 

or common fixed points of two or more mapping in various spaces satisfying various contractive 

conditions which are either commuting or weakly commuting or compatible or weakly 

compatible etc. In the development of various metric spaces, one of the significant 

generalizations of metric space is b- metric space introduced by Bakhtin(1)in 1989. Afterwards, 

Czerwik(2)proved some fixed point theorems in b-metric spaces in1993. 
 

Theorem1.1: “ Let (Z, d) be a complete metric space and S be a   – contraction mapping on a Z . i. e 

d(Sp ,Sq)    { d(p, q)} for all p, q   Z where  : [0,  )   [ 0,   ) is an upper semi-continuous 

function from right such that 0      (t)  t for all t   0 . Then S has a unique fixed point.” 

In 1997 Alber and Guerre-Delabriere introduced   – weak contraction and proved the 

following. 

Theorem1.2:  Let (Z, d) be a complete metric space and    – weak contraction mapping on Z. i.e. , 

 d(Sp ,Sq)   d(p, q)    -   { d(p, q)} for  all p, q   Z, where  : [0,  )   [ 0,   ) is an upper semi- 

continuous function from right such that     (t)   0 for all t   0and   (0) = 0 . Then S has a 

unique fixed point. 

Theorem 1.3 : Let (Z, d) be a complete metric and S be a self map of Z satisfying the following condition: 

[1 + rd(p, q)]               r max  { 
 

 
      (p,Sp) d(q,Sq) +d(p,Sp)  (q,Sq)],[d(p,Sp)d(p,Sq) 

d(q,Sp)],  d(p, Sq) d(q, Sp) d(q, Sq)} 

Where  

k(p,q) =  
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 max{                                         
 

 
                                  }  

In the present paper, we generalize the above result in the setting of b-metric space and extend our result for a pair of weakly 

compatible self mappings in b-metric space. We also obtain some suitable examples to justify the proven results. Our results 

extend and generalize the results of Dutta and Choudhury(13), Murthy and Prasad(12), Hao and Guan(7), Jain and Kaur(8), 

Petrusel, A. and Petrusel, J.(10), Peng et. al.(11)etc. 

Preliminaries: 

We now give some known definitions and standard notations which will be needed in the sequel: 

Definition2.1 

Let a nonempty set Z and let s≥1 be a given real number. A function d:Z×Z→[0,∞) is said to be b-metric if the following 

conditions hold good: 

(1) d(g ,h) = 0 if and only if g = h. 

(2) d(g ,h) = d(h, g). 

(3) d(g ,h) ≤ s[d( g ,r)+d(r, h)], for all g, h and r   Z. 

Then (Z ,d ,s) is called a b-metric or metric type space. 

Definition 2.2 

“The b-metric space (Z, d, s) is called complete if every Cauchy sequence in z is convergent in  Z.” 

Definition 2.3 

“Let (Z, d, s) be a b-metric space and S,T:Z→Z be two mappings. The mapping S and T are said to be weakly compatible if they 

commute at their coincident points, i.e., TSp = STp whenever Sp = Tp.” 

Main Results: 

Theorem 3.1. 

Let (Z, d, s) be a complete b-metric space and T be a self-map of Z satisfying 

[1 + rd(p, q)]               
 

 
max  { 

 

 
      (p,Sp) d(q,Sq) + d(p,Sp)   (q,Sq) ,

         

          
 ],[d(p, Sp) d(p, Sq) d(q, Sp) + 

         

                
 ], d(p,Sq) d(q,Sp) d(q,Sq) } + m (p, q) –                       (3.1.1)                                                                                          

 

Where 

k(p, q) = 

max{                      
         

          
   

                  
 

  
                 (

         

          
)                  (

         

                
) } 

 

r  ≥ 0 is a real number and  :[0,∞)→ [0,∞) is a continuous function with   (t) = 0 if and only if t = 0 and   (t) > 0 for  each   t > 

0. Then, T has a unique fixed point in Z. 

 

 Proof: Let    be an arbitrary point in Z.We define a sequence {  }in Z .    = T   , n ≥ 0.  (3.1.2)                                                                                                                   

 

If   =     , for some n, then, T has trivially a fixed point. Therefore we assume that 

   ≠        for all  n  N .For convenience  

d(  ,     )  =                                      (3.1.3) 

                                                         

 First,we show that {  } is a monotonically decreasing sequence, i.e.,          ≤     . 

 

 Case1: If n is odd. Take n  =  2m-1. We prove that     ≤        . 

Now taking p =      ,q =      in equality (3.1.1) 

we have [1+ r d(     ,    )]   (     ,S   ) ≤ 
 

 
  max  

 

 
     (     , S      ) d(   , S   ) + 

d(     ,S     )  (   ,S   ),
              

                
 ],[d(     ,S     )d(     ,S   ) d(   ,S     ) + 

        
        

                             
],d(     ,S   ) d(   ,S   ) d(   , S   ) } + m(     ,    )  - 

   [m(     ,    )]       
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Where 

K(         )= max

{
  
 

  
 

                                          

(
                  

                
)                               

 
 

  
                              (

             

              
)  

                           (
               

                               
) }

  
 

  
 

  

 

Now using Inequality ( 3.1.2) 

[1+ r d(     ,    )]    (   ,      ) ≤ 
 

 
  max  { 

 

 
      (     ,    ) d(   ,      ) + d(     ,    )    (   ,      ) 

,
            

             
 ], [ d(     ,    ) d(     ,      ) d(   ,    )+ 

            

                        
],d(     ,      ) (   ,    ) 

d(   ,      ) }+ m(     ,    ) -   [m(     ,    )]    

 

  k(     ,    )= max

{
  
 

  
                                     (

               

                 
)

                         

   
 

  
                              (

              

             
)                

(
                

                               
) }

  
 

  
 

 

 

[1+ r       ]    
     ≤ 

 

 
  max  { 

 

 
        

     +         
  , 0, 0, 0}+ m(     ,    )  -   (     ,    )]                                              

(3.1.4)                                                              

Where 

k(     ,    ,) = max{     
       

 
               

 

  
       

 
                     } 

k(     ,    ) =max{     
       

 
                

 

  
       

 
        

 
     

 
        } 

[By triangular inequality of b-metric space] 

If           <           

Then  

m(         ) <  max {    
  ,0,0,    

 } =    
   

So Inequality ( 3.1.4) becomes 

   
 + r      

     
  < 

 

 
 max{ 

 

 
 [     

     
  +      

     
  ] ,0,0} +    

  –  (   
 ) . 

  r      
     

  +    
  - (   

 ) . 

Which gives  (   
 ) < 0, a contraction . 

Thus     
           

    

Case 2 : If n is even, taking n = 2m and  p =              

q =       in Inequality (1) and proceeding as above we can easily obtain that      
        

  

Therefore ,{  } is a monotonically decreasing sequence of non-negative real numbers and convergent. 

Let         =k for some k   0                                                                              (3.1.5)     

We assume that k = 0. Using Inequality (3.1.1), we have  

[1+ r d(          )]    ( S         )      
 

 
  max  

 

 
     (    ,S   ) d(    ,S     ) + d(   ,S   ) 

   (    ,S    ),
            

              
],[d(    ,S    ) d(  ,S     )d(    ,S   ) +

         
      

                            
 ], d(   ,S    ) d(    ,S   ) 

d(    ,S     ) } + m(   ,     )  -   [m(   ,     )]   

 

[1+ r d(          )]    (           )      
 

 
  max  

 

 
     (pn,pn+1) d(pn+1,  pn+2) + d(pn, pn+1)    (pn+1, pn+2 ) 

,
             

              
 ], [d(pn, pn+1) d(pn, pn+2) d(pn+1, pn+1) +

         
      

                         
 
 ], 

 d(pn, pn+2) d(pn+1, pn+1) d(pn+1, pn+2) } + m(pn,pn+1)  -   [m(pn,pn+1)]        

This implies that                      

(1+ r          
    

 

 
 max { 

 

 
    

        +       
   ],0,0 }  + m (pn,pn+1)  -   [m (pn,pn+1)]        (3.1.6)                                                                                                                        

Where                                       
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k( pn, pn+1) = max

{
  
 

  
 

                                

(
             

              
)                        

  
 

  
                          (

             

              
)  

                            (
             

                       
) }

  
 

  
 

 

 

max

{
  
 

  
 

                                  

(
              

               
)                          

  
 

  
                          (

              

               
)

                             (
            

                         
) }

  
 

  
 

 

 

Now, using triangle inequality of  b- metric space, taking limit as     and using Inequality (3.1.5) we have 

     max{  
  

 

  
                     

  
} 

                        max{ 
  

 

  
                 

  
}  =           (3.1.7)                                              

Now taking limit as      in inequality (3.1.6) and using Inequality (3.1.7) we have 

(1 + rk)         
 

 
     +    -       r    +    –      ) 

Which gives         0, which implies that k = 0 . 

Therefore, 

   
   

   =    
   

              =  0           (3.1.8)                                                                                            

Now , we show that {  } is a cauchy sequence in Z. Let m, n   N,m  > n , then   d(      )   s {  d(        ) + d(        ) 

}    s d(        ) +   {  d(          ) + d(    ,    ) } 

   s d(        ) +    d(          ) +   d(    ,      ) +………… 

      = s    +         +          +……………………………… 

Taking limit n   and using Inequality (3.1.8) we get                  = 0 

Hence {  } is a cauchy sequence in Z. But Z is a complete b- matric space and therefore there exists some p  Z  

Such that          = p                              (3.1.9)                                                                      

Now ,we prove that p is a fixed point of S. 

Replacing q by    in inequality (3.1.1),we obtain 

[1 + rd(p,   )]               
 

 
 max  { 

 

 
      (p,Sp) d(q,    ) + d(p,Sp)    (  ,    ) ,

          

           
 ],           [ d(p,Sp) d(p,    ) 

d(  ,Sp) + 
           

                   
 ], d(p,    ) d(  ,Sp) d(  ,    ) } + m (p,   )              –             

 

[1 + rd(p,   )]                r max  { 
 

 
      (p,Sp) d(q,S  ) + d(p,Sp)    (  ,S  ) ,

          

           
 ], 

 [ d(p,Sp) d (p,S  ) d(  ,Sp) + 
          

                  
 ], d(p,S  ) d(  ,Sp) d(  ,S  ) } + m (p,  )                      –                                                      

(3.1.10)                                                                                          

          

Where 

k(p,   ) = max

{
 
 

 
                         

          

           
   

                    
 

  
                  (

          

           
)  

                   (
          

                 
) }

 
 

 
 

 

 

k(p,   ) = max

{
 
 

 
                         

          

           
                   

  
 

  
                   (

          

           
)                    

 (
           

                 
) }

 
 

 
 

 

Now taking limit as n   and using Inequality (3.1.8) and Inequality (3.1.9) we get 

               = max{        
 

  
           } = 0                                                     (3.1.11)    



 

CompSci Journal  
Double Blind Peer Reviewed, Open Access International Research Journal. 

ISSN: 3067-3089 Website: https://csjour.com | Volume-1, Issue-6 | December- 2025 
 

              19 

 Now taking limit as n   and using Inequality (3.1.10) and Inequality (3.1.11) we have 

 [1 +0]             
 

 
 max  { 

 

 
    +0,0 ],[ 0+ 0 ], 0} +0   -           = 0                       

This implies that             0 . Thus           = 0  and consequently, d(Sp,p) = 0 

Thus Sp = p 

Uniqueness: Let p and q be two fixed points of S.Then by using Sp = p and Sq = q ,inequality(1) 

Reduces to  

[1 + rd(p,q)]             
 

 
max  { 

 

 
      (p,p) d(q,q) + d(p,p)    (q,q) ,

        

         
 ],[ d(p,p) d (p,q) d(q,p) +

        

              
 ], d(p,q) d(q,p) 

d(q,q) } + m (p, q) –                                                     (3.1.12) 

 

Where 

k(p,q)=max{                    
        

         
                   

 

  
               (

        

         
)                   (

        

              
) } 

k(p,q) = max {                      } 

=         

So Inequality (3.1.12) becomes 

[1 + r d(p,q)]             
 

 
max  {  , 0 , 0} +        –                    

r             –                  

r         +                0, 

Which is only possible when         = 0 . 

This implies that p = q .  

Hence S has a unique fixed point. 

Now we furnish an example that shows the existence of a unique fixed point for a self map in complete b-metric space Z( Z is not a 

metric space as shown in example 2.3)  

Corollary 3.3 

Let (Z, d, s) be a complete b- metric space and S be a self –map of Z satisfying  

  (Sp,Sq)   m(p,q) –           , 

where  M(p, q) = max{  (p,q),d(p, Sp) d(q, Sq),d(p, Sq)d(q, Sp),
 

  
 [ d(p,Sq)d(p,Sq)+ d(q,Sp)d(q,Sq)]} 

R   0 is a real number and   :[0,  )   [0, , ) is a continuous function with      = 0 if and only if t = 0 and      >  0 for each   t 

>  0. Then S has a unique fixed points in Z. 

Now we extend theorem 3.1 by finding a common fixed points result for two self maps using generalized   – weak cotractive 

condition with cubic term involving r in the setting of b-metric space. 

Theorem 3.2 : Let (Z, d, s) be a complete b- metric space and L, M self maps of  Z such that M(Z)    L(Z) and the pair {L,M} is 

weakly compatible. Also, 

 

[1 + rd(Lp,Lq)]               
 

 
max  { 

 

 
      (Lp, Lp) d(Lq, Mq) + d(Lp, Mp)    (Lq, Mq) ,

          

           
 ],[ d(Lp,Mp) d (Lp, Mq) 

d(Lq, Mp) +
          

                  
 ], d(Lp, Mq) d(Lq, Mp) d(Lq, Mq) } + m (Lp, Lq)  –                       (3.2.1)                                                                       

   Where 

k(Lp, Lq) = max

{
 
 

 
                           

          

           
   

                     
 

  
                   (

          

           
)  

                  (
          

                  
) }

 
 

 
 

  , 

r   0 is areal number and and   :[0,  )   [0, , ) is a continuous function with      = 0 if and only if t = 0 and     >  0 for each   

t >  0. Then L and M  have a unique fixed points in Z. 

Proof : Let    be an arbitrary point in Z. Since M(Z)   L(Z) .Therefore we can find some    such that M   = L   =   . 

We define a sequence {  } in Z by    = M     = L    , n   0 .                                                (3.2.2)                                                   

For convenience, we write d(  ,     ) =                                                                                           (3.2.3) 

First we show that {  } is a monotonically decreasing sequence, i.e.           

Case 1: If n is odd. Take n =  2z-1 .We prove that             

Now taking p =      , q =      in Inequality(3.2.1),we have 

[1 + rd(L     ,L   )]                     
 

 
max  { 

 

 
      (L     ,L     ) d(L   ,M   ) + d(L     ,M     )   (L   ,M    

,
                

                 
 ],[d(L     ,M     ) d(L     ,M   ) d(L   ,M     ) + 

                

                              
 ], d(L     ,M   ) 
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d(L   ,M     ) d(L   ,M   ) } + m (L     ,L   ) –                          

 Where 

k(L     ,L   )= 

 max

{
 
 
 

 
 
 

                                              
                

                 
                                  

 
 

  
                  

               (
                

                 
)                 

             (
                

                                
) }

 
 
 

 
 
 

   

 

Now using Inequality (3.2.2) ,we get 

[1 + rd(     ,   )]                   
 

 
max  { 

 

 
      (     ,     ) d(   ,     ) + d(     ,   )   (   ,     ) ,

            

             
 ],[ 

d(     ,   ) d (     ,     ) d(   ,   ) +
                

                          
 ], d(     ,     ) d(   ,   ) d(   ,     ) } + m (     ,   ) – 

                             

      Where 

k(L     ,L   )= max

{
 
 

 
                                     

            

              
   

                             
 

  
                             

(
            

             
)                          (

                

                        
) }

 
 

 
 

 

 

Then  

[1 + r         
     

 

 
max  { 

 

 
     +           

 ,    0],[   +   ],0 } + m (     ,   ) –                   (3.2.4)        

Where 

k(L     ,L   ) =max{     
           

 

  
                             } 

[By triangle Inequality of b- metric space ] 

If               

Then  

M(           )   max {   
 ,    

  , 0    
 } =    

  

So Inequality(3.2.3) becomes 

   
  + r        

      
 

 
max  { 

 

 
              

 ,    0,0,0 } –      
             

  r r        
  +    

   -      
          

  [     
      

  ,gives –      
      –        

 }] 

Which gives                

Case 2: If n is a even, taking n = 2z  and putting p =    ,q =       in Inequality (3.1.1) and proceeding as above we can easily 

obtain that             

Therefore {  } Is a monotonically decreasing sequence of nonnegative real number. Now proceding as in 3.1 we can easily prove 

that  

         =                   = 0 and {  } is a Cauchy sequence in Z. 

But Z is a complete b- metric space and therefore exists some q   Z such that 

         = q                                               (3.2.5) 

                                                                                            Since q   M(Z)   L(Z), therefore,there exist a point  

v   Z such that q = Lv . Now we prove that Mv = q. For this replacing p by v and q by     in inequality (3.2.1), 

 we obtain 

 + rd(Lv, L  )]                
 

 
max { 

 

 
     (Lv,Lv) d(L  ,M  ) + d(Lv,Mv)   (L  ,M  ) ,

           

            
 ],[ d(Lv, Mv) d(Lv, 

M  ) d(L  ,Mv) + 
           

                    
 ], d(Lv,M  ) d(L  ,Mv) d(L  ,M  )}+m(Lv,L  )–                 (3.2.6)                                                       

                       

Where 

k(Lv,L  )=  
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max

{
 
 

 
                             

           

            
                     

 
 

  
                    (

           

            
)                       

(
           

                   
) }

 
 

 
 

   

[1 + rd(q,  )]                 
 

 
max  { 

 

 
     (q,q) d(  ,    ) + d(q,Mv)   (  ,    ) ,

          

           
 ],[ d(q,Mv) d(q,    ) d(  ,Mv) 

+
           

                   
 ], d(q,    ) d(  ,Mv) d(  ,    ) } + m (q,  ) –                         

Where 

k(q,  )= max

{
 
 

 
                         

          

           
   

                    
 

  
                   

(
          

           
)                      (

           

                 
) }

 
 

 
 

   

Now taking limit as n   and using Inequality (3.2.5), we get 

             
 

 
 max  {0,0,0 } + m (q,   )  

  -              

where  

K (q,   ) = max{ 0,0,0,0,0} = 0 

Therefore, K (q,   )   0, which gives q = Mv 

Hence Lv = q =Mv . Thus v is coincidence point of L and M . Now since {L,M}is weakly compatible, therefore LMv = MLv 

Which gives Lq = Mq. 

 Now we claim that q is common fixed point of L and M. For this we replace p by v in Inequality(3.2.1) 

[1 + rd(Lv , Lq)]               
 

 
max  { 

 

 
      (Lv,Lv) d(Lq,Mq) + d(Lv,Mv)    (Lq,Mq) ,

          

           
 ], 

[d(Lv,Mv) d (Lv, Mq) d(Lq, Mv) +
          

                  
 ], d(Lv,Mq) d(Lq,Mv) d(Lq,Mq) } + m (Lv,Lq)   –                           

Where  

k(Lv,Lq)= max

{
 
 

 
                           

          

           
   

                    
 

  
                   

(
          

           
)                      (

          

                  
) }

 
 

 
 

  

 

Since Lv = q = Mv and Mq = Lq ,Therefore 

[1 + rd(q, Lq)]              
 

 
max  { 

 

 
      (q,q) d(Lq, Lq) + d(q, q)    (Lq, Lq) ,

         

          
 ],[ d(q,q) d (q,Lq) d(Lq,q) 

+
         

                
 ], d(q, Lq) d(Lq, q) d(Lq, Lq) } + m (q,Lq) –                        

 Where 

k(q, Lq)= 

max{                      
         

          
   

                 
 

  
                (

         

          
)                   (

         

                
) }  

k(q,Lq)= max{                  
 

  
           } =           

Therefore, 

          + r             
 

 
 .0 +            

-                  .  

 This implies that 

r          +                    0, which gives d(q,Lq) = 0 and hence q =Lq = Mq . 

Thus q is common fixed point of L and M. 

Uniqueness: Let c be a another common fixed point of L and M .Then using Inequality (3.2.1) , 

we have  

[1 + rd(Lc, Lq)]               
 

 
max  { 

 

 
     (Lc,Lc) d(Lq,Mq) + d(Lc,Mp)   (Lq,Mq) ,

          

           
 ],      [ d(Lc,Mc) d (Lc,Mq) 

d(Lq,Mc) +
          

                  
 ],d(Lc,Mq) d(Lq,Mc) d(Lq,Mq) } + m (Lc,Lq) –                                      (3.2.7)                                                                                                 

Where 
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k(Lc,Lq)= max{                          
          

           
                       

 

  
                   (

          

           
)  

                  (
          

                  
) } 

[1 + rd(c,q)]             
 

 
max  { 

 

 
      (c, c) d( q, q) + d(c, p)    ( q, q) ,

        

           
 ],[d(c, c) d(L c, q) d(q, c) +

        

              
 ], d(c, 

q) d(q, c) d(q, q) } + m (c, q) –                                                    (3.2.8)                                          

k(c, q)= max{
                    

        

         
                     

 

  
               (

        

         
)                (

        

              
) 

} 

  =          

Solving inequality (18),we have c = q. 

Consequently ,q is a unique common fixed point of L and M. 

Now ,we given example in support of our theorem. 

Conclusion:  

 In the present paper, firstly ,we have established a fixed point theorem using a generalized   weak contractive condition 

involving cubic terms of d(p,q) in the setting of b metric space and then we have generalized the results by finding a unique 

common fixed point of two self mappings. The results proved in this paper generalized and extend various known existing results. 

Further, some suitable examples are also given which show the generality of our proven results over the existing ones. 
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Abstract: In this article, we define compatible mappings of type (K) in intuitionistic fuzzy metric space and 

prove a general Soft fixed point theorem with an application to self mappings on a full intuitionistic fuzzy 

metric space. Our conclusion broadens and enhances earlier, related findings in the literature. 

Keywords: Intuitionistic fuzzy metric space, weakly compatible, compatible mappings of type (K),Soft set,soft 

fixed point 

 

Introduction 

Functional analysis must include the 

examination of soft fixed points. Studying 

frequently occurring soft fixed points of mappings 

that satisfy contractive type constraints has proven 

to be a very fruitful field of research. The idea of a 

fuzzy set was created in 1965 by L.A. Zade[11]. 

Following that, fuzzy metric spaces were introduced 

by Kramosil and Michalek [13]. George and 

Veeramani [1] used continuous t-norms to create the 

idea of fuzzy metric spaces. In 1986, G. Jungck [5] 

was the first to put forth the concept of compatible 

mappings. By G. Jungck, P. P. Murthy, and Y. J. 

Cho in 1993 [6,]. Compatible mappings of type (P) 

were introduced by M. Kang 

[7] and contrasted with compatible 

mappings of type (A) and compatible mappings. In 

1998,. The idea of compatible mappings of type (K) 

in metric space was recently proposed by Jha et al. 

[10], who also demonstrated that each compatible 

mapping of type (K) is independent of the others. A 

common soft fixed point theorem for compatible 

mappings of type (K) in intuitionistic fuzzy metric 

spaces is established in this study with an 

accompanying illustration.   Molodtsov [18] 

introduced the idea of soft sets as a novel 

mathematical approach for problem-solving. A 

parameterized family of subsets of the full set is 

what Molodtsov[1] refers to as a soft set. Each 

element of the soft set is thought of as a collection 

of nearby items, and the soft set is a parameterized 

family of subsets of the full set. Numerous scholars 

have been studying the foundations of soft set 

theory during the past few years. A OR was 

presented by Maji et al. [19]. They conducted study 

and discussed the fundamental characteristics of 

their methods. Pei and Miao [20] examined the 

connection between information systems and soft 

sets and redefined the terms intersection and subset 

of soft sets. [21] with a focus on their fundamental 

features. Soft matrix theory was introduced by 

Cagman and Enginoglu [22] 

Preliminaries 

Definition 2.1. [12] Any non empty set Y and B is a fuzzy set in Y is a mapping with domain Y and [0,1]. 

Definition 2.2. [1] A binary operation ⟐ : [0, 1] × [0, 1] → [0, 1] is a continuous t-norm if ⟐ is 

satisfying the following conditions: 

1. ⟐ is commutative and associative; 

2. ⟐ is continuous; 

3. p ⟐1 = p for all a ∈ [0, 1]; 

4. p ⟐ q ≤ r ⟐ s whenever p ≤ r and q ≤ s, and p, q, r, s ∈ [0, 1]. 

  Definition 2.3. [2] A binary operation * :[0, 1] × [0, 1] → [0, 1] is a continuous t-conorm if it satisfies the 

following conditions: 

1. is commutative and associative; 

2. *is continuous; 

3. p *0 = p for all p∈ [0, 1]; 

4. p * q ≤ r * s whenever p ≤ r and q ≤ s, for each p, q, r, s ∈ [0, 1]. 

Definition 2.4. [3] Let (Y,P , Q, *, ⟐ ) be an intuitionistic fuzzy metric space. 

1. A sequence {xn} in Y is called cauchy sequence if for each t > 0 and P > 0, lim 𝜔→∞ P (𝑦𝜔+𝑝,, t) = 1and lim 

𝜔→∞ Q (𝑦𝜔+𝑝,𝑦𝜔, t) = 0. 

2. A sequence {yn} in Y is convergent to y ∈Y if lim 𝜔→∞ Q (𝑦𝜔+𝑝,, t) = 1 and lim 𝜔→∞ Q (𝑦𝜔+𝑝,𝑦𝜔, t) = 0. 

3. for each t > 0. 

4. An intuitionistic fuzzy metric space is said to be complete if every Cauchy sequence is convergent. 

Definition 2.5.[10] The self mappings B and R of a fuzzy metric space (Y, P, ∗) are said to be compatible of type 

(E) iff lim𝜔 →∞ P(BB𝑦𝜔, BR𝑦𝜔, t ) = 1, lim𝜔 →∞ P(BB𝑦𝜔, Ry, t ) = 1, 

𝑙𝑖𝑚𝜔→∞   P(BR𝑦𝜔, Ry, t ) = 1 and 𝑙𝑖𝑚𝜔→∞ P(RR𝑦𝜔, RB𝑦𝜔, t ) = 1,𝑙𝑖𝑚𝜔→∞ P(RR𝑦𝜔, By, t ) = 1, 

𝑙𝑖𝑚𝜔→∞ P(RR𝑦𝜔, By, t ) = 1. 
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Definition 2.6.[10] The self mappings B and R of a metric space (Y, d) are said to be compatibleof type (K) iff 

𝑙𝑖𝑚𝜔→∞   BB𝑦𝜔 = Ry and 𝑙𝑖𝑚𝜔→∞RR𝑦𝜔 = By, whenever {y𝜔} is a sequence in Y such that 𝑙𝑖𝑚𝜔→∞ B𝑦𝜔 = 

𝑙𝑖𝑚𝜔→∞R𝑦𝜔 = y for some y in Y. 

Definition 2.7 The self mappings B and R of a intuitionistic fuzzy metric space (Y, P, Q, *, ⟐) are said to be 

compatible of type (K) iff 𝑙𝑖𝑚𝜔→∞ P(BB𝑦𝜔, Ry, t ) = 1 and 𝑙𝑖𝑚𝜔→∞ P(RR𝑦𝜔, By, t ) = 1, whenever {y𝜔} is a 

sequence in Y such that 𝑙𝑖𝑚𝜔→∞ B𝑦𝜔 =𝑙𝑖𝑚𝜔→∞ R𝑦𝜔 = y for some x in Y and t 

> 0. 

Definition 2.10:[18]Let(Y,d) is a metric space and the set (F, B) is a soft set of Y is called null soft set and it is 

denoted by φ.iffor all ε ∈ B , F(ε) = ϕ. (empty set ) 

Definition 2.11:[19]Let (Y,d) is a metric space and suppose that the set (F, B) is a soft set 

over (Y, d) is called absolute soft set. If for all ε ∈ B, F(ε) = Y. 

Definition 2.12:[20]Let (Y,d) is a metric space and if the difference (F,A) of two soft sets (F,A) and (F,A) over Y 

is denoted by (F,A)/(F,A)and is defined as 

F(e) = H(e)\G(e) for all e ∈ A. 

Lemma 2.14. [16] Let (Y, P, Q, *,⟐) be an intuitionistic fuzzy metric space. If there exists a constant k ∈ (0, 1) 

such that, P(𝑦𝜔+2, 𝑦𝜔+1 kt) ≥ P(𝑦𝜔+1, y𝜔 , t), Q (𝑦𝜔+1, y𝜔 + 1,kt) ≤ Q(𝑦𝜔+1, y𝜔 

, t ) for every t > 0 and n =1, 2,... then {𝑦𝜔} is a Cauchy sequence in Y . 

Definition 2.13:[21]For any two soft real numbers 

1. p   ≤ q , if p   (e)  ≤  q (e), for all e ∈ A. 

2. p   ≥ q  if p   (e)  ≥  q   (e), for all e ∈ A. 

3. p    q  if p    (e)    q   (e), for all e ∈ A. 

4. p    q , if  p   (e)   q   (e), for all e ∈ A. 

Definition 2.14:[22]The complement of a soft set (P,B) is denoted by ( P, B)𝑐 and is defined by 

( P, B)𝑐= (P𝑐, B) whereF : B→ Q(Y) is mapping given by (β) = Y− P(β) ,∀ β∈ B. 

 

Definition 2.15:[23] Let R be the set of real numbers and C(R)be the collection of all nonempty Bounded subsets 

of R and C taken as a set of parameters. Then a mapping 

A:H→B(R) is said to be a soft real set. It is denoted by (A,H).If specifically (A,H) isa singleton soft set, then 

identifying (A,H) with the corresponding soft element, it will be said to a soft real number and denoted  , b
 
etc. 

Let 0
 
,1

  
are any two soft real numbers where 0

 
(e) = 0,1

  
(e) = 1 for all e ∈ H, respectively 

Main Results 

If the following requirements are met and B, K, L, and T are self mapping on a full intuitionistic soft fuzzy metric 

space (
 
Y, P, Q, *,), 

(i)  C (
 
Y)  ⊆ T (Y

 
, K(

 
Y) ⊆ L(

 
Y). 

There exists k ∈ (0, 1) such that for every x ,    ∈   and t   0, 
           P (C x ,   , kt) ≥ min {P ( x , T , t), P (Cx ,  x , t), P (  , T , t), P (Cx , T , t),  P       (Cx ,  , t), P ( x ,   , t) , 

and 

          Q (C x ,   , kt) ≤ max {Q ( x , T , t), Q (Cx ,  x , t), Q (  , T , t), Q (Cx , T , t),Q            (Cx ,   , t), Q ( x ,   , 

t)}. 

           K and T weakly compatible mappings. 

Then C, K, L, and T all have a single common soft fixed point in 
 
Y if the pair of mappings (C, L) is compatible of 

type (K) and one of the mappings is continuous. 

Theorem 3.1: If the following requirements are met and B, K, L, and T are self mapping on a full intuitionistic 

soft fuzzy metric space (
 
Y, P, Q, *,), 

(i) C (
 
Y) ⊆ T (

 
Y), K(

 
Y) ⊆ L(

 
Y). 

There exists k ∈ (0, 1) such that for every     , z  ∈ 
 
Y and t > 0, 

P ( C y 

, Kz  

, kt) ≥ min{ P(    

, Tz  

,t), P( C y 

, Lz  

,t), P( Kz  

, Tz  

,t),  (   P( C   ,Tz   ,t)    ), 

1+ P( C   ,Tz   ,t) 
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P ( C  

, Kz  

, kt),  (
   P(     , z   ,t)    )   } and 

1+ P(     , z   ,t) 

 

Q ( C , Kz , kt) ≤ max{Q (   y , Tz  ,t), Q ( C y , Lz    ,t), Q ( Kz    , Tz    ,t), 

(   Q( C  ,Tz   ,t)    ) ,  Q ( C  , K  , kt),  (   Q(    , z   ,t)  

 

1+ Q( C  ,Tz   ,t) 

 y z  

1+ Q(     , z   ,t) 

 

K and T weakly compatible mappings. 

Then C, K, L, and T all have a single common soft fixed point in 
 
Y if the pair of mappings (C, L) is compatible of 

type (K) and one of the mappings is continuous 

 

Proof: Suppose  0 be any random point in  Y ,constract a  {z n  in   

as a means to  z 2ω−1  = T 2ω−1 

 

= C 2ω−2   z 2ω =    2ω =    2ω+1, ω = 1,2,3,4  this can be done by (1), 

By using contractive condition ,we obtain 

P (z 2ω+1, z 2ω+2, kt) = P (C  2ω,   2ω+1, kt) 

P (z 2ω+1, z 2ω+2, kt) ≥  min{P(  2ω ,T  2ω+1 , t), P( C 2ω,   2ω+1 , t), P(  2ω+1, T  2ω+1 , t), P(  2ω , 

   

2ω+1 

, t),       P(  2ω ,  2ω+1  ,t), 1+  P(  2ω ,  y2ω+1  ,t) 

,   P  ( C 2ω,T y2ω+1  ,t)      } 

1+ P ( C y2ω,T y2ω+1 ,t) 

≥  min{P(z 2ω , z 2ω+1 , t), P( z 2ω+1, z 2ω+1 , t), P (z 2ω+1,  z2ω+1 , t),   P(z 2ω , z 2ω+1 , t), 

 

 

 

  P(z2ω+1 ,z 2ω+1  ,t)  1+  P(z2ω+1 ,z 2ω+1 ,t) 

,   P  ( z 2ω   ,z 2ω,t)      } 

1+ P  ( z 2ω,z2ω  ,t) 

 

P (z 2ω+1, z 2ω+2, kt) ≥ min{P(z 2ω , z 2ω+1 , t), P ( z 2ω+1, z 2ω+1 , t), P (z 2ω+1,  z2ω+1 , t),  P(z 2ω , z 2ω+1 , t), 

   P(z2ω+1  ,z 2ω+1  ,t)  P(z2ω+1  ,z 2ω+1  ,t) 

,P  ( z 2ω   ,z 2ω,t)   } 

P  ( z 2ω,z2ω ,t) 

P (z 2ω+1, z 2ω+2, kt) ≥  min{P(z 2ω , z 2ω+1 , t), 1, 1,  P(z 2ω , z 2ω+1 , t),1,1 } 

 

P (z 2ω+1, z 2ω+2, kt) ≥  P(z 2ω , z 2ω+1 , t) 

Similarly, we have P(z 2ω , z 2ω+1 , t) ≥ P(z 2ω−1 , z 2ω , t) (1) So we get P(z 2ω+2 , z 2ω+1 , t)   ≥ 

 P(z 2ω+1 , z 2ω , t) 

Also ,we get 

Q(z 2ω+1 , z 2ω+2 , kt) = Q(Cz 2ω ,  z 2ω+1 ,kt) 

Q(z 2ω+1 , z 2ω+2 ,kt)  ≤ max{Q(  2ω ,T  2ω+1 , t), Q ( C 2ω,   2ω+1 , t), Q (  2ω+1, T  2ω+1 , t), 

 

Q(  2ω 

,    

2ω+1 

, t),   Q(  2ω ,  y2ω+1 ,t),  1+  Q(  2ω ,  y2ω+1  ,t) 

,   Q  ( C 2ω,T 2ω+1  ,t)       } 

1+ Q  ( C 2ω,T y2ω+1  ,t) 
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≤ max {Q(z 2ω , z 2ω+1 , t), Q  ( z 2ω+1, z 2ω+1 , t), Q (z 2ω+1,  z2ω+1 , t),  Q (z 2ω , z 2ω+1 , t), 

 

  Q(𝑧2𝜔+1  ,𝑧 2𝜔+1  ,t)  1+  Q(𝑧2𝜔+1  ,𝑧 2𝜔+1  ,t) 

,   Q (  2𝜔   ,𝑧 2𝜔,t)      } 

1+ Q (  2𝜔,𝑧2𝜔  ,t) 

 

Q (𝑧 2𝜔+1, 𝑧 2𝜔+2, kt) ≤  max {Q(𝑧2   𝜔 , 𝑧 2𝜔+1 , t), Q ( 𝑧 2𝜔+1, 𝑧2   𝜔+1 , t), Q (𝑧 2𝜔+1,  𝑧2𝜔+1 , t), 

Q(𝑧 2𝜔 
, 𝑧 2𝜔+1 

,  t),     Q(𝑧2𝜔+1  ,𝑧 2𝜔+1  ,t)  Q(𝑧2𝜔+1 ,𝑧 2𝜔+1  ,t) 

, Q (  2𝜔   ,𝑧 2𝜔,t)    } 

Q  ( 𝑧 2𝜔,𝑧2𝜔  ,t) 

Q (𝑧 2𝜔+1, 𝑧2   𝜔+2, kt) ≤ {Q(𝑧2   𝜔 , 𝑧 2𝜔+1 , t), 0,0 ,  Q(𝑧2   𝜔  , 𝑧2   𝜔+1 , t),0,0 } Q (𝑧 2𝜔+1, 𝑧2   𝜔+2, kt) ≤  Q(𝑧2   𝜔  , 𝑧 2𝜔+1 , 

t) 

Similarly we have 

Q(𝑧 2𝜔 , 𝑧 2𝜔+1 , t) ≤ Q(𝑧 2𝜔−1 , 𝑧 2𝜔 , t) (2) So we get Q(𝑧 2𝜔+2 , 𝑧 2𝜔+1 , t) ≤ Q(𝑧 2𝜔+1 , 𝑧 2𝜔 , t) 

From (1),(2) and (2.13), We comprehend that {𝑧 } is a Cauchy sequence in 
 
Y . 

 

But  (
 
Y, P

 
, Q

 
,∗, ⟐) is complete,So there are a soft  point z  in Y

   
.Such that {z ω  → q .     Also we have 

{C 2ω−2 ,{T 2ω−1 ,{  2ω ,{  2ω−1    →  q . 

Since (C,  ) is compatible of type ( ) and one of the mapping is continuous. So using (2.15), e obtain Cq . =  q .

 (3) 

 

Since C(
 
Y)  ⊆ T(

 
Y) ,Then one can find a point  .  in Y

  
, as a means to  C q . = T . 

 

Now by contractive condition, we obtain 

 

P(Cq ,  ,kt) ≥min {P( q ,T ,t),P(Cq ,  ,t),P(  ,T ,t),   𝑃
(𝐿q ,𝐾  v,𝑡) 

1+ (𝐿q , v,𝑡) 
 

,P(Cq ,  ,t),  𝑃
(𝐶q ,𝑇 ,𝑡) } 

1+ (𝐶q , ,𝑡 
 

= min { P(Cq ,Cq ,t),P(Cq ,Cq ,t),P(  ,Cq ,t),   𝑃
(𝐶q ,𝐾  v,𝑡) 

1+ (𝐶q , v,𝑡) 
, P(Cq ,Cq ,t),  𝑃

(𝐶q ,𝐾 ,𝑡) } 

1+ (𝐶q , ,𝑡 
 

= min { P(Cq ,Cq ,t),P(Cq ,Cq ,t),P(  ,Cq ,t), P(  ,Cq ,t)  ,P(Cq ,Cq ,t), P(  ,Cq ,t)   } 

 

P(Cq ,  ,kt) ≥  P(Cq ,  ,t) (4) 

 

Also ,we obtain 

 

Q(Cq ,  ,kt) ≤ max {Q( q ,T ,t),Q(Cq ,  ,t),Q(  ,T ,t),   
Q( q ,  ,t) 

1+ Q( q ,  v,t) 

 

,Q(Cq ,  ,t),  
Q(Cq ,T ,t) } 

1+ Q(Cq ,T ,t 

 

 

= max { Q(Cq ,Cq ,t),Q(Cq ,Cq ,t),Q(  ,Cq ,t),   
Q(Cq ,  ,t) 

1+ Q(Cq ,  ,t) 

,Q(Cq ,Cq ,t),  
Q(Cq ,  v,t) } 

1+ Q(Cq ,  ,t 
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= max { Q(Cq ,Cq ,t),Q(Cq ,Cq ,t),Q(  ,Cq ,t), Q(  ,Cq ,t)  ,Q(Cq ,Cq ,t), Q(  ,Cq ,t)   } 

 

Q(Cq ,  ,kt) ≤  Q(Cq ,  ,t) (5) 

 

 ow from (4) and (5) and  emma (2.14),  e obtain Cq   =    

Thus we obtain Cq   =  q   = q   =Tq  (6) 

To prove Rq   = q  

P(   Cq ,   Kz2ω+1   kt  )   ≥ min  {P( q ,   Tz2ω+1   ,  t)   ,   P(Cq ,  Lz2ω+1,  t)  ,P(Kz2ω+1, Tz2ω+1, t   ), 

 

   P( q ,Tz2ω+1  ,t)  1+ P( q,Tz2ω+1 ,t) 

, P(Cq ,  z 

2ω+1 

, t) ,      P(Cq ,Tz2ω+1,t)      } 

1+ P(Cq ,Tz2ω+1,t) 

 

 

let as n → ∞, we obtain 

 

P(Cq , q ,kt) ≥ min {P( q , q ,t),P (Cq, q ,t ),P(q , q ,t),   
P( q ,q ,t) 

1+P( q ,q ,t) 

 

, P(Cq , q ,t), 
P(Cq ,q ,t) } 

1+P(Cq ,q ,t) 

P(Cq , q ,kt) =  min {P( q , q ,t), P (Cq , q ,t ), 1 , 
P(Cq ,q ,t) 

1+P(Cq ,q ,t) 

, P(Cq , q ,t), 
P(Cq ,q ,t) } 

1+P(Cq ,q ,t) 

 

 

P(Cq , q ,kt) =  min {P(Cq , q ,t),P (Cq , q ,t ),1 , 
P(Cq ,q ,t) 

1+P(Cq ,q ,t) 

,  P(Cq , q ,t), 
P(Cq ,q ,t) } 

1+P(Cq ,q ,t) 

 

P(Cq , q ,kt) =  min {P(Cq , q ,t),P (Cq , q ,t ),1 ,1 ,  P(Cq , q ,t), 1  } 

 

P(Cq , q ,kt) ≥ P (Cq , q ,t ) (7) 

 

Q( Cq ,  z2ω+1 kt )   ≤   max {Q( q , Tz2ω+1 , t) , Q(Cq ,  z2ω+1, t) ,Q(Kz2ω+1, Tz2ω+1, t ), 

 

 

 

   Q( q ,Tz2ω+1 ,t)       ,Q(Cq ,  z 

1+ Q( q ,Tz2ω+1 ,t) 

 

let as n → ∞, we obtain 

2ω+1 

, t) ,   Q(Cq ,Tz2ω+1,t)     } 

1+ Q(Cq ,Tz2ω+1,t) 

 

 

 

Q(Cq , q ,kt) ≤max{Q( q , q ,t),  Q(Cq , q ,t ), Q(q , q ,t),   
Q( q ,q ,t) 

1+Q( q ,q ,t) 

,   Q(Cq , q ,t), 
Q(Cq ,q ,t) } 

1+Q(Cq ,q ,t) 
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Q(Cq , q ,kt) =  max {Q( q , q ,t), Q (Cq , q ,t ), 0 ,
 
 
Q(Cq ,q ,t)   , Q(Cq , q ,t), 

Q(Cq ,q ,t) } 

1+Q(Cq ,q ,t) 1+Q(Cq ,q ,t) 

 

Q(Cq , q , kt) =  max{Q(Cq , q ,t), Q (Cq , q ,t ), 0 ,
 
 
Q(Cq ,q ,t)   , Q(Cq , q ,t),   

Q(Cq ,q ,t) } 

 

1+Q(Cq ,q ,t) 

Q(Cq , q , kt) =  max {Q(Cq , q ,t), Q (Cq , q ,t ),0 ,0 ,Q(Cq , q ,t), 0   

1+Q(Cq ,q ,t) 

 

Q(Cq , q ,kt)  ≤ max Q(Cq , q ,t) (8) 

 

 

Now from (7) and (8) & lemma 2.14, we obtain  

Cq   = q  

That being the case ,we obtain Cq   =  q   = q  So q   is a comman soft point of C and L.  (9) 

As well we obtain     = T  = q  (10)  

Since   and T are weakly compatible ,we have T    =   T .   

So from (6),we obtain Tq   = q  Again ,we obtain (11)  

P(Cz  

2ω−2 

,  q , kt) ≥ min{ P( z  

2ω−2 

,Tq ,t),P(Cz  

2ω−2 

,  q , t),P( q ,Tq ,t),
 
 
P(Cz 2ω−2 

,Tq ,t)   , 

1+ P(Cz 2ω−2  ,Tq ,t) 

 

 

P(Cz  

2ω−2 

,  q , t),    P(Cz 2ω−2 ,Tq ,t)        } 

1+ P(Cz 2ω−2 ,Tq ,t) 

 

 

Taking limit n → ∞ , e have 

P(q  ,  q , kt) ≥ min { P(q ,Tq ,t), P(q   ,  q , t),P( q ,Tq ,t),
 
 
P(q  

,Tq ,t)   

1+ P(q  ,Tq ,t) 

 

P(q  ,  q , kt) ≥ min { P(q ,Tq ,t), P(q   , Tq , t),P(Tq ,Tq ,t),
 
 
P(q  

,Tq ,t)   

, P(q  , Tq , t),   
P(q  

,Tq ,t) } 

1+ P(q  ,Tq ,t) 

 

, P(Tq  , Tq , t),   
P(q  

,Tq ,t) } 

 

1+ P(q  ,Tq ,t) 1+ P(q  ,Tq ,t) 

 

P(q ,  q , kt) ≥ min {  P (q ,Tq ,t), P ( q , Tq , t), 1 , P( q  , Tq , t),   1, P( q , Tq , t) } 

 

P(q ,  q , kt)  ≥ P( q ,Tq ,t) (12) 

As well ,we obtain 

 

 

Q(Cz  Q(Cz  



'Journal of Research & Development' 

A Multidisciplinary International Level Referred and Peer Reviewed Journal, 
Impact Factor-7.265, ISSN: 2230-9578, May-2023, Volume-15 Issue-11 

 

151 
 

2ω−2 

 

2ω−2 

,  q , kt) ≤ max {Q( z  

,  q , t),    Q(Cz 2ω−2  ,Tq ,t)   } 

1+ Q(Cz 2ω−2  ,Tq ,t) 

2ω−2 

,Tq ,t), Q(Cz  

2ω−2 

,  q , t),Q( q ,Tq ,t),
 
 
Q(Cz 2ω−2 

,Tq ,t)   , 

1+ Q(Cz 2ω−2 ,Tq ,t) 

 

 

Taking limit n → ∞ , e have 

Q(q  ,  q , kt) ≤ max{Q(q ,Tq ,t), P(q   ,  q , t),Q( q ,Tq ,t),
 
 
Q(q  

,Tq ,t)   

1+ Q(q  ,Tq ,t) 

 

Q(q  ,  q , kt) ≤ max {Q(q ,Tq ,t), Q(q  , Tq , t),Q(Tq ,Tq ,t),
 
 
Q(q  

,Tq ,t)   

1+ Q(q  ,Tq ,t) 

, Q(q  , Tq , t), 
 
 
Q(q  

,Tq ,t)  } 

1+ Q(q  ,Tq ,t) 

 

, Q(Tqq , Tq , t), 
 
 
Q(q  

,Tq ,t)  } 

1+ Q(q  ,Tq ,t) 

 

 

Q(q  ,  q , kt) ≤ max {Q(q ,Tq ,t), Q(q   , Tq , t), 1 , Q(q , Tq  , t),   1, Q(q  , Tq  , t)  

 

Q(q  ,  q   , kt)  ≤   Q(q ,Tq ,t) (13) 

Now from (12) and (13 ) and Lemma( 2.14) 

Since we have Tq   =  q   = q  (14) 

That being the case ,we obtain  q    is a ordinary soft fixed point of C,K,L and T. For Uniqueness 

Suppose r   be the another ordinary soft fixed point then Cr   =  r   =  r    Rr   = r   

 

P(Cq ,   r, kt) ≥ min {P(( q , Tr  , t), P(Cq ,  r  , t) , P(  r, Tr  , t),  
P(Cq ,Tr  ,t) 

1+ P(Cq ,Tr  ,t) 

, P(Cq ,  r  , t) ,   
P( q ,Tr  ,t) } 

1+P ( q ,Tr  ,t) 

 

P(Cq ,   r, kt) ≥ min {P((Cq ,  r  , t), P(Cq , C r, t) , P(  r,  r  , t),
 
 
P(Cq , r  ,t)  

1+P (Cq , r  ,t) 

, P(Cq ,  r  , t) ,   
P(Cq , r  ,t) } 

1+P ( q , r  ,t) 

P(Cq ,  r  , kt) = min {P((Cq ,   r, t), P(Cq , Cr  , t) , 1,  , P(Cq ,  r  , t) , P(Cq ,   r, t), P(Cq ,  r  , t)   } 

 

(Cq ,  r  , kt) ≥  P((Cq ,   r, t) (15) 

As well we obtain 

 

 

Q(Cq ,  r  , kt) ≤ max {Q(( q , T r, t), Q(Cq ,  r  , t) , Q( r  , T 

, t),   Q(Cq ,Tr  ,t)  

1+ Q(Cq ,Tr  ,t) 

, Q(Cq ,  r  , t) ,   
Q( q ,Tr  ,t) } 

1+Q ( q ,Tr  ,t) 

 

Q(Cq ,  r  , kt) ≤ max {Q((Cq ,  r  , t), Q(Cq , C r, t) , Q( r  ,   r, t),   
Q(Cq , r  ,t) 

1+Q (Cq , r  ,t) 

} 
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, Q(Cq ,  r  , t) ,   
Q(Cq , r  ,t) 

1+ Q( q , r  ,t) 

 

 

Q(Cq ,  r  , kt) ≤ max{Q((Cq ,   

, t), Q(Cq , Cr  , t) , 0,  , Q(Cq ,  r  , t) , Q(Cq ,   

, t), Q(Cq ,  r  , t)   } 

 

Q(Cq ,   r, kt) ≤  Q((Cq ,  r  , t) (16) 

From (15),(16) and Lemma( 2.14) 

 e obtain Cq   =  q    ,This implies Cq   = Cr    ,and  q   is a unique soft fixed point. 

 

Remarks: Our result is also true for the pair of 

mappings (A, S) is compatible of type (E) in place 

of compatible mapping of type (K). Our result 

extends and generalizes the results of M. Verma and 

R.S. Chandel [13], Jha et al.[11] Manandhar et al. 
and improve the result of Manandhar et al. [10]. 

Also, our result improves other similar results in 

literature. 
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