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Study of Fixed Points in Complete Metric Space
by Symmetric Rational Expression

Kanchan Mishra™, Chitra Singh”
Department of Mathematics, AISECT University Bhopal, MP

Abstract: In this paper we introduce the different method to
solve and prove some fixed point and common fixed
pointtheorems for banach contraction in complete metric
space by using new type rational contraction conditions. Our
results extend and improve the recent ones.

Keywords: Fixed point, Common Fixed point, Continuous
mapping, Complete Metric Space,cauchy sequence. AMS
Classification: 45H10.

I INTRODUCTION AND PRELIMINARIES:

Impact of fixed point theory in different branches of
mathematics and its applications is immense. The first
result on fixed points for contractive type mapping was
the much celebrated Banach’s contraction principle by S.
Banach [1] in (1922). In the general setting of complete
metric space, The important part of fixed point theory is
Metric fixed point theory, because of its applications in
different areas like variation and linear inequalities,
improvement and approximation
theory.Kannan[2]established fixed theorems in different
spaces like Metric space. Rhoades (2001) and Khan
et.al.(1984) author have proved that some unique fixed
point theorems. In (1980) Jaggi[5] and Das [6] obtained
some fixed point theorems with the mapping satisfying.
Before going to prove our results first we define some
important definitions.

Definition 2.1: Let (X, d) be a complete metric space, ¢
€(0,1) and f: X — X be a mapping such that for each
X,YEX, d(Ty, Ty) < cd (x, y) [1], Then fhas a unique fixed
point, a € X,such that for each x € X \lim,,_,,, f,, = a.
after the classical result, Kannan [2] gave a subsequently
new contractive mapping to prove the fixed point
theorem. Since then a number of mathematicians have
been worked on fixed point theory dealing with mappings
satisfying various type of contractive conditions. In
(2002)A. Branciari [3] analyzed the existence of fixed
point.

Definition 2.2: If T is self mapping of a complete metric
space X into itself satisfying; d(T,,T,) < a [d(T, X)+
d(Ty,x) ] for all X,y eXand 0 <a <1 ,then T has unique
fixed point in X.See[2]

Definition 2.3:d(T,, T,) < [d(x,T,)+ d(y,T;) ] for allx,y
€X and 0 < a <1 ,then T has unique fixed point in

WWw.ijspr.com

X.See[4], A similar conclusion was also obtained by
Chaterjee [7 ].
Definition 2.4: Let the rational expression

d(x, ) dy.Ty)

d(T;, Ty) sa =3 =

+Bdxy)
forallx yeX,x#yand0< a+ <1
thenThas unique fixed point in X. See[5]

Definition 2.5: let some fixed point theorems with the
mapping satisfying:

d(x,T)d (v.Ty)
d(xy)+d (x, Ty )+d(y,Tx

d(T, Ty) <a st Bd&xy)

for allx y eX , x # y,and0 < a+ [ <1 then T has
unique fixed point in X. See[5][6].

Definition 2.6: A sequence { x,,} in metric space (X,d) is
called Cauchy sequence if for

Eache < 0, there exists a positive integern, such
thatm, n = ny = d(x,,, x,)<e

Definition 2.7 : A complete metric space is a metric space
in which every Cauchy sequence is convergent.

Definition 2.8 : A sequence { x,} converges to x
iflim,_ d(x,,x) = 0 in this case x is called a limit of
{x,} and we writex,, - x.

1. MAIN RESULTS

Theorem-3.1: Let T be a continuous self map, defined on
a complete metric space X, satisfies the following
condition ;

3 3
d(x,11.%,) < @ [%m] +Bld(y, Ty).-d(y, T+

ydx,y) td(x,T,) +

d(y.T,)] +
(3.1.1)

d[d(x, T,) + d(y, T)]

for all x,y,x # yand for some a,B,y,n,d € [0,1) with
(a+2B+2y+26+n)<l.then T has fixed point in X.

Proof:Let xybe an arbitrary point in X and we define a
sequence {x,}by means of iterates of T by setting,
Ty, = x,, where n is a positive integer. If x, = x,,, for
some n,then x, is affixed point of T.Taking x, #
Xn41,for all n.
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d(xn+17xn) = d(Txn 1Txn,1)

3 (on T )+ (tn Ty 1)
1+d?(xp, Ty, )

d(xn+1'xn) <a [ ]+ B [d(xn—lt Txn,l)' d(xn—lt Txn)] + Y d(xnaxn—l)

+ ﬂ[d(xn: Txn) + d(xn—lthn_l)] +9 [d(xn'Txn—l) + d(xn—lﬂTxn)]

<a

[d3 (xnxn +1)+d3(xn
1+d2(xnrxn+1)

.Xn)] + B [d(xn—lﬁxn)' d(xn—lﬁxn+1)] + Y d(xnrxn—l)

+ n[d(xnﬂxn+1) + d(xn—lixn)] +3 [d(xn:xn) + d(xn—lrxn+1)]

d(xnrxn+l) + d(xnrxn){dz(xntxn+l) + dz(xnr xn) + d(xn:xn+1)d(xnr xn)}

<
=@ 1+ d?(x,, Xp41)

+ B d(xn'xn+1) + Y d(xn’xn—1)+ n[d(xn: xn+1) + d(xn—lﬂ xn)] +6d(xn—1rxn+1)

2
sa [d(x"'x"+1)d Hata ] + B[ d(xn: xn+1)]+y d(xnlxn—l) + n [d(xnrxn+1) + d(xn—li xn)]

- d2(xn,xn+1)

+8 [d(Xn-1,Xn+1)]

d(, xn11) < ad(Xy, X 11)+ Bd (o, Xn 1)+ ¥ A0, -1) + A Oy, X 11) + d (X1, X,)]
+0d(xy—1, Xn+1) (3.1.2)

d(y, xp41) < (@+ B+n+ 8)d(xy, xp11)+ (v 1+ 8) d(xn, X, -1)

{1-Ca+B+n+ 8} d(xy, xn41) <(v+n+6) d(xy, xp-1)

(y+n+9)
(a+B+n+9)

d(xn'xn+1) < 1— d(xntxn—l)

+ +8 ntimes
(Y T] ) ] d(xn: xn—l)

1—(a+B+n+ 9
By the triangular inequality, we have m>n,
d(xn'xm) < d(xn'xn+1) + d(xn+1'xn+2) ++—-——- d(xm—lwxn)

< (K™ + K™+ K2 4+ 4+ + — — K™ 1) d(xq, o)

__ (y+n+d)
Where K = pETT— <1 (3.1.3)
1—(a+B+n+ 8) <(y+n+38) (3.1.4)
(a+B+2n+286+y)<1 (3.1.5)
& dQty, X) < 7 d (0, Ty) (3.1.6)

So{x, }is Cauchy sequence in X,So by completeness of X,there is apoint ueX,such that x, » uasn —» o
Further,the continuity of T in X,implies

T(u) = lim Tx,

n—oo

=lim T,

n-—-oo

= lim x, 4

n—oo

u is fixed point of T in X.

Theorem3.2: Let T be the self map defined on a complete metric space (X,d) such that(3.1.1)holds.if for some positive
integer p,T? is continuous ,then T has a fixed point not unique.
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Proof: We define a sequence {x,} as in Theorem-3.1 ,clearly it converges to some point u is (X,d). therefore its
subsequence {x,,;} ,(n, = k,) also converges to u.

=T = i T,
= lim (Ty,,,)
=u
Therefore u is a fixed point of T?. Now ,we show that ,T,, = u.Let m be the smallest positive integer,s.t.T* = u, butT,] #
u,for g=1,2,3,-----m-1.
If m > 1,then by (3.1.1)
d(Ty,w) = d(T, ") = d[T,, T(T" )]

d3(u,T)+d3(u, T(T*Y)
1+d2(u,Ty, )

d(u, T,)< a[ ]+ Bld(Tm=1, T(Tm1)). d(T 1, T,)]

£ ydrr A, ) + (ATt 7))

+3[d(w T(T ) +d(T* L T)]  (321)

- d,T) +d(u, T D) {d?(w,T,) + d*(u, T(TY) +d, T,).d(u, T(T" )}
—“[ 1+d2(u,T,)

LA w. AT T HydW T i [d(u, T,) + d(T 1, w)]
+8[d(u,u) + d(T* 1, T,)]

< [{d(u ) +d ) d? T+ d% (u uw)+d(u Ty
- 14+d2u T, )

).d(u,u)}] +B[d(T Y w).d(T 1, T)]

Hd ) +n[dw, T,) +d(T W] + 8 [d(w,w) + d(T 7, T)]

d(u, 1) d? (u,Ty
< o[ R i)+ yde ) A ) + A 0)

+8d(T* LT,
dw,T,) < a(,T,) +Bd(w, T,)+ ydu,* ) +n[d(u,T,) + d(T;" 7, w)]

+8 [d(T™ ) + d(w, T,)] (3.2.2)

dw,T,) < (@ +B+n+ 8)dw,T,)+ (y+n+ 8§)d(u, T 1Y) (3.2.3)
du,T,) < Kd(u, ™) (3.2.4)

Where K= —9F1+8)

1—(a+B+n+9)
[1-(@+B+n+ ]dwT) < ¢ +n+ du T

(a+B+2n+286+y)=<1 (3.2.5)

Thus we write d(u, Tp,,) < K™d(u, T,,)

Since K™ < 1

Therefore d(u,Ty,,) < d(u,T,)

Which is contradiaction.

Hence T, = u,i.e. uis a fixed point of T. But T has not unique fixed point.

Theorem 3.3: Let, T; and, T, be two self maps, defined on a complete metric space (X,d) satisfying the condition ;

d(Tl X, TZ y)S a

d3(xan  T1x2n )+d3(x2n, T2x2n—1)
1+d2(x2n ,T1x2n)
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+B[d(x2n-1, ToXon-1)-d(xzn—1 , Tixzn )| + v d (X2n X2n—1)
M [d((x2n , Taxzn )+ d(2n—1 Toxan-1)]
+8 [d(%x2n ToXon—1) + d(Xpn—1 , TiXzn )]
for all x,y,x # yand for some a,B,y,n,d € [0,1) with (0+2p+2y+258+n)<l1.then T has
fixed point in X and by Theorem (3.2) T; andT, are continuous on X.
Then T; andT, have a common fixed point.
Proof : We have d(X2n+1 X2n ) =d(Tixz,  ToXzn—1)

d3(xzn  Tixon )+d3(x2n, Toxzn—1)
1+d2(x2n ,Tlen)

d(xzn41 %20 )< @ [

+|3[d(x2n—1, T2x2n—1)' d(xZn—l , T1x2, )]+ Y d (x2n X2n-1)
M [d((x2n , Taxzn )+ d(o2n—1 Toxzn-1)]
+8 [d (%20 TpXon—1) + d(Xpn—1 , TiXz, )1(3.3.1)

< {d(xan  Tixan ) +d(x2n Toxon—1 )}d?(x2n  Tixzn ) +d? (20, ToXgno1 ) + d(x2n | Tixzn )d (%20, TaXan—1 )}
B 1+d? (xz, , TiXan )

+B[d(x2n—1 Xon ) d(xZn—l Xon+1 )] + v d (X2 Xon-1) TN [d((xZn Xon+1 )

+d (-1 %o )1+ 8 [d(x2n X200 ) + A2 xona1 )]

{d(x2n X2n+1)d*(x2n X2n+1)}
Sa [ (XZ 222(::;3 ’XZ(:_T_L)XZ H) ] +B[d(x2n ,x2n+1 )] + Y d (xZn ,x2n—1)

+ n [d((xZn ,x2n+1) + d(XZn—l ,x2n )]+ o [d(xZn—l X2n ) + d((XZn ,x2n+1 )]
< ad(X2n Xon41 )+Bd(x2n Xon+1 )+Yd(x2n Xon—1 )+ﬂ[d((x2n ,x2n+1) + d(xZn—l Xon )]
+93 [d(xZn—l X2n ) + d((XZn ,x2n+1 )] (332)

d(zn41 X2n)S (@ + B+ + 8)d(xzn Xons ¥+ 1+ 8)d(X2n1 4y ) (3:33)
(y+n+6)
1-(a+B+n+9)

d(Xan+1 X2n ) < K2d((x9 %1 )

d(x2n+1 ,x2n) < d(xn-1 x,, )

- __ G+4n+d)
Where K = Tarpmin <1

[1— (@+B+n+ &ld(xzne1 X0 ) < G +1+ 8A((2n-1 1y, )
(a+B+2n+26+y)<1
Similarly we can show that
(X2n+1 X2n42 ) < K*"1d((x0 %1 )

Now it can be easily seen that {x, } is a Cauchy sequence. Let x,, — u then the subsequence{xnp} also converges to u, for
n, =2p.

Now Tsz (u) = Tsz limp_m xnp
=lim,,_,, Xn,, +1
=u

We now show that T, (u) # u
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If T,(u) #u ,then

d (U,Tzu ) :d(Tszu ,Tzu)

d(u,Tyu)< a[

d3 (Tyu ,T1 Tou)+d3 (Tou ,Tou)
1+d2 (Tou , TiTu)

ISSN: 2349-4689

|+ Bld, Tow).d(w, TiTw)] + yd (Tou,u )

+T] [d((Tzu ) T1T2u) + d(u ) Tzu)]+ o [d(Tzu ) Tzu) + d(u, T1T2u) (333)

< d(Tyu,uw) + d(Tou , T,w){(d?*Tou,u) + d*(Tyu , Tou) + d(Tou,u).d(Tou , Tou)}
sa 1+ d? (Tou,w)

HBld(u, T,u).dw,w)] +y dTou,u) +n [d((Tou,w) + d(u, T,w)l+dd(Tu,T,u) +
d(u,u)]

<a

d(Tyu w){d? (Tru )}

d? (Tou , u)

(Tou ,uw) +n [d((Tou,w) + d(u, T,u)]

d(u,Tyu) <(a + v+ 2n) d(TLu, u)

which is contradiction.

s(a+B+2n+286+y)<1so(a+y+2n) <1

Hence we have T,u = u

Now T1T2u = Tzu =u

[rd T (T, 0 + A, T < ad(Tyu v d

(3.3.4)

Thus u is the common fixed point of T; andT,,But uniqueness is not possible.

Conclusion: In this paper we proof some theorems of fixed points in complete metric space.
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Abstract:

Quasi metrics have been used in several places in the literature
on domain theory and the formal semantics of programming
languages [1], [3]. In this paper we introduce the concept of
generalized quasi metric (gq) space and establish some fixed
point theorems in gg metric spaces.

Keywords: Generalised Quasi metric, Fixed point,
Contractive Condition, CS Complete, CS Continuous,
Complete Metric Space.

AMS Classification: 45H10.

2. Introduction and Preliminaries:

Pascel Hitzler[1] presented Rutten Smyth definition [2.1] for
quasi metric space and applied it to semantic analysis of logic
programs. In this paper we prove the gq metric version of
Rutten Smyth Theorem. Rhoades[3] collected a large number
of variants of Banach’s Contractive conditions on self maps on
a metric space and proved various implications or otherwise
among them. We pick up a good number of these conditions
which ultimately imply Banach condition [4]. We prove that
these implications hold good for self maps on a gq metric
space and prove the gq metric version of Banach’s result then
by deriving the gq analogue’s of fixed point theorems of
Rakotch, Edelstein, Kannan [5],Bianchini[6], Reich and
Ciric[14]. We denote the set of non-negative real numbers by
Rtand set of natural numbers by N. EkelandVariational
Principle, proved by Ivar Ekeland in 1974, see [8], turned to
be one of the most powerful tools in optimization theory,
differentiability of convex and Lipschitz functions, and in
other areas. At the same time it lies at the origins of a plethora
of variational principles with astonishing applications in
mathematics, economics, biology, and other domains. The aim
of the present paper is to prove a version of housdroff
sequentially complete quasi-metric spaces and apply it to
some fixed point theorems. It is well known that in the metric
case the validity of implies the completeness of the space, a
result proved by Weston [10] in (1977) and rediscovered by
Sullivan [11] in (1981). The fact that the validity of Caristi’s

fixed point theorem (a result equivalent to Ekeland Variational
Principle) implies completeness was proved by Kirk [12]. The
more general case of partial metric spaces was considered by
Romaguera [13]

Definition 2.1: Let binary operation ¢ :R* X Rt -
R* satisfies the following conditions:

m ¢ is Associative and Commutative.

(m 0 is continuous w.r.t to the usual metric R* A few
typical examples are a0 b=max{a,b},a0b=a+b
,a0b=ab,a0b=ab+a+bandadb=—22—

max{ab,1}

foreacha,beR™.

In what follows we fix a binary operation ¢ that satisfies (I)
and (I1).

Definition 2.2: A binary operation ¢ on is R said to satisfy
-property if there exists a

positive real number B such that a 0 b <3 max{a , b} for every
a,bert.

Definition 2.3: Let X be a non empty set. A generalized quasi
(simply gqg) metric (or * d metric) on X is a function * d
x> R* that satisfies the following conditions:

DO*dxx)=0
(2)dx,y) *=() *d(y,x) =0, Impliesx =y

(3 dx,z) *<d(x,y) *0 () *d(y ,z) foreach x,y,z € X. The
pair (X, * d) is called a

Generalized quasi (or simply * d) metric space.

Definition 2.4: A sequence (x,) in a gq metric space (X, * d)
is a (forward) Cauchy sequence if for all € > 0, there
corresponds n,e N , such that foralln>m>n,. we have *
d (x,,Xm) < € . A Cauchy sequence (x,) converges to X e
X.if forally eX,*d (x,y )=Ilim*d(x,, y). In this case
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we write lim (x,) = x . Finally X is called CS-complete if
every Cauchy sequence in X converges.

Note : Let X be a gg metric space such that ¢ satisfies B -
property with B < 1 ,then limits of Cauchy sequence are
unique.

Definition 2.5: Let X be a gq metric space. A function f: X
—X is called

(1) CS-continuous if, for all Cauchy sequences{x,} in X
with lim x,,= x, f(x,)isa

Cauchy sequence and lim f (x;,) = f (X).

(2) Nonexpanding if *d (f(x),f(y))<*d(x,y) forallx
yeX

(3) Contractive if there exists some 0 < ¢ <1 such that * d (f
(x),f(y)) <c*d(x,y)

forall x,y e X.

We present the gg metric version of housdroff sequentially
theorem [1] for fixed points.

3. Main Result:

Let (YX ,F) be a Housdorff Sequentiacally complete quasi-
gauge function space generated by a family F of pseudometric
and T be a continuous mapping define on (Y* ,F) into itself,
satisfying condition :

(P T(M), T(9)(X)

<o [p(f. T(H)®p( 8 T@)® + p(f, T (8))® p(g THO)®)
B p(f, ) (x)

_I_

B [p(f.T(O)(x) p(£T(8))x)+p(gT(8))X)p(aT (H)(x)
p (£8)(x)

YIp(£ET(O)® + p(g, T(®))X)]
+6 [p (£, T(®)® +p(g TMO)®] +nplf,8) X

For all fgeYXwhere a,B,v,8,n>0and o+ 2B+ 2y+
28 + n < 1. Then T has a fixed point in (YX ,F).

Theorem 3.1: Let (YX F) be a Housdorff Sequentiacally
complete quasi-gauge function space generated by a family F
of pseudo-metric and T be a continuous mapping define on
(YX F) into itself, satisfying condition :

International Journal of Advanced Technology & Engineering Research (IJATER)
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AT Ty )< o[SERLEEW) o pla(y, T,). d@y Tl v
d(x,y) +n [d(x, Ty) +
d(y, T,)] + 8 [d(x, Ty) + d(y, T] (3.1.1)

for all X,y , x # yand for some a,B,y, n, 8€ [0,1) with (o + 2
+2y+ 286 +mn) <l.then T has fixed point in X.

Proof: Let f, e YX and { f, } be defined by
fone1(X) =T (%), Vn =123, ............and for all x in X.
Then by hypothesis of the Theorem,

We have p (fni1,f2n) (X) =P (Thy Tfhn-q) (X)

p3(f2n Tfan)®)+p3(f2n ,Tf2n—1)(X)]+B[ P
1+p? ((fan Tf2n) (X

P (f2n+1,f2n) X)) < O([
(fan-1,Tfon-1) (X) . p

(fn=1,Tf2n ) ] + v[P(f2n fon1) O1+ n[p (fzn,szn )(X)

+p(Tf2n—1,f2n—1 )(X)]+8 [p (on Tfon—q )(X) +
p (on—l Tfyp )(X)] (3.1.2)

p3(f2n fon+)®)+p3(fon . f2n)(X)
<
< [l fens OO Con 5] 4 B (fy , fr) () - P

(on—l ,f2n+1) (X) ]

+Y[p( fon ,f2n—1 )(X)] Rl [p (on,f2n+1 )(X) +
p (on—1 fon )(X)]

+ 8 [p (on ,f2n )(X) + p (on—l ,f2n+1 )(X) ]

< of p(fen fons1) (0 ] B P (fon fonsr)  (X)]

Ty [P( fon fon-1 )(X)]

+ n[p (f2n,f2n+1 )(X) +p (on—l,on)(X) ] +
5[p (f2n—1 font1 )(X) ]

< af p(fan fone1) &) ] B [p
+Y[p( fon ,fzn—1 )(X)]

(fon fons1)  (X)]

+ n[p (on,f2n+1 )(X) +p (on—1,on )(X) ] +
S[p (on—l ,fzn )(X) +p (fzn fons1 )(X) ]

p (fon+1,Fon)X) < (@+ B +1+8)p (f2n+1,f2n )(X) +
(y+n+98p (fzn—1,f2n) (3.1.3)

[1— (@+B+n+8)]p (fonss fon )X < (Y +1+
8)p (on—l,on )(X)
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p (f2n+1,f2n )(X) < [1_((%[:;15)] p (f2n—1,f2n )(X)
(3.1.4)

1- (a+B+n+8)<y+n+9)
(a+B+2n+26+y)<1

We have

p (f2n+1 fon )(X) <q p(on—1 fon )(X)

q2n+1p(f0 ,f1 )(X)

Now p (f2n+1,f2n )(X) = ?:0 p(fati-1 fati )X

<

1q_ q p(fo g )(X)

—>0asn—o

Hence the sequence {f, } is a Cauchy sequence in YX. By the
completeness of YX, there exist some f’ in Y*such that

lim,_,f, =f
Further the continuity of T implies.
T(f") =T (lim,_ f,)
= lim,,T(fy)
=limy e frsq
=f
Thus f' is a fixed point of T.

Theorem 3.2: Let T, and T, are two continuous mapping on a
Housdroff sequentially complete quasi- gauge function space
generated by a the family F of pseudo —metric and by

(3.1.1)

p(Tif, T,g)(x) <
o [p(f,Tlf)(X)-p(g,ng )X)+p(£T2 g)(x).p(g Ty f )(X)]
p(fg)(x)

p(£T1£)(x).p(f, T2 )(x) +p(gT2 g)(x)-p(gT1f )X
+B [ p(fg)x) ]+
y[p(fTif )X + p(g T, g)X®] +
8 [p(fT,g )x) +p(g T ) ]+n[p (fg)X)]
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for all fgeYX*where o,B,1,8,y>0and (a+ B+ 2n+
26+vy) <1

Then T,andT, have a fixed point in (Y% F).
(3.2.1)

Proof: Let f, € YX be an arbitrary element and let {f,} be
defined as

fone1(X) =T f2n ()
f,,(X) =T, fop_, (X)Vn =1,2,3, ......... ... and for all x in X.
Then by hypothesis of the Theorem,

We have

P (f2n41,f2n) () =P (T1f2n (), Tofon-1) (X)

3 3
P (f2n+1,f2n) X < « [p (f2n ,T1fon)(X)+p° (f2n »Tzfzn—1)(X)] +8 [p

1 +p2(fan ,T1f2n) (%)
(fan-1,Tof2n-1) (X) . p

(f2n—1,T1f2n)
nlp (on,Tlen )(X) +

I+ v [p(fan fon-1 (X) ] +

p (on—l,TZon—l )(X) I+ 8[p (on Tofon-1 )(X) +

p (on—l Tifon )(X) ] (8.22)

<

p3(fan fan+ )X +p3(F2n . fan)(®)
o [Ffen fons J OO0 Con B4 £,y fn )X).P(

f2n—1 ,f2n+1) (X)]

+ ¥[p(fon F2n-1 )]+ 1 [P (fon fons1 ) (O +

p (on—l,on )(X)]
+6 [p (on ,f2n )(X) + p (on—l ,f2n+1 )(X)]

S ofp(fen fone) 1 B [P (fon fons1) ()]

+Y[P(f2n fon-1) ()]

+n [p (on,f2n+1 )(X) +p (on—l,on )(X) ] +
S[p (f2n—1 fons1 )(X) ]
< af p(fan fons1) (0] +B [P (fen fons1) (¥

+Y[p( f2n ,on—l )(X)]

+ T][p (fzn,f2n+1 )(X) +p (fzn—l,fzn )(X)]"'
S[p (f2n—1 fon )(X) +p (on fone1 )(X) ]
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p (fzn+1,f2n) X< (a+B+n+8)p (f2n+1,f2n )(X) +
(Y +n+8)p (fan-1.f2n) (323)

[1— (@+B+n+8)]p (fanss fon)® < (Y+n+
8)p (on—l,on)(X)

p (f2n+1,f2n )(X) <

( 8)
[ s] P (fne Bn )0 (3:24)

(y+n+38)
1— (a+B+n+8)

=q<1

1—(a+B+n+8)]<(y+n+9)
s(a+B+2n+28+y) <1

We have p (f2n+1,f2n )(X) <q p(on—1,f2n )(X)

q?*1p(fy f; ) (%)

Now p (f2n+1 fon )(X) = ?:0 p(fati-1 foti )X Y*

= qTq p((fo,fi )®

—>0asn—o

Hence the sequence {f, } is a Cauchy sequence in YX. By the
completeness of YX, there exist some f’ in YXsuch that

lim, . f, =2
Further the continuity of T, implies,

Tl (Z) = T(limn—mo fn)

lim,_,, T(f,)
= z

Thus z is a fixed point of T;.

Similarly z is a fixed point of T,.

Theorem 3.3: Let E ,F and T are three continuous mappings
onto a housdroff sequentially complete quasi-gauge function
space generated by the family p of pseudo-metric and by

International Journal of Advanced Technology & Engineering Research (IJATER)
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ET =TE, FT = TE and E (Y¥) c T(YX) , F (Y¥) c
T(YX) (3.3.1)

p( TEED () p(Tg,Fg) (x)+p(TEFE) (X).p(TEER (X)
p(Ef, Fg)(x) < 0‘[ p(TETE)(x)

+
B [p(Tf.Ef)(X)-p(Tf.Fg) (x)+p(Tg Fg)(x).p(TgEN(x)
p(TfTg) (x)

+v [p(Tf, EN(x) +
p(Tg, Fg)(¥)]

+8[ p(Tf, Fg)(x) + p(Tg, EN(x)] + n [p(Tf, Tg) (X)]
(3.3.2)

for all f,g e YX where a, 8,1,8,y > 0 and (a + B + 21 +
28 +v) < 1.Then E ,Fand T have

a fixed point in YX,

Proof: Let fye YX and E (YX) < T(YX) and F (YX) c T(YX)
We define a sequence {Tf,} as follows (3.1.1)

T f2n41(X) =Ef3, (%)

Tf,,(X) =Ff,,_;(x) ,Vn =123, ............and for all x in X.

Now by hypothesis of the Theorem, we have

P (Tfzn41 Tz ) (X) = p (Efzn (%), Ffn_1) (X)

p3(Tf2n Ef2n)(®)+p>(Tfon Ffan—1)(X) ]
1 +p?(Tfzn E f20) (%)

P (Tfne1,Thy) (X) <af
+ B [p (Tfon—1 Ffon_1) (X) . P

(Tfzn-1 Ef2n) ()] +y [P(Tfzn Tfan-1) (X)] +
[p (Ton,Eon )(X) + (Ton—l,Fon—l )(X)] +

8 [p (Ton Ffon1 )(X) +
p (Ton—l Efzn )(X) ] (3.3.3)

< a[{p(Ton,Tf2n+1)(X) + p(Tfyn T ) O P* (T , Thhne ) () +
- 1 + p2(Tf,, ,

|

+ B [p(Tfn Tfone ) )1+Y[ (Tl Thhn-g (0] +
nlp (Ton,Tf2n+1)(X) +p (Ton—1,Tf2n) x)]

+8[p (Ton—1 ,Tf2n+1)(X)]
<

{P(Tfzn ,Tfan+1) COH P*(Than ,Tan+1) ()}
o ) COLY (n | + B [p(Ton Thzner)(X)

1+ y[(p(Tfen Tfhn—q )] +
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n [p (Ton,Tf2n+1)(X) +p (Ton—1,Tf2n)(X)] +
8[p (Ton—1 ,Ton)(X) +p (Ton ’Tf2n+1)(x) ]

< afp (Ton,Tf2n+1)(X)] + B [p(Tfyn Tfon1)(X)]
+yY[(p(Tfzn Tfzn-1 )(X)]

+ n[p(Ton,Tonﬂ)(X) + p(Ton—1 ,Ton)(X)]
+ S[p(Ton_l ,Ton)(X) + p(Ton ,Tf2n+1)(x)]

p (Tf2n+1,Tf2n)(X) <(a+B+n+8) p(Tf2n+1,Tf2n )(X) +
(y+n+d8)p (Ton,on—1 )(X)
[1— (@+B+n+8)]p (Thn1 Thy )0 < (y+n+
6 )p (Ton—l ,Ton )(X)
p (Tf2n+1,Tf2n )(X)

(y+n+39)
“1-(a+B+n+9)

p (Ton—1 Tf;n )(X)

(y+n+8)
1— (x+B+n+6)

=q<1

1— (@+B+n+8)]<(y+n+38)
(a+B+2n+256+y)<1

We have p (Tf2n+1,Tf2n )(X) <q p(Ton—1,Tf2n )(X)

q?"*1p(Tf, T, )(x)
Now p (Tfosxe, Tfzn )(X) = BiSo P (Thosict, Thosi )(X)
< 1‘1?1 p((Tfy TF, ) (x)
—0asn— o

Hence the sequence {f, } is a Cauchy sequence inY*. By the
completeness of YX {f,} converges to a point z in YX.

Conclusion:

In this paper we investigations the existence of fixed point in
quasi metric space with completeness.
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STUDY OF FIXED POINT AND COMMON FIXED POINT WITH
QUASI METRIC SPACE
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Abstract:

Quasi metrics have been used in several places in the literature
on domain theory and the formal semantics of programming
languages [1], [3]. In this paper we introduce the concept of
generalized quasi metric (gq) space and establish some fixed
point theorems in gg metric spaces.

Keywords: Generalised Quasi metric, Fixed point,
Contractive Condition, CS Complete, CS Continuous,
Complete Metric Space.

AMS Classification: 45H10.

2. Introduction and Preliminaries:

Pascel Hitzler[1] presented Rutten Smyth definition [2.1] for
quasi metric space and applied it to semantic analysis of logic
programs. In this paper we prove the gq metric version of
Rutten Smyth Theorem. Rhoades[3] collected a large number
of variants of Banach’s Contractive conditions on self maps on
a metric space and proved various implications or otherwise
among them. We pick up a good number of these conditions
which ultimately imply Banach condition [4]. We prove that
these implications hold good for self maps on a gq metric
space and prove the gq metric version of Banach’s result then
by deriving the gq analogue’s of fixed point theorems of
Rakotch, Edelstein, Kannan [5],Bianchini[6], Reich and
Ciric[14]. We denote the set of non-negative real numbers by
Rtand set of natural numbers by N. EkelandVariational
Principle, proved by Ivar Ekeland in 1974, see [8], turned to
be one of the most powerful tools in optimization theory,
differentiability of convex and Lipschitz functions, and in
other areas. At the same time it lies at the origins of a plethora
of variational principles with astonishing applications in
mathematics, economics, biology, and other domains. The aim
of the present paper is to prove a version of housdroff
sequentially complete quasi-metric spaces and apply it to
some fixed point theorems. It is well known that in the metric
case the validity of implies the completeness of the space, a
result proved by Weston [10] in (1977) and rediscovered by
Sullivan [11] in (1981). The fact that the validity of Caristi’s

fixed point theorem (a result equivalent to Ekeland Variational
Principle) implies completeness was proved by Kirk [12]. The
more general case of partial metric spaces was considered by
Romaguera [13]

Definition 2.1: Let binary operation ¢ :R* X Rt -
R* satisfies the following conditions:

m ¢ is Associative and Commutative.

(m 0 is continuous w.r.t to the usual metric R* A few
typical examples are a0 b=max{a,b},a0b=a+b
,a0b=ab,a0b=ab+a+bandadb=—22—

max{ab,1}

foreacha,beR™.

In what follows we fix a binary operation ¢ that satisfies (I)
and (I1).

Definition 2.2: A binary operation ¢ on is R said to satisfy
-property if there exists a

positive real number B such that a 0 b <3 max{a , b} for every
a,bert.

Definition 2.3: Let X be a non empty set. A generalized quasi
(simply gqg) metric (or * d metric) on X is a function * d
x> R* that satisfies the following conditions:

DO*dxx)=0
(2)dx,y) *=() *d(y,x) =0, Impliesx =y

(3 dx,z) *<d(x,y) *0 () *d(y ,z) foreach x,y,z € X. The
pair (X, * d) is called a

Generalized quasi (or simply * d) metric space.

Definition 2.4: A sequence (x,) in a gq metric space (X, * d)
is a (forward) Cauchy sequence if for all € > 0, there
corresponds n,e N , such that foralln>m>n,. we have *
d (x,,Xm) < € . A Cauchy sequence (x,) converges to X e
X.if forally eX,*d (x,y )=Ilim*d(x,, y). In this case

ISSN No: 2250-3536

Volume 7, Issue 4, July 2017 22



@>

we write lim (x,) = x . Finally X is called CS-complete if
every Cauchy sequence in X converges.

Note : Let X be a gg metric space such that ¢ satisfies B -
property with B < 1 ,then limits of Cauchy sequence are
unique.

Definition 2.5: Let X be a gq metric space. A function f: X
—X is called

(1) CS-continuous if, for all Cauchy sequences{x,} in X
with lim x,,= x, f(x,)isa

Cauchy sequence and lim f (x;,) = f (X).

(2) Nonexpanding if *d (f(x),f(y))<*d(x,y) forallx
yeX

(3) Contractive if there exists some 0 < ¢ <1 such that * d (f
(x),f(y)) <c*d(x,y)

forall x,y e X.

We present the gg metric version of housdroff sequentially
theorem [1] for fixed points.

3. Main Result:

Let (YX ,F) be a Housdorff Sequentiacally complete quasi-
gauge function space generated by a family F of pseudometric
and T be a continuous mapping define on (Y* ,F) into itself,
satisfying condition :

(P T(M), T(9)(X)

<o [p(f. T(H)®p( 8 T@)® + p(f, T (8))® p(g THO)®)
B p(f, ) (x)

_I_

B [p(f.T(O)(x) p(£T(8))x)+p(gT(8))X)p(aT (H)(x)
p (£8)(x)

YIp(£ET(O)® + p(g, T(®))X)]
+6 [p (£, T(®)® +p(g TMO)®] +nplf,8) X

For all fgeYXwhere a,B,v,8,n>0and o+ 2B+ 2y+
28 + n < 1. Then T has a fixed point in (YX ,F).

Theorem 3.1: Let (YX F) be a Housdorff Sequentiacally
complete quasi-gauge function space generated by a family F
of pseudo-metric and T be a continuous mapping define on
(YX F) into itself, satisfying condition :

International Journal of Advanced Technology & Engineering Research (IJATER)
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AT Ty )< o[SERLEEW) o pla(y, T,). d@y Tl v
d(x,y) +n [d(x, Ty) +
d(y, T,)] + 8 [d(x, Ty) + d(y, T] (3.1.1)

for all X,y , x # yand for some a,B,y, n, 8€ [0,1) with (o + 2
+2y+ 286 +mn) <l.then T has fixed point in X.

Proof: Let f, e YX and { f, } be defined by
fone1(X) =T (%), Vn =123, ............and for all x in X.
Then by hypothesis of the Theorem,

We have p (fni1,f2n) (X) =P (Thy Tfhn-q) (X)

p3(f2n Tfan)®)+p3(f2n ,Tf2n—1)(X)]+B[ P
1+p? ((fan Tf2n) (X

P (f2n+1,f2n) X)) < O([
(fan-1,Tfon-1) (X) . p

(fn=1,Tf2n ) ] + v[P(f2n fon1) O1+ n[p (fzn,szn )(X)

+p(Tf2n—1,f2n—1 )(X)]+8 [p (on Tfon—q )(X) +
p (on—l Tfyp )(X)] (3.1.2)

p3(f2n fon+)®)+p3(fon . f2n)(X)
<
< [l fens OO Con 5] 4 B (fy , fr) () - P

(on—l ,f2n+1) (X) ]

+Y[p( fon ,f2n—1 )(X)] Rl [p (on,f2n+1 )(X) +
p (on—1 fon )(X)]

+ 8 [p (on ,f2n )(X) + p (on—l ,f2n+1 )(X) ]

< of p(fen fons1) (0 ] B P (fon fonsr)  (X)]

Ty [P( fon fon-1 )(X)]

+ n[p (f2n,f2n+1 )(X) +p (on—l,on)(X) ] +
5[p (f2n—1 font1 )(X) ]

< af p(fan fone1) &) ] B [p
+Y[p( fon ,fzn—1 )(X)]

(fon fons1)  (X)]

+ n[p (on,f2n+1 )(X) +p (on—1,on )(X) ] +
S[p (on—l ,fzn )(X) +p (fzn fons1 )(X) ]

p (fon+1,Fon)X) < (@+ B +1+8)p (f2n+1,f2n )(X) +
(y+n+98p (fzn—1,f2n) (3.1.3)

[1— (@+B+n+8)]p (fonss fon )X < (Y +1+
8)p (on—l,on )(X)
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p (f2n+1,f2n )(X) < [1_((%[:;15)] p (f2n—1,f2n )(X)
(3.1.4)

1- (a+B+n+8)<y+n+9)
(a+B+2n+26+y)<1

We have

p (f2n+1 fon )(X) <q p(on—1 fon )(X)

q2n+1p(f0 ,f1 )(X)

Now p (f2n+1,f2n )(X) = ?:0 p(fati-1 fati )X

<

1q_ q p(fo g )(X)

—>0asn—o

Hence the sequence {f, } is a Cauchy sequence in YX. By the
completeness of YX, there exist some f’ in Y*such that

lim,_,f, =f
Further the continuity of T implies.
T(f") =T (lim,_ f,)
= lim,,T(fy)
=limy e frsq
=f
Thus f' is a fixed point of T.

Theorem 3.2: Let T, and T, are two continuous mapping on a
Housdroff sequentially complete quasi- gauge function space
generated by a the family F of pseudo —metric and by

(3.1.1)

p(Tif, T,g)(x) <
o [p(f,Tlf)(X)-p(g,ng )X)+p(£T2 g)(x).p(g Ty f )(X)]
p(fg)(x)

p(£T1£)(x).p(f, T2 )(x) +p(gT2 g)(x)-p(gT1f )X
+B [ p(fg)x) ]+
y[p(fTif )X + p(g T, g)X®] +
8 [p(fT,g )x) +p(g T ) ]+n[p (fg)X)]
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for all fgeYX*where o,B,1,8,y>0and (a+ B+ 2n+
26+vy) <1

Then T,andT, have a fixed point in (Y% F).
(3.2.1)

Proof: Let f, € YX be an arbitrary element and let {f,} be
defined as

fone1(X) =T f2n ()
f,,(X) =T, fop_, (X)Vn =1,2,3, ......... ... and for all x in X.
Then by hypothesis of the Theorem,

We have

P (f2n41,f2n) () =P (T1f2n (), Tofon-1) (X)

3 3
P (f2n+1,f2n) X < « [p (f2n ,T1fon)(X)+p° (f2n »Tzfzn—1)(X)] +8 [p

1 +p2(fan ,T1f2n) (%)
(fan-1,Tof2n-1) (X) . p

(f2n—1,T1f2n)
nlp (on,Tlen )(X) +

I+ v [p(fan fon-1 (X) ] +

p (on—l,TZon—l )(X) I+ 8[p (on Tofon-1 )(X) +

p (on—l Tifon )(X) ] (8.22)

<

p3(fan fan+ )X +p3(F2n . fan)(®)
o [Ffen fons J OO0 Con B4 £,y fn )X).P(

f2n—1 ,f2n+1) (X)]

+ ¥[p(fon F2n-1 )]+ 1 [P (fon fons1 ) (O +

p (on—l,on )(X)]
+6 [p (on ,f2n )(X) + p (on—l ,f2n+1 )(X)]

S ofp(fen fone) 1 B [P (fon fons1) ()]

+Y[P(f2n fon-1) ()]

+n [p (on,f2n+1 )(X) +p (on—l,on )(X) ] +
S[p (f2n—1 fons1 )(X) ]
< af p(fan fons1) (0] +B [P (fen fons1) (¥

+Y[p( f2n ,on—l )(X)]

+ T][p (fzn,f2n+1 )(X) +p (fzn—l,fzn )(X)]"'
S[p (f2n—1 fon )(X) +p (on fone1 )(X) ]
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p (fzn+1,f2n) X< (a+B+n+8)p (f2n+1,f2n )(X) +
(Y +n+8)p (fan-1.f2n) (323)

[1— (@+B+n+8)]p (fanss fon)® < (Y+n+
8)p (on—l,on)(X)

p (f2n+1,f2n )(X) <

( 8)
[ s] P (fne Bn )0 (3:24)

(y+n+38)
1— (a+B+n+8)

=q<1

1—(a+B+n+8)]<(y+n+9)
s(a+B+2n+28+y) <1

We have p (f2n+1,f2n )(X) <q p(on—1,f2n )(X)

q?*1p(fy f; ) (%)

Now p (f2n+1 fon )(X) = ?:0 p(fati-1 foti )X Y*

= qTq p((fo,fi )®

—>0asn—o

Hence the sequence {f, } is a Cauchy sequence in YX. By the
completeness of YX, there exist some f’ in YXsuch that

lim, . f, =2
Further the continuity of T, implies,

Tl (Z) = T(limn—mo fn)

lim,_,, T(f,)
= z

Thus z is a fixed point of T;.

Similarly z is a fixed point of T,.

Theorem 3.3: Let E ,F and T are three continuous mappings
onto a housdroff sequentially complete quasi-gauge function
space generated by the family p of pseudo-metric and by

International Journal of Advanced Technology & Engineering Research (IJATER)
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ET =TE, FT = TE and E (Y¥) c T(YX) , F (Y¥) c
T(YX) (3.3.1)

p( TEED () p(Tg,Fg) (x)+p(TEFE) (X).p(TEER (X)
p(Ef, Fg)(x) < 0‘[ p(TETE)(x)

+
B [p(Tf.Ef)(X)-p(Tf.Fg) (x)+p(Tg Fg)(x).p(TgEN(x)
p(TfTg) (x)

+v [p(Tf, EN(x) +
p(Tg, Fg)(¥)]

+8[ p(Tf, Fg)(x) + p(Tg, EN(x)] + n [p(Tf, Tg) (X)]
(3.3.2)

for all f,g e YX where a, 8,1,8,y > 0 and (a + B + 21 +
28 +v) < 1.Then E ,Fand T have

a fixed point in YX,

Proof: Let fye YX and E (YX) < T(YX) and F (YX) c T(YX)
We define a sequence {Tf,} as follows (3.1.1)

T f2n41(X) =Ef3, (%)

Tf,,(X) =Ff,,_;(x) ,Vn =123, ............and for all x in X.

Now by hypothesis of the Theorem, we have

P (Tfzn41 Tz ) (X) = p (Efzn (%), Ffn_1) (X)

p3(Tf2n Ef2n)(®)+p>(Tfon Ffan—1)(X) ]
1 +p?(Tfzn E f20) (%)

P (Tfne1,Thy) (X) <af
+ B [p (Tfon—1 Ffon_1) (X) . P

(Tfzn-1 Ef2n) ()] +y [P(Tfzn Tfan-1) (X)] +
[p (Ton,Eon )(X) + (Ton—l,Fon—l )(X)] +

8 [p (Ton Ffon1 )(X) +
p (Ton—l Efzn )(X) ] (3.3.3)

< a[{p(Ton,Tf2n+1)(X) + p(Tfyn T ) O P* (T , Thhne ) () +
- 1 + p2(Tf,, ,

|

+ B [p(Tfn Tfone ) )1+Y[ (Tl Thhn-g (0] +
nlp (Ton,Tf2n+1)(X) +p (Ton—1,Tf2n) x)]

+8[p (Ton—1 ,Tf2n+1)(X)]
<

{P(Tfzn ,Tfan+1) COH P*(Than ,Tan+1) ()}
o ) COLY (n | + B [p(Ton Thzner)(X)

1+ y[(p(Tfen Tfhn—q )] +
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n [p (Ton,Tf2n+1)(X) +p (Ton—1,Tf2n)(X)] +
8[p (Ton—1 ,Ton)(X) +p (Ton ’Tf2n+1)(x) ]

< afp (Ton,Tf2n+1)(X)] + B [p(Tfyn Tfon1)(X)]
+yY[(p(Tfzn Tfzn-1 )(X)]

+ n[p(Ton,Tonﬂ)(X) + p(Ton—1 ,Ton)(X)]
+ S[p(Ton_l ,Ton)(X) + p(Ton ,Tf2n+1)(x)]

p (Tf2n+1,Tf2n)(X) <(a+B+n+8) p(Tf2n+1,Tf2n )(X) +
(y+n+d8)p (Ton,on—1 )(X)
[1— (@+B+n+8)]p (Thn1 Thy )0 < (y+n+
6 )p (Ton—l ,Ton )(X)
p (Tf2n+1,Tf2n )(X)

(y+n+39)
“1-(a+B+n+9)

p (Ton—1 Tf;n )(X)

(y+n+8)
1— (x+B+n+6)

=q<1

1— (@+B+n+8)]<(y+n+38)
(a+B+2n+256+y)<1

We have p (Tf2n+1,Tf2n )(X) <q p(Ton—1,Tf2n )(X)

q?"*1p(Tf, T, )(x)
Now p (Tfosxe, Tfzn )(X) = BiSo P (Thosict, Thosi )(X)
< 1‘1?1 p((Tfy TF, ) (x)
—0asn— o

Hence the sequence {f, } is a Cauchy sequence inY*. By the
completeness of YX {f,} converges to a point z in YX.

Conclusion:

In this paper we investigations the existence of fixed point in
quasi metric space with completeness.
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I. INTRODUCTION AND PRELIMINARIES
We know that fixed point theory is most important topic in development of mathematics in nonlinear analysis and
other branches of mathemetics. Since fixed point theory has been used capable in many other branch of science,
chemistry, biology, economics, computer science, engineering, and etc. It is known that Banach contraction
mapping is a good example. However metric fixed point theory is vast field of study and is effectively of solving
many fixed point equations. To overcome the problem of measurable functions w.r.t. a measure and their
convergence,Czerwik [4] needs an extension of metric space. Using this idea, he presented a generalization of the
renowned Banach fixed point theorem in the b-metric spaces (see also [9,10,11]). Many researchers including Aydi
[5], Boriceanu [6,22,23], Bota [7], Chug [8], Du [12],Kir [13], Olaru [14], Olatinwo [15], Pacurar [16,17], Rao
[18],Roshan [20] and Shi [21] studied the extension of fixed point theorems in b-metric space.. In this paper, our aim
is to show the validity of some important fixed point results into b-metric spaces and solve by different methods .We
recall some definitions and properties for b-metric spaces and fixed point given by Czerwik [4]. Some problems,
particularly the problem of the convergence of measurable functions with respect to a measure, lead to a
generalization of notation of metric.Using this idea, Czerwik in [4] and [5] presented a generalization of the well
known Banach’s fixed point theorem in so called b-metric spaces. Our purpose is to show that some well-known
fixed point theorems are valid in b-metric spaces. It is interesting that we see some properties in (usual) metric space
is not valid in b-metric space.
In this section we consider the basic definitions and properties of b-metric space and unique fixed point. we give
some basic definitions and results on b-metric space.
We recall some definitions and properties for b-metric spaces given by Czerwik [4]
Definition 2.1: [4]Let (M, p) be a b-metric space then x,in M is called
A Cauchy sequence iff v € > 0 there exists n(€) < [ such that foreachn,m2n¢
We have p X, X <[] .
(b) Convergent sequence if and only if there exist x € M such that for all € >0 there exists n( €) < [J ,such that
for every n 2 n € we have p x,,, x < [J].

Definition 2.2: [4] If (M, p) is a b-metric space then a subset L[] M is called

Compact iff for every sequence of elements of L there exists a subsequence that

converges to an element of L.

Closed iff for each sequence x, in L which converges to an element x, we have  x [ L.
(c) The b-metric space is complete if every Cauchy sequence converges.

Definition 2.3: [8] Let X be a nonempty set and let s > 1 be a given real number. A function
d [ X x X — R "is called a b-metric provided that, for x, y, z € X
(a) d(x,y)=0ifandonlyifx=y
(b) d(x, y)=d(y.x),
(¢)d x,z <s[d x,y + d(y,2)]. (2.1)

A pair (X, d) is called a b-metric space. It is clear that the definiton of b-metric space is a extension of usual metric
space. Also, if we consider s = 1 in Definition 2.1(c), then we obtain definition of usual metric space. By this reason,
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our results are more general than the same results in (usual) metric space. We can give some example of b-metric
space as following:

Example 2.1: The space 1, (0 <p <1)
L=% R x," <99,
together with the function p O 1, x I, — R where

o =

p
pxXy = Xn T Xy
n=1
Where X = X,,, y = ya € I, is a b -metric space. By an elementary calculation we obtain that
1

PX,y=2[px,y+tpy,z]

Example 2.2: Let X=[1,00).Define a functiond : X x X — [ 1, «) such that d(x ,y) =
Xy * for all x ,y € X. Then (X ,d) is a complete b-metric space on X with
constant s = 2.Also d is not a metric on X.

Definition 2.4: [6] Let (X, d) be a b-metric space. Then a sequence X, in X is called
Cauchy sequence if and only if for all € > 0 there exists n( €) € N such that for
each n, m = n & we have p X, X, < €.

Definition 2.5: [6] Let (X, d) be a b-metric space. Then a sequence X, in X is called
convergent sequence if and only if there exists x € X such that for all
n(€) € N, n=n € ,we have d ( x,, X) <€. In this case we write lim,_,. X, =X .

Definition 2.6: [6] The b-metric space is complete if every Cauchy sequence convergent.

Definition 2.7: [22] Let E be a nonempty set and T :E — E  a self map. We say that x € X is
a fixed point of T if T (x) = x and denote by FT or Fix (T) the set of all fixed points of T.
Let Ebeanysetand T : E — E aself map. For any given x € X ,we define T"(x) inductively by
T" (x) =xand T""' x = T T" (x) ; we recall T,(x) the nth iterative of x under T.

For any x¢ € X ,the sequence x, ;59 [} X given by

=T, _, =T0.n=123 .. (2.2)

(2.2) is called the sequence of successive approximations with the initial value X, . It is also
known as the picard iteration starting at X,.

Definition 2.8: [4] Let (X, d) be a metric space. A mapping T : X — X is called weak
contraction if there exists a constant ® € 0,1 and some L = 0 such that
d(Tx,Ty)<ddx,y + L(y,Tx) 2.3)
forallx,ye X

Remark 1: [4] Due to the symmetry of the distance, the weak contractive condition (2.2)
implicitly includes the following dual one
d(Tx,Ty)sddx,y + L(y,Ty) 2.4
for all x,y € X,Consequently, in order to check the weak contractiveness of Tj it is
necessary to check both  (2.3) and (2.4).
Definition 2.9: Let (X ,d) be a b-metric spaceand T : X — X  be a given mapping .We
say that T is a - admissible if x,y € X, a x,y 2 I implies that a( Ty, Ty) 2 L.

Example 2.3: Let X = (0, ) .Define T: X —» Xand a: X x X — 0, «© by Ty=1Inx

For all x, € X and

Volume 54 Issue 2 May 2019 02 ISSN 2320-6608



International Journal of Engineering, Applied and Management Sciences Paradigms (IJEAM)

Then T is a — admissible.

III. MAIN RESULT

Let (X, d) be a complete b-metric space with constant s = 1 and define the sequence i, 0
k by the recursion 2.1(c). Let T : X — X be a mapping for which there exists UEE [0,)

such thatd (T Ty) < pdx, Tx +dy, Ty (A)
forallx,yeX. - -
Then there exists x € X such that x, — x and x is unique fixed point of T.

Theorem 3.1: Let (X ,d) be a complete b-mertic space with constant s > 1 and definethe
sequence X, »; || K by the recursion 2.3 (c),

1
Let T: X — X be a mapping for which there exists, M € 0, 3 ), Such that

d(Tx,Ty)sUdx7Tx+dYaTy+6anTy+dy5Tx+nd(X>Y)+
d x,Ty +d y,Tx

(3.1.1)
1+dx,TxdyTydx,Tydy,Tx
forallx,ye Xand y,6,n,BeX.
Then there exists x € X such that Xy — x and X is unique fixed point of T.
Proof: Let Xp€X and Xn  nl be a sequence in X defined as

Xn=Tx ., = T,y n= 1,2,3,4..........byusing (A) and (2.3) and (2.7) . We know that
d(Xn ] Xn+l) = d(TXn_l > TXn)
d(Xn s Xn+l) = M d Xn-1> Txn_1 +d Xn, Txn+ od Xn-1>» Txn+ d Xn Txn_1 + n d(Xn-l > Xn)

B d xn -1,Tx, +d Xn, Tx, -1

1+d xn-1,Tx,— ) d X0, Ty d xn=1,Txyy d X0, T g
= M dxn—l > Xn""an, Xp+1 t 0 an—la Xnt+1 +an, Xp T n d(Xn-l > Xn) +

n d Xp-1.Xn+1 +d Xp.Xn.

b

< M d Xn-1, Xn+ d Xn» Xnt1 +0d Xn-1, Xn+1 + n d(Xn—l 5 Xn) + B d Xn-1, Xn+1

I+d xn-1,Xn d Xn ,Xn+1 d Xn=1,Xn+1 dXn ,Xn+1

d(Xn, Xn-%—l) < M d Xn-1 > Xn+ d Xn > Xptl +0d Xn-1, Xn+ d Xn» Xnt1 + r]d(xn—l s Xn)
+B[dxn-laxn+dxnaxn+l]
d(XnaXn+l)s(U+6+n+B)d Xn-15Xn +(U +6+B)d Xn» Xn+1 (312)
1_(U+6+B)dxnaxn+ls(u+6+n+[3)dxn-laxn
)<u+6+n+ﬁ

d( Xn. > Xn+] T 1=t +P) n-1 > Xn
Similarly d (x, x < HFOFN+B  n

D - 5+ B)

Note that p€[0, ) Then H*3*n+B " e0, ).
2 1-(p+ 5+P) 27
Thus T is a contraction mapping. We know that x, ,-; is a Cauchy sequence and hence a

convergent sequence ,We consider that x, ,-; convergent to x €X,
Then we have

d(x. T)Ssld XX +d XpnaXs +d(, T)]
< S[d X, Xp+1 + d Xnt+ls Xn+ d(TX n-1 » Tx)]
dX7Xn+1+an+laxn+uan—laT +dX7TX'
+0dx,, Ty+dx , Ty o tndxpnx
+B d Xn-1, TX'+ dx , TX =1

1+an—l,TX n-1 d(xlsTx')d Xn—l’Tx'dX”Tx

d xp, X1

Xn-1

IN
73
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d X, Xpr1 +d Xp1, Xn + M[d Xp-1, Xn +d x, Ty ]
+0 dxp-1, Ty +dx , X+ N d X, X

dxp-1,T '+4xl Xn

+B

1+d xp-1,xn d ( xl,TX' ) Xn—l,TX' dx’ ,Xn

d X’a Xn+1 +an+17Xn +|Jd Xn-1> Xp
. +0d X1, Ty +dX ,X, +Nd Xpo1, X
(1=-sp)d(x,Ty)<s

dxp-1,T " +q(x' Xn

+B

1+d Xp-1,xn d ( x',Tx' )d xn—1,TX' dx ,xn
, dx > Xn+l1 +d Xn+1, Xn + Ud Xn-15Xn
d( s +0dxu1, Ty +dx , X, Nd Xpo1, X

x, T.)S s :
’ X) (1=sp) dxn-l,"lx"+dx,xn

+B

Lim n — , lim,_. dx, T, =0
cx =T

X is the fixed point of T.

1+d xp-1,xn d ( xl,TX' )d Xn-1 ,TX' dx’ Xn

Theorem 3.2: let ( X ,d) be a complete b-metric space and define the sequence X, oy [ K
by the recursion(2.3) and (2.7).

Let T: X — X be a mapping under the terms, sA€[ 0, 15), Such that

d(Ty, Ty) < A[d(x, Ty) +d(y, Ty) ] ’ . (3.2.1)
for all x, y € X . Then there exist x € X such that x, — x and x is unique fixed point of T.
Proof: Letxo€ X, x,=Ty _, = T}y 0-1,2,3 -
d( Xn-%—l,Xn+2) = d( Txn ) Txn+1 )
<A [ d( Xn TXn+1) + d( Xn+l 5 Txn) ]
SA[d(Xq, Xp2) + d(Xpr1 5 Xpt1) ]
<A [d(xn, Xn+2 )]

d(Xne1, Xn2) S S A [d(Xn , Xne1) +d(Xne1 5 Xne2) ] (by 2.3)
(1-sA) d(Xn+1 5 Xne2) f sA [ d( Xn, Xn+1)]
S
d (Xn+1 5 Xp42 )< a=n dxn , X0y ) 3.2.2)
s A 1
Note that =N €0, 5)

Thus T is contraction mapping, by using (A) and Theorem-3.1, We see that x, ., isa
cauchy sequence then a convergent sequence .

Now we show that x is a fixed point of T.
d(x, T, )Ss[d x, %, +d(x, T
Ss[dx, xg+d(Ty .y, T

d xl, Xp+ Hd Xp-p, Ty, T d x',Tx'

<s +6dxn_1,Tx'+dxl , Tk o tn an—l,X'
+B d Xp-1, Tx‘j'_ dx , Ty wt
1+d xp-1, Ty ., dx, TydXep, Tydx , T -
dx', Xp T Md Xp-1, xn+dx‘,TX' ]
+0d Xpp, Ty +d X , X+ N dXpop, X
<s !

= d x
+B ool .
I +dxu-1, X, d(x, Ty )d xp-p, Tedx L, Xy
Limn—,d(x,T,)<spd(x,T,) (32.3)
(3.2.3) is false unless d ( x', T,)=0

,T+dx ,x
X

n
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Thus we arrive atx =T,

Now we show that x_is the unique fixed point of T.We assume that X is another fixed point of T. Then
we have x = T(x) , y = T(y)

dx,y)=pdx, T(x) +dy, T(y) 6 dx, T(y +d y, T(x) + n d(x,y) +
d x,T(y). +d y.T(x)

B (3.2.4)
1+d x,T(x) d y,T(y) d x,T(y) d y,T(x)

dx,y)=p dx,x +dy,y +0dx,y +dy,x +nd(x,y)+p

dxy +dy,T(x)

I+dxx)dyy)dxydyx
dx,y)=gdx,x+dy,y+0dx,y+dy,x+ndx,y)+B[dx,y+dy, x]
d(x,y)=(20+n+2B)d(xy)

Which is a contraction .This implies that x = X
This complete the proof.

Theorem 3.3: let (X ,d) be a complete b-metric space with metric d and let S & [1: [1 — []
are two functions with the following property.
d(Sx, Ty)sSpd(x,S)+dy, Ty+ddx, Sx+dy, Ty)+nd(x,y)
B d %, Ty+d y.Sx)
1+d x,Sx d y,Ty d x,,Ty dy,Sx
forallx,ye X,s=1.Then S & T has a unique fixed point.
Proof : Let xy € X and x, be a sequence in X. Such that
X1 = S(x0),x2=T (x1)
Xon= T (X2n—1 ) > Xont+l = S(XZn)
Now d(Xan+1 X2n+2) = d( Sx2n, TXon+1)
d(Xon+1, X2n+2) S M d( Xan, Sx2n) + d Xone1 T Xone1 + 0 d Xone1 , SXon+ d Xon, T Xant1

d xon . Txon+1 +d(X2n+1 .SX2n )

+ r]d X2 X +B
"t fnt P 1+d( x2n ,Sx 2n,)d x2n+1 , T X2n+1 d X2n,T x2n+1 d(X2n+1 ,SX2n )

S U d(Xon, Xont1) td Xont1 , Xone2 +Nd Xon, Xont1 T 0dXons1 , Xons1 + d Xan, Xops2 +

B d Xopn.Xop+2 +d(Xon+1.Xon+1)

1+d( Xop ,Xon+1 )d X2p+1 , X2n+2 d Xop sX2n+2 d(X2n+1-X20+1)
< U dXon, Xont1 + d Xoner |, Xone2 + Nd X2n, Xons
+ 0 d Xan+1 5 Xonr1 + d Xon, Xopt2
S M dXon, Xont1 + d Xont1 , Xone2 + Nd Xon, Xons1 + 0d Xopn, Xone2
< M dXon, Xont1 + d Xonrr |, Xone2 + Nd Xon, Xons
+0[d Xon, Xop+1 +d Xon+1, Xon+2 |
If d(Xon+1 , X2n+2) 2 d Xon, Xonr1 Then we have
d(Xont1, Xont2 ) S M d Xopiy 5 Xopia T d Xopty  Xoneo 7 NA Xopsy 5 Xoni2
+ 0 s[d Xan+1, Xonr2 + d Xop+1, X2n2 |
d(X2n+1, X2n+2) S(2H+N+20)d Xan+1 5 Xon+2
This is a contraction.

From the above inequality ,we deduce that

d(Xon+1 Xont2) € (2 + N +208 ) d Xy, Xpri

Continuing this process we can in general

d Xy, X1 SK"d x¢,x

This implies that T is a contraction mapping.

Now it is show that {x, } is a Cauchy sequence in X.
Letm,n>0 withm>n

dXn, XmS s d Xy, Xpr1 T d Xpt1 5 Xm

< dens Xn+l+szdxn+ls Xpt+o T S3 dxn+29Xn+3 t+++-=-=--
< sK"d xg, x; + 5° K™ d xg, X + 87 K™ d X, X +H+++tmmmmmmmeeemeee
fslggxo,xl 1+sK+ (K + (6K ++++----

d x ,x
01

1-sK

(3.3.1)

(3.3.2)

(3.3.3)

(3.3.4)
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Taking limit n — <, we get lim, ,»d X,, Xn=0
. Xp1s a Cauchy sequence in X is complete.
We consider that x, converse to u.
Now we show that u is fixed point of S & T .
We haved u,Su <s du,x, +d x,,Su (3.3.5)
du, Su<sdu x,+dTx,, Su
du x,+pdu, Su+dx,-y, Txp—
+0du, Txp-1+dxp-1, Su+ndu, x4

Ss g du, TXg-1 + d X1, Su
+
l1+du,Sudx | ,Tx;-; du, Txp-; dx, ,Su
du x,+ddu, Su+dx,-1, X,
+0du, x,+dxp-1,Sut+tndu, x,-;
du,Sus<s du, x,+d X1, Su)

+B

l1+du,Sudx _; ,x, du,x, dx,; ,Su

taking limit n — «, we get
du,Sus<spdu, Su
(1-sp)du,Sus<0
Which givesdu, Su=0 (] Su=u
Hence u is a fixed point of S.
Similarly we can show that u is a fixed point of T.
Hence u is a common fixed point of S & T.
Uniqueness: Let u & v be two fixed point of S & T.
Such that u # v ,Putting x =u & y = v in Theo.(3.1),
We have d (u,v) =d( Su,Tv)
Spudu,Su+dv,Tv+ddu,Tv+dv,Su+ndu,v
B du,Tv+d v ,Su
1+u,Sudv,Tvdu,Tvdv,Su
Sgudu,ut+dv,v+ddu,v+dv,u+tndu,v
B du,v+tdv,u

I+u,udv,vdu,vdv,u
<(26+n+2B)du,v
This is a contraction.

IV. CONCLUSION
In this paper we proof some unique fixed point theorems in b-metric space. We have apply different method to
solve b-metric space theorems and discussed in detail the fundamentals of b-metric space theory.
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Abstract: In this paper we instigate the different types of soft sets and different methods to solve and show some fixed point theorems on a soft metric
space by using new type rational contraction conditions. Our results increase and raise the recent ones.
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1. Introduction and Preliminaries: Definition 2.1: Let (Y, d) is a metric space and the set (F, B)
The concept of soft sets was first given by Molodtsov [1] is a soft set of Y is called
soft sets was new mathematical idea to sol_ve probl_ems. null soft set and it is denoted by ¢ .if for
Molodtsov[1] defines soft set as a parame_terlzed family of all £€B,F(e) = ¢. (empty set)
subsets of whole set where each element is regarded as a
set of closer elements of the soft set. In the past few years, Definition 2.2: Let (Y, d) is a metric space and suppose that
many researchers have done their researches on the the set (F, B) is a soft set
fundamentals of soft set theory. Maji et al. [2] presented a .
OR . They researched on it and described the basic alle € B, F(e) = Yover (Y, d) is called absolute soft set. If for
properties of there operations Pei and Miao [3] discussed ’ '
the relationship between soft sets and information systems Definition 2.3: Let (Y, d) is a metric space and if the
and also redefined subset and intersection of soft sets. Ali difference (F, A) of two soft sets
et al. [4] gave new operations like the restricted union, the .
restricted intersection, the restricted difference and the . (F, A) and (F, A) over Y is denoted by
extended intersection of two soft sets and said emphasis (F. A)/ (F, A) and is defined as
mainly on their basic properties. Cagman and Enginoglu [5] F(e) = H(e)\G(e) for all e € A.
introduced soft matrix theory and were successfully o
applying it to a decision making problem. Babitha and Sunil Definition 2.4: For any two soft real numbers
[6] introduced the idea of soft set relation and function and 0] a<b, ifa(e)sb(e),foralleeA.
discussed some related concepts like equivalence soft set B B
relation, partition of soft sets, ordering on soft sets. They (i) az2b, ifda(e)zb(e) foralleecA.
specially worked on soft set relation and ordering. Babitha
and Sunil [7] By introducing the concept of relation and got (iii) i<b, ifa (e)<b(e) foralleeA.
proofs with some results. Sezgin and Atagun [8], Fuli [9]
and others modified the work of Maji et al. [2] and gave (iv) i> b, if 2(e)>Db(e) foralle€A.
some new results Sezgin also put forth some new results.
Sezgin and Atagun [8] gave restricted symmetric difference Definition 2.5: The complement of a soft set (F, A) is
of soft sets and studied its properties with examples. Singh denoted by (F,A)¢ and is defined by
and Onyeozili [2012] got some results on distributive and e e .. . .
absorption properties with respect to different operations on _ (FA)= (F%,A) where F* : A— P(X) is mapping
soft sets and [19, 20,21,22] added some more results of given by (B)=X-F(B) VB €A.
soft fixed point in b-metric space.
Definition 2.6: Let R be the set of real numbers and B(R) be
the collection of all nonempty
Bounded subsets of R and B taken as a set of
parameters. Then a mapping
F: H—A(R) is said to be a soft real set. It is
denoted by (F, H).If specifically (F, H)
is a singleton soft set, then identifying (F,H)
with the corresponding soft element,
o Department of Mathematics, Vipra College, Raipur (C.G.) it will be said to a soft real number and
e Department of Mathematics, RNT University Bhopal (M.P.) denoted 3, b etc.
e Department of CSE, Technocrats Institute of Technology Bhopal (M.P.) L _
Let 0,1 are any two soft real numbers where 0(e) =
0,1 (e) = 1for all e € H, respectively
3199
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Definition 2.7: Let (Y, d) is a metric space and any soft set
of Y is called a soft point of

Y if there is exactly one e € H, such that B (e)
= {y} for somey € Y and

B (e) = ¢, Ve € H\ {e}. It will be denoted
by ¥e.

Definition 2.8: Let (F, A) is any soft set and let any two soft
point a, b of (F, A) are said

to be equal if e = e"and B(e) = B(e')i.e. a=b.
Thusa#be a#bore#e'.

Definition 2.9: A mapping d : SP (Y) x SP (Y) -»R(A)", is
said to be a soft metric on the

soft set Y if d satisfies the following conditions:
(M1)  d(Fe, %e,) = 0 forall X, §e,& Y
M2)  d (5, %e,) =0 = %, =7,
(M3) d (%, Fe,) = d (Fe, %e,) for all Xe, §e,& Y
M4)  d (%, Z,) = d(%e, Fe,) + d (Fe, Ze,
for all %, ¥.,,Z., €Y The soft set Y with a soft metric d on

Y is called a soft metric space
and denoted by (Y, d A).

Definition 2.10: A sequence { §, 1}, of soft point in( Y,d H)
is considered as a Cauchy

B sequence in Y if corresponding to every &
= 0,3 neN such that

\

d@, %, )< €, Vij=nie dFy, 9, ) 0as

i,j = oo.

Definition 2.11: A soft metric space (Y,d H) is said to be
complete, if every Cauchy

Sequence in Y converges to some point of Y.

Definition 2.12: A mapping T: Y = Y where(Y, d) is a metric
space is said to be weakly

C-contractive or a weak C-contraction if for all
X, YEY.
d(Te, Ty ) < [d(x \Ty ) + d(y , T,)] = & d(x, Ty ),
d(y, T, ) Where ¢ :[0,)—[0,=) is a
continuous mapping such that ¢ (x,y) =0 &
x =y =0. We introduce

the new notion of a soft weak C-contractive
mapping as follow.

ISSN 2277-8616

Definition 2.13: Let A be a nonempty set and let ¥ = 1 be a

given real number. A function

d :AxA ->R*is called a b-metric provided

that, for a,b,¢e A

3. Main Result:
Let (Y ,d) be a soft complete b-metric space with the
constant § = 1 and define the sequence

{y 32, € K by the recursion(2.13). Let (£€):Y— Y be a
mapping for which there exists

1
ne [O'E) such that

dl(£O) % (£)y] < A&, (£ %) + dF, () §)] (A)
Forall %,5€ Y.

Theorem 3.1: Suppose (Y , d) be a soft complete b-metric
space with the constant s> 1 and explain the sequence
v, €K by (2.13). Let (£, &): Y - Y be a contraction with
the reduction K€ [0.1), and Ks < 1. Then there exists
¥, €Y such that §% — ¥, and ¥, is unique soft fixed point

of (f, &€).

Proof: Let §% €Y be any arbitrary chosen soft point in Y
and {y,}i-, be a sequence

Let §on = (£Font: = (e . n=1,2,____

Since (f,¢) is a contraction mapping with the constant
Ke[0,1)

Then we get
d[ (£, 629, (£.6)*Fe: 1 < KA[(£E)3, () Firal
< K? a[i’g Yol
We easily get here
d[(£,9)50, (£ Fo1 1< K*d[F5, 5ol
Now, we proof that {y,}%., is a Cauchy sequence in Y.

Suppose that m, n > 0 with m > n,

d@an, Tom) < pdFon, Faris) +p? dFori, ori0) +

p3 d(f’g;isz’g;is """"

< pK"d(5%, 75, + p2KMAFS, §he) +

p3 K2 d(§9, §L ) ++----mm-

= d(F,¥s) K™ [1 + pK + (pK* + pK® + ++4) ]
(3.1.1)

3200
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Now we take n,m - o in (3.1.1), we get here at
Therefor {y,}>, is a Cauchy sequence in Y .

In view of completeness of Y . We examine that {y,}2,
convergentto y, €Y.

Now we proof that ¥, is the unique fixed point of (f, ).
Actually (f,€) §oo = limyeo (£, 950 = lim (£6) Fiits

= Yo
Therefore ¥, is a soft fixed point of (f, §). Finally we have to
Proof that the soft fixed point is unique.

Suppose that § is another soft fixed point of (f,&). Then
£y =§

d(F,.5) =d[ (D5, EDy] <Kd(F,.57)  (B12)

By equation (4) K= 1; but this is a contradiction to
Ke[0,1).

So the soft fixed point is unique.

Theorem 3.2: Let (Y, d) be a soft complete b-metric space
with the constant s > 1 and

define the sequence {y,}m-; € K by the (2.13). Let
(£&):Y->Ybea

mapping for which there existspe [0

dl(E) % (£y] <

% ) such that

ud&, € %)+ d@ EH P+ 8 [dE, (£ ) +

d@, (G )+ nd(®,5) ¥
d{&EDF)+dF(EE) )}

B [1+&'{(>”< (£8) NA{F.(E) FIA{(7.(68) IR () ¥ )}] (3.2.1)

Forall &, 7€ Y.

Then there exists ¥, €Y such that §,, > §, and ¥, is
unique fixed point of (f,&).

Proof: Suppose 79eY and {y,}*., be a sequencein Y.
Yon = EOGnt = €O ,n=1,2,3__ __

By using equation (A) and (2.13). We obtain that

a(f’f}m Toni1) = d{(f, Oont1, (£Tonl

d(Yu)n 4 yg);-ll—l ) < u[a(Y(un 1 (f E)Yu)n 1 )+ d(Ymn ) (f f)Y(on]
+ 8 d(Ymn 1 (f f)Ywn)

+ T]d (Ymn 1!ywn)

ISSN 2277-8616

d(Ymn ’Y(.Un"'l S
WIAFhats, T0n) + dFhn, Tonie) + 8 d(Foats, Fonia

on+1

+ n d(ymn 1!Yu)n) + Bd(Ymn 1, Ywn+1

a(yg)n '}72);-1!—1 ) = [ [d (Ywn 1 'Yu)n) + d(}N’ﬂm')N’gJﬁlﬂ
+ 8 d(Yu)n 1 !yg-:lll) + n a(ycx});—l 'ygn )

+ B [ d {ylul)n1 1 ygtﬂl }+ d Feon Joon
1+d{(T3nt1 Ton )} AThn Thi1)} HTon Ton )} AF ol Tohia

a(ymn ’ }72);+1 ) = [ [d(Ymn 1 Ymn) + a (y(rxlm 'yg;-l}-l )] +
S[d(Ywn 1 'Ymn ) + d(Yu)n JYmn+1 )]

"'ﬂ d(Yu)n 1'Ywn ) + B [d(Ymn 1'Ymn ) +
d(Ymn'yg);-li—l )]

d(Yu)n vY(un+1) =< (H + 8 + n + B) d(Yu)n 1 !Ywn)
+ (IJ- + 8 + B )d(Yu)n !Yum+1

[1—(u+8+B)1dFo,, Fohi
< (H+5+n + B) d(Yu)n 1JYu>n)

1 [u+8+n+8

a(yﬂm ' Yon+1 + 8 + B ]d(~u>;1 1 rYu)n)

L 8 B ~
similarly @i, i) < S aws, v,
(3.2.2)

Note that p € [0,>) Then [”f;‘;s €[0,2)

Thus (f, §) is a contraction mapping. We know that {y,};-,
is a Cauchy sequence and convergent sequence, It is
convergentto §, €Y.

Then we have

A7, (£.35) < s [d(F5, y8ih) + d(Fi., 760) +
(78, (€ OFin )]

<
8 dFants, (a0 3+ dFan, EDTon1) s [a(y; y:x:il) + d(y]:m §50) + d((EOFBaLe, (€ Fon )]

1+ d{@8ate, (81} AT, (£OTBA)} AT, (F TR 0.2

gn+1

a(ymn 4 yg);-ll—l ) < [ [d(ywn 1 ymn) + d(Ymn ’ Ywn+1
+ 8 d(Yu)n 1 Yu)n+1)+ Tld (Ymn 1 Ywn)

+

a{yanl 1 72;1%!-1 }+ d{Fon Fon}

B [1+a{(y‘:m1 1500 )} A{Fon Toht1 )} ATBn Fon )} AFERL 1 Tonti)

L (660
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IN

d(y(j) 372):+1) d(Ymn+1 Yum)
+ H{ a (Ywn 1, (f E)Ywn 1 ) + d(Ymn (f é)Yu) )}

S + 8 {d(Ymn 1, (f f) ) + d( (f f) Yu)n 1)} + 11 d(Ymn 1, YZ;
{d(yx(})nl 1 (ff)ym) +d (?f‘, (ff)ygon 1 )}

+B [1+d(72m1 1, EOYELL ) AT EOFs ) ATEnt, (EOF ) A3

d(Fs, (£ O )
[ a(YZ) }72);“) d(Yum+1 Ymn)
+u{d (F8nts Fon) + d(Fon, €70)}
+ 8 {d(Fonts, (£OF ) +d(Fs, on)) +nd(Fonts, 75)
{d(Foats £ OF:) + d (55, (EE)78)}

<s

o, EOTERL, )]J

ISSN 2277-8616

(1-s2) a(f(s;fh , X xr/l;rfz ) < sA [d(Xvn X ~3§+11) ]

n+l gn+2
d(Xvn+1' Xyn+2

gn+1
] d(Xvn » Xvn+1

_15?\

Note that [-~| € [0,2) (3.3.1)

Thus (f, &) is contraction mapping, by Theorem 3.1, We See
that

{yu}i, is a Cauchy sequence and It is a convergent
sequence.

Now we show that

d(x] (£ %y ) < s[d(xy, &8,) + d(Z (O X)) ]

%5 is a soft fixed point of (f, &).

(1-swd(Fs (T ) <
[ d(F5, yori) +d(Fonis 780) +rd(Fhats Jon)
+8{d(Foat, (£OFs) +d(F5 Fon)} +nd(FoaLs 55)

{d(Fnaty (£OF5) +d (55, @)F50)}

| * P [1 +d(FL, 900 ) d(F5 (6T ) dFRt,, (£OF:) (s yos

< ]s [d(xy, %8,) + d{(F &) k871, (£, &) %3}
9|l

a(szv ivn) + H {d( Xvn 1 (f E) X 1 ) + a (Xv' (f f) iv)} ]

+8 d(Xvn L EOR) + 1 d(Xvn 1» %)
{+p [ (@ (052, (ED%)+ A%y (ONaL,) ] J
L 1+d (Xvn 1, (ff)isnll )d (Xv (R e )+d (Xvn 1, (ff)xv )d (Xv nls )

S
|+B|: r* J r* on
" P 1+ d(mt, 9. ) Ao GO ) AG5E, (.07 ) A(Fs Fia

d(F, (YL ) <
r d(?(ﬁ) yg);+1) + d(Yu)n+1 Y(on) + ll d(Ycun 1 yu)n ) ]
[_]| + 8 {d(Faat, (£ @)Fs) + d(§5 Fon)} +nd(Fats, ¥5) |
1-sk [ 8 [ [@EL, €D7)+d (7 D70} ]
1+d(§73;‘ 1 Ywn ) d(Yw,(ff)Yw ) d(?gnl 1.(£€ )'}72) ) a(yfn y{-l)n )

Letlim n - o, lim o EOTL)=0

Vo = (£:.¥0
v+, is the fixed point of (f, &).

oo d (§

Theorem 3.3: Let (Y, d) be a soft complete b-metric space and
define the sequence

V3o, € K by (2.13). Let (f,&): Y - Y be a mapping for
which there exists p € [0 ,%) such that d[(f&) & (f&)§] <
Adx, (68 §) + dF, (£8) %)]

Forall §,5€ Y.

Proof: Suppose that %e¢Y and {x,}, be a sequence in
Y, defined as

=EO%RL =EOH% n=1,23____
d(>~<3§i1.~3§fz) d{(f, %, (£ OXTH
A&ty Ktz ) < s[A®D, (6O ) + A&, (D]
< s[d(RD,, Xa7,) + ARt Xonts
a2 ) < LA, %0572)]

d(Xs:{h » Xvn+2
Roms }‘[d(xvn' 3;111) + a(f(“};jl, \I/lrﬁz )]

n+1
d(Xvn+1 ’ Vn+2

2.13)

(by

)] [ d(%, %) + (51D + d (&, (D %))
) +8{d(x5:2,, (£,6) iv) +d(&;, &5} +n d&2, %)
{d(x 21 (f, % )+ d(x Xvn) }

<s

l+B [1 + a(X\r/ln 11 ’Xvn ) d(xv (f f)xv ) + d(Xvn 1 (f f)xv ) d(xv X¥n

Lim
(3.3.3)

n - o

Nimo d (%, (0% ) < s pd (%,

Equation (3.3.3) is false unless d(&; (f, ©)%; ) =

%, = (%

Now we proof that X is the unique soft fixed point of (f, §).
We suppose that X}

Thus we get here at

Is another soft fixed point of (f, ).

Then we have x; = (f,6)%; ,y: = (f )1
(%, 97) =

u[d&r, (9% +

N~ ~ a()’(\i ) (f! E)y\i) + (o o
d@yy, (f ©)y: 1 ~ d(x3,¥y1
&1, (YD) + [d(yl,(f,f)xl) +nd(&,¥7)

+
B [ {d & EOFD+d (77 (EDTD)
1+d (%7 ,(£8) £)d (77 (£ +A( &7 ,(£)57) d(F7 (£€) £7)

A%, y7) = u[d@&, %) +dE .50 | + 8 [d%; 7)) +
A, &)+ nd(%:,¥7)

+[3[
(e, yn) = wldGa, %) +d@r,y) | + 8 [dGx 70 +
d@:, %) +n d& L 97)

+ Bld&: ¥ +d& L 90)]
d®;, 7)) < (28+n+2p)d(%,¥1)

{d (&1 .50+ d(y1 £}
1+ d(%7 £7) d(¥1.97)+ A& .97) A7 %)
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Which is a contradiction. This implies that x =X} .

This complete the proof.

CONCLUSION:

Hence in the above paper we have proved some unique
fixed point theorems in soft b-metric space and we have
discussed the fundamentals of soft b-metric space and also
put forth different methods to solve soft b-metric space
theorems.
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Abstract: In this paper we define B -Monotone property, Soft Metric Space, b-Soft Metric Space and then we demon start some
results. In the first result we prove coupled soft fixed point theorem in ordered soft b- metric space with B -monotone property. In the
second theorem demonstrate coupled soft co-incidence fixed point theorem for mapping satisfying generalized contractive conditions

with B —monotone property in an ordered soft b-metric space.
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1. Introduction and Preliminaries

Metric fixed point theory is an necessary part of
mathematics because its applications use in different areas
like variational and linear inequalities, improvement and
approximation theory. Ali et al. [9], Agraval et al. ([14],
[15], [16]), Pathak et al. [7] and many authors (see [1], [2],
[3], [8], [13]) established fixed theorems in different spaces
like partially ordered metric space, Metric space, Manger
space, Banach space, generalized Banach space etc. A
concept of soft theory as new mathematical tool for dealing
with uncertainties is discussed in 1999 by Molodtsov [6]. A
soft set is a collection of approximate descriptions of an
object this theory has rich potential applications. On soft set
theory many structures contributed by many researchers (see
[5], [10], [12]). Shabir and Naz [11] were studied about soft
topological spaces. In these studies, the concept of soft point
is explained by different techniques. Later a notion of soft
metric space and investigated some basic properties of these
spaces. Recently Wadkar et.al [4] proved fixed point results
in soft metric space. In this paper we first prove soft coupled
fixed point theorem in ordered soft b-metric space using
monotone property for contractive condition. In the next
theorem we prove the coupled soft coincidence fixed point
theorem for mapping satisfying generalized contractive
conditions with o —monotone property in an ordered soft b-
metric space.

Definition 1.1: Let Z and H are respectively an initial
inverse set and a parameter set. A soft set over Z is pair
denoted by (G, H) if and only if G is a mapping from E into
the set of all subsets of the set X. That is G: H — P(2),
where P(z) is the power set of Z.

Definition 1.2: The intersection of two soft sets (Z , C) and
(Y, E) over X is a soft set denoted by (I , H ) over X and is

given by (Z, C)n" (Y ,E)=( ,H)where H=C n E and
VeeH,I(e)=Z()NY(g).

Definition 1.3: A soft set (Z, B) over Y is said to be a null
soft set denoted by @

if Zp =empty, forall pin A.

Definition 1.4: Forallp € B, if Z (p) = Y then (Z, B) is
called an absolute soft set over Y.

Definition 1.5: The difference of two soft sets (H , P ) and
(L,P)overYisasoftset (G, P) over X, denoted by (h, E
)\ (L, E), is defined as G(y) = F(y) \ G(y), Vy e H .

Definition 1.6: The complement of soft set (H, B) is
denoted by (H, B)® and is defined as H, B)C =H°®,B)
,where H®:B — P(Y) isamapping given by H ¢ (B
)=Y-H(P), forall B.

Definition 1.7: Let R be the set of real numbers and B(R) be
the collection of all nonempty bounded subsets of R and E
taken as a set of parameters. Then a mapping Y:E—B(R) is
called a soft real set, and it is denoted by (Y,E).

2. Main Results

Let (Y, <) be a partially ordered soft set and P be a
soft metric on Y such that (Y,P-H)is a complete soft
b-metric space. Consider a product (Y, P, H) X (Y, P, H)
with  the  following  partial order. For all
(X ¥5) € (Y, p, H)x (Y, p, H). We have (u,, v5) = (Xp¥s) ©
Xo 2 Uy, V5 = V5

Theorem 2.1: Let ((Y,P,H), <) be a partially ordered

complete soft b- metric space and let S be a continuous
mapping having the mixed monotone property such that For

all x4, ys, ug, vs € (Y, p, H) and (Os) ands > 1,

We have
ﬁ(F(ch'YS):(uuns) <

P (xo F(uy,vs) +p (y5, F(Vﬁ,u(p))
B max|+p (uy 'F(XtP'YS) + ﬁ(Vﬁ,F(Ya,X(p))

 F(uwsF(vue F(xp5s)
+p(ys 1+F (x5 )F(ug.vs)

(2.1.1)

Then F has a coupled soft fixed point in soft b-metric space
Y, p, H).
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Proof: Let two points x0,y? e(Y,p, H)x (Y, H) and
1

xXg, = F(x0,¥8); v5, = F(v5,%7).

n+2 n+1 n+1 n+1 _ n n
Ingeneral y;"% =F(ys5, 1 %o, ) Vo = F(¥5,,%0

n

Similarly ~ xp*? = F(xg*!,y8*), xo! =F(x} ,y8)
with S <F(x9,y§) = x4 and y) > F(y3,x5) = y3,
(2.1.2)

by iteartive process, we have
%2, = F(xb, v}, ) = F(F(x0,y), F(y,x0)) = F2(x{,y0)

and yBZZ = F(yél,x(lpl) = F(F(yg,xg), F(Xg,yg)) =
F2(y3,x9)

By the mixed monotone property of F we obtain

Xéz - FZ(X(P'YS) - F( (p11y51) > F(X(P’yﬁ) = X(1P1
And yf, = F(y3,x0) = F (vt ) < F(52.0) = v,

In general we have forn € N

x0+L = Pl (x0 y0) = F(F"(x{,y9), F' (v,x9)) (2.1.3)

Pn+1

and y3*l = F'*(vg,x3) = F(F(ys,x7), F(x0,¥3))
It is obvious that
< F(XCP’YB) = ch FZ(an'YS) = X s -
< F'(xg.y3) =%, <

F(yE(s),Xg) = y%l > F(ygl,x(lpl) = y622 > >
F“(Xw.y@s) =yl > (214)
Thus by mathematical induction principal we have for n € N
xg < X(lpl < x2 <. < Xnn <x"!l  and yg > Y%l >

p - 1 Pn+1
n+
V5, = 2 Y5, 2 Ve

Thus we have by condition (2.1.1) that
ﬁ(Xz;:—-gl'X;;n) = 5 ( F (X$n'yg") F(X(Pn 1'},?’n 1))

) ( Ybn 1’ $n 11))
max{ P X$n__11' ( 'st))+ (an 1'F Y5, Xo, ))
F(X‘Pn—l'yén 11)F(y —1 Xq’nll) (X‘Pn‘yﬁn)
(x5

1+F( on Y5 n) ‘pn 1y5n 1)

(w x5,)+P
( ‘Pn 1’ ‘Pn ) YSH 1;}’5“)

ﬁ(}75 (X(Pn 1y5n 1) ( lgn X‘Pn 1) (X‘Pn‘y5n)>

( g)F(‘Pn 1Y 1)

plys,

—

st Yan

< B max

( 5(X@ xp )+ ve) )
<P X{r? N «'Sn“l) +p(yi, yyé‘,fﬁ }
\

p(v8,.v5,)
<B max[ﬁ (X ot ('3:11) +p(va, l'ygn+11):|

P, ) < [p (e x) +0AT )] @19)

Similarly since y} ' > y3 andxj ' <xj  (2.16)
plyar,ye) < Blp(xat xart )+ p(yart,yat)]

n+1 n n+1

p(xat s, ) +p0r )
= B[P( ‘Pn 1’ 3:11)+p(Y5n 1'Y5+1 )]
+ B[ (xaxp ) + pyat yry)]

<2p[s{p(xi om0, ) +0 (6,07 ))
+s{p(vartova,) + (v, vart))]
2ps [p (xp—1 x5 ) +p(yat,va)]

+2ps[p (xp, x5 ) +5(y2, yaL)]

(-

265)[p (x, it ) +B(va, i) < 28s 3 (xi kg, ) +
pyén—1n—1,ydnn

[p (5, x51%) + 503,y ) )
S
=T-2py) (a0,

(pn 1’ 7y
+p(yatya)]

2Bs _ = n+1
=259 and d,, —p( Xo 1)-|-

+1) Thend,, <hd,,_;

Let suppose that h =

p(ys, v8
Similarly it can be proved that d,,_; < hd,,_,.
Therefore d,, < hd,,_; < h®d,,_, < -

hd, . (2.1.7)

This implies that lim,_,d, =0.
Thuslim,,_,.d (x{;:_ll, n ) = 11md(yn+11’y5n) =0

For each p=n, by (2.1.7) and repeat the application of
triangle inequality that we optain that

(v, 5,) < sp (o, vert,) + 575 (vt vir2)
+ 5% (var2vart ) + 55 (va,var)
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And
(b, ) = 59 (x5, x5 + 57 (5232

+s p( n+2 X$:}1) .S P( 3:—11)
Adding these we get

(ygn'ygp) + (Xgﬂ'xgp)
= S[p(y‘P ’y$:11) ~( Xop’ 3:11)]
+ SZ[p (Xn+1 n+2 ) +5 ( n+1 n+2)

(Pn+2 ‘pn 1’ (Pn+2

[ ( n+2 n+1)
p(yf;“ ,y:s: 11)] s [p (X$H'X$n+f1)
+p(var )

< [ +h"H+hM 2 4 RO g hm1dp < s
dyp 2 0as n—-ow
There {xgn} and{yﬂn} are chouchy

sequences.Since(X, p, E)is complete b- soft metric space.

There exist y, x,in (X, p, E) such that lim,, . x; =x

on %0

And lim,, .. y; =y,.. Thus by taking limit n — oo, in equation
we get

Xp=limy, x$ = lim,, . S[ Xg :st 1] =
1imn—>oo[ 1’ yﬁn 1] =

S(X,Y5) and

ys _limn—mo ygn

:limn—mo [YS,, 1'an 1] - llmn—mo[xﬁn 1!Y8n 1] S(an,YB)

Therefore x, = S(x,,ys)and y; = S(ys X,).-Thus S has
coupled soft fixed point in (X, p,E).

In next theorem we prove coupled soft coincidence fixed
point theorem for mapping satisfying generalized contractive
conditions with —monotone in an ordered soft b-metric
space.

Theorem2.2: Let ((X,p, E ),<) be a partially ordered set and
p: (X, p,E) x (X, p,E)= R be a soft b-mtric defined on X
with coefficient s > 1. Let 8: (X, p,E)— (X,p,E) and

S: (X, p,E)= (X, p, E)be two mappings such that
B(S(Xr¥;)-SCUg,Vs)) + B(S (Vs Xe)- S(Vs, Up)) <

ke {5 (Bxy Bu, ) +p(By; Bv) ;- (22.0)

for some ke [0,3) and for all Xg» Y5 Ugs Vs €(X, p,E) with
px, = Bu, and By, = Bv;.We further assume the following

hypothesis:

1) S(X x X)E B(X)

2) B(X) is complete

3) B is continuous and commute with S.

4) S has the mixed B-monotone property on X and eighter S
is continuous or X has the following property

a) If a non decreasing sequence and {xg}e
n
n
X, then {Xwn} < X,

b) If a non increasing sequence and {ygn}e

y; then {ygn} <VY;
If there exist two elements xgoyg0 in (X, p,E) with px <
S0, Ya,)
Bygo = S(y50: zpo)
Then S
and

B have unique a coupled soft fixed point that is there exist
aunique x, € (X, p, E) such that x, = S(X,, X,) = B X,

Proof: Letx,,Y; € (X.B, E) be such that PXg, <

S (x%, yﬁo) and By50 =S (y5 »Xoq ) Since S(X x X) = B(X),
We can choose x}DO,yéo € (X, pE) such that pxg
S(Xgy Y5, ) and Byg = S(y8  Xq,)-Again since S(X x X) =
B(X),we can choose X% y8 € (X, p,E) such that [?>x§0
S(Xg,Ys,) @nd By = S(¥5,, Xg,)-

Continuing this process we can constract two sequences

{xgn}and {ygn} in X.

+1 —
Such that Bxg" = S( xrq‘,o_ygo) (2.2.2)
n+1 — n n
And By8n+l = S(yao,x%) forall n (2.2.3)
Now we will prove that foralln > 0.
By, < BXort, (2.2.4)
BY;, = By (2.25)

We shall use the mathematical law of induction. Let n = 0.
Since qu,o < S(x%,yao) and By6 >S5 (yﬁo, %) and
BXg, = S(Xgy: Y3, ) and Bygo = S(¥;, Xg,) We have Bx,
Xg, and and By, > By;

That is (2.2.4) and (2.2.5) holds for all n = 0. We assume
that (2.2.4) and (2.2.5) holds for n> 0

As S has the mixed monotone property and Bx[‘pn<

Bxgt and
+1

Bys, = By: we get

Pt = (xgn,ygn) < S, yn ) and
SOLG) < S(¥, %, ) = BYi,

Also for the same reason we have

n+2 _ n+1 n+1) > n+1 n+1
BX(Pn+1 S( (Pn+l'y5n+1 - S(X‘Pn+1'y5 ) and (y5 n+1’ ‘Pn) -

S (ysn’x?v:l) = gy

dnt+1

From (2.2.2) and (2.2.3) we obtain BX"Jrl < px"*? and

Pnt+1
Byg:flz By”+2. Thus by mathematlcal induction we

conclude that (2.2.4) and (2.2.5) holds for all n=0.
Continuing this process one can easily verify that

BXo, < BXg, < BXG, < Px3, < .pxy < Pxpfl <
T (2.2.6)
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> By} = Pyptt =

1

BYs, = Bys, = BY;, = By3 -
(2.2.7)

Now if (x[‘p:jl,yg“l) =(xp,, Y3 )ithen S and B have coupled

soft coincidence point.

+1 \n+l i
So assume (x$n+l,yg 1) ;t(x?pn,ygn) for all n >0.i.e. we
assume that either

n+1 +1_ n
BX) = 06,0 ) # B, or Byt =S (y2 x5 ) # By}

Again let p and n be two positive integer such that p> 7
then we can write

p(px, B ) <
s{pepx;, poro}+ sfap o)) <
S{ﬁ( an an+l )} +¢2 {P( an+1 an+2 )} +

Pnt1 Pn+2

S G ) {p( B BXZn)}-

One2’ " Ongs
Similarly

5 (Byp, B2 ) <
{s(By6 B+ 5% {GYYL By} +
-Gy BYE )

Therefore
p(mx, B )+ (pv), B2, )
< sd, + $2dpyq + o
< sk"dy + s2Kk"idg + -

n 1
Sskdol_Sk

Hence {Bxgn} and{ Bygn} are two Cauchy sequences in X
and BX is complete.

5Pl
L+ g

—-0;asn - o

Thus there exist two soft point say X,, Y, in X such that
n — —

{wan} - BX(P =Q

and

that {Bxg } - Bxcp =& as n - . Hence S is complete and

S0

B{BX;™ } = B(S(BX) . BY2)) = S(BX) ,By2)

andp are commutative )

B(Q) =S(Q, &)  (Since S andp are continuous )

(Since S

Similarly we can show that B(Q) = S(, &) .Thus S(Q, §)
is point of coincidence for S and B.Again le we getthat

holds,by (2.2.6) {Bxi} is a non decreasing sequence and
sz - Q, therefore BX[‘p < Q for all n.Similarly by (2.2.7)

we get that { Bygn} is non increasing sequence and

By; — & sopy] > ¢ foralln,
then
P(BQ), S0, ) <sp

s(BC), BBX)™ ) +57 (Bﬁx[;:jl. s(@, f))

(P2, B ) + 57 (BCSOG, 5, ). 5(@.)

S(BC), BBXC ) + 5 5 (BCSCBXE,, Byl 1),5(2.9))

< (BCBBXI ) + 55 (BCS(BXG By} ). 5(2.9))
+ 55( (S, B3, ). 52,9

< (BCK), Bpx)™ ) + sk {B (BBx] ,B2) + 5 (BBYL, BC)}
(2.2.8)
Since B is continuous ,B ﬁxzn - BQ and BBygn - B& and

hence the right hand side of equation (2.2.8) becomes zero
asn - oo,

Thus B (Q) = S(Q, &), similarly we can show that
BE)= S Q).
p (B(Q),S(Q9)
F(B(),S(Q,9) +p(Be, Q)
= p(5(2,9,5@E Q)
+p(S(E,Q),5(Q9
< k{p{(BQ, BE) + p{(BE, B}
2p{(BQ, BE) < 2kp{(BQ,BE) — p{(BR BE) < Kp{(BQ, BE)

Since k< % ;
p{(B, BE) = 0. Thus BQ = P&, Hence S(Q, &) = S(Q) =
BE) =S, Q)

Finally
p(Q,p) < 55 (B ) + sp (Bxi:, pe) +
st (@pxg ) + sp(s(x) v2 ).5(29)

In the same way
p(EBO) < 55 (5 Byt ) + sp By, BE)
< sp(&pyrt)

Pnt1

+ sp(S(y1. x5 ). S Q)

Therefore
(1-ks?)[F(Q pQ) + (& O] < s {5 (. pxp ) +
pE,Byen+1ln+l+

§2 {(Bygn,ﬂ) + (BXQH,i)} 50 as — o

Thus p(€2, pQ) = 0= p(& pE)

&= pEand Q = pQ

BYs = S(Va¥s) = Y5

This means that S and B have a common soft fixed point.

3. Conclusion

In this paper the investigations concerning the existence of
coupled soft fixed point theorem for a contractive condition
with monotone property and B — monotony property in an
ordered soft b- metric space are established.
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fixed point

Abstract: In this article, we define compatible mappings of type (K) in intuitionistic fuzzy metric space and
prove a general Soft fixed point theorem with an application to self mappings on a full intuitionistic fuzzy
metric space. Our conclusion broadens and enhances earlier, related findings in the literature.

Keywords: Intuitionistic fuzzy metric space, weakly compatible, compatible mappings of type (K),Soft set,soft

Introduction

Functional analysis must include the
examination of soft fixed points. Studying
frequently occurring soft fixed points of mappings
that satisfy contractive type constraints has proven
to be a very fruitful field of research. The idea of a
fuzzy set was created in 1965 by L.A. Zade[11].
Following that, fuzzy metric spaces were introduced
by Kramosil and Michalek [13]. George and
Veeramani [1] used continuous t-norms to create the
idea of fuzzy metric spaces. In 1986, G. Jungck [5]
was the first to put forth the concept of compatible
mappings. By G. Jungck, P. P. Murthy, and Y. J.
Cho in 1993 [6,]. Compatible mappings of type (P)
were introduced by M. Kang

[7] and contrasted with compatible
mappings of type (A) and compatible mappings. In
1998,. The idea of compatible mappings of type (K)
in metric space was recently proposed by Jha et al.
[10], who also demonstrated that each compatible
mapping of type (K) is independent of the others. A
Preliminaries

common soft fixed point theorem for compatible
mappings of type (K) in intuitionistic fuzzy metric
spaces is established in this study with an
accompanying illustration. Molodtsov  [18]
introduced the idea of soft sets as a novel
mathematical approach for problem-solving. A
parameterized family of subsets of the full set is
what Molodtsov[1] refers to as a soft set. Each
element of the soft set is thought of as a collection
of nearby items, and the soft set is a parameterized
family of subsets of the full set. Numerous scholars
have been studying the foundations of soft set
theory during the past few years. A OR was
presented by Maji et al. [19]. They conducted study
and discussed the fundamental characteristics of
their methods. Pei and Miao [20] examined the
connection between information systems and soft
sets and redefined the terms intersection and subset
of soft sets. [21] with a focus on their fundamental
features. Soft matrix theory was introduced by
Cagman and Enginoglu [22]

Definition 2.1. [12] Any non empty set Y and B is a fuzzy set in Y is a mapping with domain Y and [0,1].
Definition 2.2. [1] A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if & is

satisfying the following conditions:
1. ¢ is commutative and associative;
2. <% iscontinuous;

3. pol=pforallace]|0,1];

4., poq<roswheneverp<randq<s,andp,q,r,s€[0,1].
Definition 2.3. [2] A binary operation * :[0, 1] x [0, 1] — [0, 1] is a continuous t-conorm if it satisfies the

following conditions:

1. is commutative and associative;
2. *is continuous;

3. p*0=pforall pe [0, 1];

4. p*q<r*swheneverp<randq<s, foreachp,q,r,s€[0,1].
Definition 2.4. [3] Let (Y,P, Q, *, ¢ ) be an intuitionistic fuzzy metric space.
1. Asequence {xn} in Y is called cauchy sequence if for eacht>0and P > 0, lim w—0 P (Yuwp,, t) = 1land lim

w—% Q (Yorp Yo, 1) = 0.

2. Asequence {yn}inY is convergenttoy €Y if lim w—w Q (Vusp,, t) = L and lim w—o Q (Yu+p,Yw, t) = 0.

3. foreacht>0.

4. An intuitionistic fuzzy metric space is said to be complete if every Cauchy sequence is convergent.
Definition 2.5.[10] The self mappings B and R of a fuzzy metric space (Y, P, #) are said to be compatible of type
(E) iff limw —o P(BBy., BRy,, t) =1, limw —o P(BBy,, Ry, t) =1,

limy ., P(BRys, Ry, t)=1and lim, .. P(RRy«, RBy,, t) = 1,limy_ .. P(RRy,, By, t) =1,

limy_ P(RRy,, By, t) = 1.
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Definition 2.6.[10] The self mappings B and R of a metric space (Y, d) are said to be compatibleof type (K) iff
limy_, BBy, = Ry and lim,_.RRy, = By, whenever {yw} is a sequence in Y such that lim,_.., By, =
limy_-Ry» =y forsomeyiny.

Definition 2.7 The self mappings B and R of a intuitionistic fuzzy metric space (Y, P, Q, *, ©) are said to be
compatible of type (K) iff lim,_., P(BBy., Ry, t) = 1 and lim,_., P(RRy., By, t) = 1, whenever {yw} is a
sequence in Y such that lim,_,., By, =lim._., Ry, =y for some x in Y and t

> 0.

Definition 2.10:[18]Let(Y,d) is a metric space and the set (F, B) is a soft set of Y is called null soft set and it is
denoted by ¢.iffor all € € B, F(g) = ¢. (empty set )

Definition 2.11:[19]Let (Y,d) is a metric space and suppose that the set (F, B) is a soft set
over (Y, d) is called absolute soft set. If for all ¢ € B, F(e) =Y.

Definition 2.12:[20]Let (Y,d) is a metric space and if the difference (F,A) of two soft sets (F,A) and (F,A) over Y
is denoted by (F,A)/(F,A)and is defined as

F(e) = H(e)\G(e) for all e € A.

Lemma 2.14. [16] Let (Y, P, Q, *,©) be an intuitionistic fuzzy metric space. If there exists a constant k € (0, 1)
such that, P(yw+2, yw+1 kt) > P(yw+1, yw , ), Q (yw+1, yw + 1,kt) < Q(yw+1, yw

,t) foreveryt>0andn=1,2,.. then {yw} is a Cauchy sequence in Y .

Definition 2.13:[21]For any two soft real numbers

1. p<q ifp (e) < q(e), foralle € A.

2. p=q ifp (e) > q (e), foralle € A.

3. p<q ifp (e) <q (e), foralle € A.

4. p >q,if p (e)>q (e), foralle € A.

Definition 2.14:[22] The complement of a soft set (P,B) is denoted by ( P, B)c and is defined by

(P, B)e= (P¢, B) whereF : B— Q(Y) is mapping given by (B) = Y— P(B) ,V B€ B.

Definition 2.15:[23] Let R be the set of real numbers and C(R)be the collection of all nonempty Bounded subsets

of R and C taken as a set of parameters. Then a mapping

A:H—B(R) is said to be a soft real set. It is denoted by (A,H).If specifically (A,H) isa singleton soft set, then

identifying (A,H) with the corresponding soft element, it will be said to a soft real number and denoted &, betc.

Let 0,1 are any two soft real numbers where 0(e) = 0,1 (e) = 1 for all e € H, respectively

Main Results

If the following requirements are met and B, K, L, and T are self mapping on a full intuitionistic soft fuzzy metric

space (Y, P, Q, *),

() CY) cT(Y, K(Y) c L(Y)

There exists k € (0, 1) such that for every X, ¥ € Y and t> 0,

P (C X, K¥, kt) > min {P (L%, T¥, t), P (CX, LX, t), P (Ky, Ty, t), P (CX, Ty, t), P (CXK¥, ), P (LX, K¥, 1)},
and

Q (CX, K¥, kt) <max {Q (LX, Ty, t), Q (CX, LX, t), Q (K¥, T¥, t), Q (CX, TV, 1),Q (Cx, Ky, 1), Q (LX, Ky,
}.

Kand T weakly compatible mappings.

Then C, K, L, and T all have a single common soft fixed point in Y if the pair of mappings (C, L) is compatible of

type (K) and one of the mappings is continuous.

Theorem 3.1: If the following requirements are met and B, K, L, and T are self mapping on a full intuitionistic

soft fuzzy metric space (Y, P, Q, *,),

() C(Y) €T (Y). K(Y) € L(Y).

There exists k € (0, 1) such that for every ¥,z € Yandt>0,

P(Cy

, K

, kt) > min{ P( Ly

' T

,t), P( Gy

 Ls

,t), P( KZ

Tz

o P(Cy Tz t)

1+ P(Cy ,Tz 1)
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P (Cy

, K X

, kt), (M) } and
1+ P(Ly ,KZ b)

Q(Cf’v Kiakt)Sma’X{Q(ij’Ti!t)lQ(GY!Li !t)'Q(Ki 1T§ lt)a
CQCY.TZ 1) y q(c .k k), (_QULY.KZ t)

1+ Q(Cy.TZ )

Yy VA
1+ Q(Ly KZ 1)

Kand T weakly compatible mappings. R
Then C, K, L, and T all have a single common soft fixed point in Y if the pair of mappings (C, L) is compatible of
type (K) and one of the mappings is continuous

Proof: Suppose ¥, be any random point in Y ,constracta {Z,} in Y
as ameans to Zpy-; = T¥e-1

=C¥p2 & Zop =L 20 =K $2041, ©=1,2,3,4 this can be done by (1),
By using contractive condition ,we obtain
P (Zawr1, Zaw+2, kt) = P (C 20, K§20041, Kt)
p (2203'*'1’ 2203'*'29 kt) z mln{P(LyZm T y2w+l > t): P( C?Z(m Ly2m+1 5 t): P(KSIZQ)H; T }N"Zu)—%-l 5 t): P(LSIZ(D )
K§
2m+1
0, __P(LP20 K20+l 1), I+ P(LF20 Ky2o+l t)
P (CR0.Ty20tl f)
1+ P ( Cy20,Ty20+1 ,t)
> min{P(Zzs , Zow+1 5 £)s P(Zowt1, Zowt1 5 1), P (Zowi1s Zowr1 5 1), P(Zaw , Zowr1 4 1),

P(20+1 . 220+1 ,t) 1+ P(220+1 ,220+1 ,t)
P (Ro Dol
1+P (22w,22m 1)

P (Zowt1, Zaws2, kt) > min{P(Zyq, , Zow+1 > 1), P ( Zowr1s Zowt1 5 1), P (Zowi1s Zowri > 1), P(Zaw  Zows1 o 1),
P(220t] 22w+1 t) P(220+1 ,Z220+1 1)

P (220 .Z20.t) 4

P (220,22w ,t)

P (2203+1, 2203+2, kt) > mil’l{P(izm , 22u)+l , t), 1, 1, P(zzw , 22u)+l y t),l,l }

P (Zowt1s Zowt2, kt) > P(Zag 5 Zoge1 4 1)

Similarly, we have P(izm , 220#1 , t) > P(izwfl , 22(0 , t) (1) So we get P(22m+2 . 22m+1 ) t) >
P(22m+1 s 2203 ’ t)

Also ,we get

Q(Zat1 5 Zowi2 > kt) = Q(CZyy , KZ311 ,Kt)

Q(Zawt1 » Zow+2 kt) <max{Q(Lyze ,T F20+1 5 1), Q ( CHaws L2041 5 1), Q (KF2w1, T F2041 4 1),

QL2
, Ky
2m+1
5, _Q(L20 Ky2o+l .t), 1+ Q(Lj2w Ky2w+1 ,t)
Q (CRo.TRo+l 1)
1+ Q ( Cy20,Ty20+1 1)

147
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< max {Q(ZZLO 5 z2u)+1 ) t): Q ( 220#1, szH 5 t), Q (22w+1a Zyp+1 » t)) Q (2203 5 ZZerl ’ t)u

O(22w+1 22w+l ) 1+ Q(z2w+1 Z2w+1 0
Q2w 22w1) }
1+ Q (2w,z22w 1)

Q (~22w+1, Zows2, kKt) < MaX {Q(22 w , Zow+1 ), Q (Zowsts Z2 w1 1), Q (Zowss, Zows1, B),
Q(ZZm

22w+l
O(z22w+1 22w+l 1) Q(z2w+1 Z20+1 0

QQw 2wt

Q (Z22w,z22w 1)

Q (Zzw+1, Z2 w+2, kt) < {Q(Zz w1 Z2w+1 t). 0,0, Q(Zz ® 1 Z2 w+l, t),O,O } Q (Zzw+1, Z2 w+2, kt) < Q(Zz ® v Z2w+1
t)

Similarly we have

Q(%Zw y 22w+1 s t) < Q(%Zw—l y EZw ’ t) (2) So we get Q(22w+2 ’ 22w+1 5 t)ﬁ Q(22w+1 ’ 220) ’ t)
From (1),(2) and (2.13), We comprehend that {z } is a Cauchy sequence in Y .

But (Y, F;, (j,*, ©) is complete,So there are a soft point Z in Y .Such that {Zo} — q. Also we have

{Ch202}: TV 201} 1LY 20} {KY 201} — G

Since (C, L) is compatible of type (K) and one of the mapping is continuous. So using (2.15),We obtain Cq. = Lq.
(©)

Since CiY) c TiY) ,Then one can find a point ¥. in Y~, asameansto Cq.=T¥.
Now by contractive condition, we obtain

P(C§,K¥,kt) >min {P(L,T¥,t),P(C3,L¥,t),P(K¥,T¥,1), PLIK%D
1+ (Lg.v.t)

P(CGKT,p), Pesrd 1y
1+ (€49t

= min { P(C4,C4,t),P(C3,Cq,0),P(K¥.C4,1), PCo*d

=+ (Cqvt)

. P(C3.Cq,p), Pledr™  }

1+ (Cq,9,t

=min { P(C4,Cq,t),P(Cq,Cq,1),P(K¥,Cq,t), P(KV,Cq,t) ,P(CG,Cq,1), P(KV,Cq,t) }
P(Cq,K¥,kt) > P(C3,K¥,t) (4)

Also ,we obtain

Q(C.K¥.kt) < max {Q(LE,T¥,1),Q(C,L¥,t),Q(K¥, Tv,p), WK
1+ Q(LG,Kv,1)

,Q(C4,K¥,1), Q(CE, T 3
1+ Q(Cq, TV t

= max { Q(C3,Cq,0,Q(C,C3,t),QKV,Cq,t), A+
1+ Q(Cq,Kv,t)

,Q(CE,Cq,t), AER

1+ Q(Cq,Kv,t
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=max { Q(Cq,Cq,1),Q(Cq,Cq,1),Q(KV,Cq,1), QK¥,Cq,1) ,Q(Cq,Cq,n), QKV,Cq.t) }
Q(Cq.K¥.kt) < Q(Cq,K¥,t) (5)

Now from (4) and (5) and Lemma (2.14), We obtain Cq = KV

Thus we obtain Cq = Lq =Kq =Tq (6)

Toprove Rq =q

P( Cq, Kzppr1 kt) =min {P(LG, Tzo+1 , t) , P(CQ, Lzawi1, ) ,P(KZow1, TZopr1s t ),

P(L3.Tz22w+1 ,t) 1+ P(Lq,Tz20+1 ,t)
, P(Cq, Kz
2m+1
0, P(Cq.Tz2mw+1.t) }
1+ P(Cq,T22w+1,t)

let as n — oo, we obtain

P(C4, 4,kt) > min {P(Lg, 4,1),P (Cq, 4.t ),P(q, §,t), "4

1+P(L,4,t)
L P(C, g, P9 3

1+P(Cq,q,t) .
P(C4, 4,kt) = min {P(L4, §,t), P (C§, §.t), I, P(Ca.G.0
1+P(C3,4.t)

L P(C, ), P9 3

1+P(C4,d,t)

P(C4, 4,kt) = min {P(Cq, §.t),P (Cq, 4,t).1, PCa49
1+P(C3,4.t)

, P(Cq, g, P9 3

1+P(C3,4,1)

P(Cq3 q’kt) = min {P(Cq’ q’t)9P (Cq3 qﬂt )31 31 b P(CCNL q;t)ﬂ 1 }
P(Cq, g.kt) =P (Cq, q.t) (7)

Q( C(ia KZZ(D+] kt) S max {Q(Lq: TZZ(»H 5 t) s Q(C(NL L22w+11 t) aQ(KZZ(x)Jrlu T22m+], t)n

O(La,TZZ(D+1 .,t) ,Q(C4, Kz
1+ Q(L3, T220+1 Lt)

let as n — oo, we obtain
2m+1

) Q(C4a.T22m+1.1) 3
1+ Q(Cq,Tz22m+1,t)

Q(CG, gkt smax{Q(Lg, &), QCG, G1), QG g0, 4+
1+Q(Lg,q,) i

, Q(Cq, 4,1), Q(Cq,4,0) }

1+Q(C4,q.1)
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Q(Cg, §.kt) = max {Q(Lg, 4,t), Q (C, §;t ), 0, X+ Q(Cq, 4.0, QACae0 3
1+Q(CLEY  1+Q(CEG.t)

Q(Cq, §, kt) = max{Q(C4q, §,t), Q (Cq, g,t), 0, ¥ Q(Cq, gt), ¥ }
1+Q(Cg,4,1) o o o

Q(Cq, g, kt) = max {Q(Cq, 4,1), Q (€9, 4,t),0,0,Q(Cq, §,1), 0 }

1+Q(Cq.q.1)

Q(Cq, q.kt) <max Q(Cq, q,t)  (8)

Now from (7) and (8) & lemma 2.14, we obtain
Cq=4q
That being the case ,we obtain Cq =Lq = So q is a comman soft point of C and L.

As well we obtain KV =TV =q (10)

Since K and T are weakly compatible ,we have T K¥ =K TV.

So from (6),we obtain Tq =Kq Again ,we obtain (11)

P(Cz

202

, Kq, kt)> min{ P(Lz
202

,Tq,t),P(Cz

202

L3, 0),P(KG, TG0, P(CR20-2 ,Td,t) '
1+ P(C220—2 ,Tq,t)

P(CZ

202

, L, 1), P(C2200—2 .Tq.t) }
1+ P(C20-2 ,T3.0)

Taking limit n — oo ,We have o
P(q . Kq, kt) > min { P(q,Tq,0, P . Ld, 1).P(K,Tq,p), "4

1+ P(q,T.t)

P(q, Kg, kt) > min { P(§,Tq.0), P(@ , Tq, .P(TG,Tq,p), "4 1%

PG, Tg, p, "y

1+ P(q,Tq,t)

,P(Tq, Tg, 1), P@-T 3

1+P(q,Tqt) 1+ P(q.Tq,n

P(§, Kq, kt) > min { P (§,Tq,t), P (q, Td, t), 1,P(q,Tq, 1), 1,P(3,Tq,t) }
P(g, Kq, kt) >P(q,Tq,t) (12)

As well ,we obtain

Q(Cz Q(Cz
150
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20—2

202

, Kq, kt)< max  {Q(Lz

, L3, 9), Q(Cz2200—2 . Tq.t) 3

1+ Q(CRw-2 ,Tq.t)

20—2

;Tq,0, Q(Cz

2002

. L, 0.Q(K§,Tg.p), 422 189
1+ Q(CR20-2 ,T§.t)

Taking limit n — o ,We have o
Q(d, K3, kt) < max{Q(3,Tq,0), PG , L4, 1,Q(Kg,Tg,p), 21
1+ Q(q,Tq.0)

Q({ , K, kt) <max {Q(q,Tq,t), Q@G , Tq, t),Q(Tq,Tg,t), 241
1+Q@.TqaH

,Q@, Tg, 1), 2410 3

1+Q(q.,Tq,t)

, Q(Tqq, T, t), _2@-T4 3
1+ Q(q , Tg,t)

Q(q, Kq, kt) =max {Q(q,Tq.,), Q(q , Tq, 1), 1,Q(4, Tq, 1), 1,Q(q,Tq, )}

Q@@,Kq ,kt) < Q(q,Tq,t) (13)

Now from (12) and (13 ) and Lemma( 2.14)

Since we have Tq =Kq =q (14)

That being the case ,we obtain ¢ is a ordinary soft fixed point of C,K,L and T. For Uniqueness

Suppose t be the another ordinary soft fixed point then Cf = Lf = Kf Rf = T

P(C4, Kr, kt) > min {P((L§, T, t), P(Cq, L, t), P(Kr, TF, t), P&
1+ P(C§,TE 1)

, P(Cq, Kf, t) , P(Lq,TL,t) }

1+P (L§,Ti )

P(Cg, Kr, kt) > min {P((Cq, KF, t), P(Cq, Cr, t) , P(Kr, KF, t), "+

1+P (C§,KFb)

,P(CQ, KF, 1), "0y

1+P (Lg,KT1,t)

P(C§, Kf, kt) = min {P((CG, Kr, t), P(Cq, Cf, ) , 1, , P(Cq, K, t) , P(Cq, Kr, ), P(CG, Ki, t) }

(Cq, Kf, kt) > P((Cq, Kr, 1) (15)
As well we obtain

Q(Cq, Kf, kt) <max {Q((Lg, Tr, t), Q(Cq, L, t) , Q(KF, T
L9 Q(Cq.T1.t)

1+ Q(Cq, TL.t) o

,Q(Cq, Kf, ), T 3

1+Q (L§,TE t)

Q(C4, K, kt) <max {Q((Cq, Kf, t), Q(Cq, Cr, t) , Q(KE, Kr, t), ACHKR)
1+Q (C§,KE, 1)
}
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Q(C§, Kf, ), QCakKED
1+ Q(Lg,Kf,t)

Q(Cq, K1, kt) <max{Q((Cq, K
, 1), Q(Cq, Cr, 1), 0, , Q(Cq, K7, ), Q(Cq, K
, 1), Q(Cq, K, 1) }

Q(Cg, Kr, kt) < Q((Cq, Ki, t) ~ (16)
From (15),(16) and Lemma( 2.14)
We obtain Cq =Kq ,This implies Cq = Cr ,and q is a unique soft fixed point.

Remarks: Our result is also true for the pair of
mappings (A, S) is compatible of type (E) in place
of compatible mapping of type (K). Our result
extends and generalizes the results of M. Verma and
R.S. Chandel [13], Jha et al.[11] Manandhar et al.
and improve the result of Manandhar et al. [10].
Also, our result improves other similar results in
literature.
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Abstract

Objective/Aim: To demonstrate the existence and uniqueness of fixed points for self-maps
in b-metric spaces, we utilized a generalized @-weak contractive condition that incorporates cubic
terms of d(x, y), along with the weak compatibility of two mappings within the context of b-metric
spaces. Our findings include the proof of various fixed point theorems for a self-map, as well as
common, point theorems for two mappings, accompanied by appropriate examples to substantiate the
established results. The innovative aspect of our work lies in proving the existence of fixed points for
mappings that meet generalized @-weak contractive conditions with cubic terms of d(x, y) in b-metric
spaces, a result that has not been previously established by others. Furthermore, our results serve to
extend,discribe and generalize the findings of Dutta and Choudhury, Murthy and Prasad, Hao and
Guan, Jain and Kaur, Petru, sel, A. and Petru, sel, J., Peng et al., among others.Ues for other fixed
point theorem and improve with work.
Mathematics Subject Classification: 54H25,47H10.
Keywords: Fixed Point, b-Metric Space, a—Weak Contraction, Generalized u—Weak Contraction,
Weakly Compatible Mapping, Soft Set, Soft Fixed Point.

Introduction

Fixed point Theory is one of the most important and useful tool in many branches of
Science, Economics, Engineering and Computer Science, etc. The majority of applied
mathematics problems reduce to fixed point problems. The famous Banach contraction principle
proves the existence and uniqueness of fixed points for a contraction mapping in complete
metric space. It has been generalized by many researchers by finding fixed point of single map
or common fixed points of two or more mapping in various spaces satisfying various contractive
conditions which are either commuting or weakly commuting or compatible or weakly
compatible etc. In the development of various metric spaces, one of the significant

generalizations of metric space is b- metric space introduced by Bakhtin(Din 1989. Afterwards,

Czerwik(g)proved some fixed point theorems in b-metric spaces in1993.

Theorem1.1: “ Let (Z, d) be a complete metric space and S be a ¢ — contraction mapping on a Z . i. e
d(Sp ,Sq)< ¢ { d(p, q)} for all p, q € Z where @: [0,00 ) = [ 0,00 ) is an upper semi-continuous
function from right such that 0 < @ (t)< t for all t > 0. Then S has a unique fixed point.”

In 1997 Alber and Guerre-Delabriere introduced @ — weak contraction and proved the
following.

Theorem1.2: Let (Z, d) be a complete metric space and ¢ — weak contraction mapping on Z. i.e.,
d(Sp ,Sq)= d(p, q)
continuous function from right such that

- {d(p, q)} for all p,q € Z, where @: [0,00 ) > [[ 0, % ) is an upper semi-

@ (t) > 0 for all t > 0and @ (0) = 0 . Then S has a
unique fixed point.

Theorem 1.8 : Let (Z, d) be a complete metric and S be a self map of Z satisfying the following condition:

[1+rd(p, q)] d2(Sp,Sq) <rmax {3 [d? (pSp) d(q,Sq) +d(p.Sp)d?(,5q),[d(pSp)d(p,Sq)

d(q,Sp)], d(p, Sq) d(q, Sp) d(q, Sq)}
Where

k(p.q) =

Creative Commons (CC BY-NC-SA 4.0)
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max{d?(p, q), d(p, Sp)d(q, Sp), d(q,Sp)d(p,Sp), 3 [d(p, Sp)d(p,Sq) + d(q,Sp)d(q,5),]}

In the present paper, we generalize the above result in the setting of b-metric space and extend our result for a pair of weakly
compatible self mappings in b-metric space. We also obtain some suitable examples to justify the proven results. Our results

extend and generalize the results of Dutta and C}loudhury(13), Murthy and Prasad(lg), Hao and Guan(7), Jain and Kaur(S),
Petrusel, A. and Petrusel, J.(IO), Peng et. al.(1)etc.

Preliminaries:
We now give some known definitions and standard notations which will be needed in the sequel:

Definition2.1

Let a nonempty set Z and let s>1 be a given real number. A function d:ZXZ—[0,%) is said to be b-metric if the following
conditions hold good:

(1)d(g ,h) =o0ifand only if g = h.

(2) d(g ,h) = d(h, g).
(3)d(g ,h) < s[d( g ,r)+d(r,h)], forall g, hand r € Z.

Then (Z ,d ,s) is called a b-metric or metric type space.

Definition 2.2
“The b-metric space (Z, d, s) is called complete if every Cauchy sequence in z is convergent in Z.”

Definition 2.3

“Let (Z, d, s) be a b-metric space and S, T:Z—Z be two mappings. The mapping S and T are said to be weakly compatible if they
commute at their coincident points, i.e., TSp = STp whenever Sp = Tp.”

Main Results:
Theorem 3.1.
Let (Z, d, s) be a complete b-metric space and T be a self-map of Z satistying

C1 4 rd(p, )] d2 (Sp,SQ) < Imax {1 [d% (pSp) d(aSq) + d(pSp) d%(aSa) ZB 1 i, Sp) d(p, Sq) d(q, Sp) +

"1+ d(q,Sp)
—LOSD 40, 50y d(q,5p) d(q,5q) } + m (p, q) — @{m(p, q)} (8-1.1)
1+d@Sasp WP ’ ’ ’ '
Where
k(p, (1) -
2 d? (q,Sp)
max{d?(p, @), d(p, SP)A(q, SP) ;g s
1 & (asp) __ @Sy
d(q,Sp)d(p,Sp), 5 [d(p,Sp)d(p,Sq), (1+ d(q'sp)) + d(q,Sp)d(q, Sq), (1+ d(p,Sp)(q,Sp))]}

r = 0 is a real number and ¢:[0,%0)— [0,%0) is a continuous function with ¢ (t) = 0 if and only if t = 0 and ¢ (t) > 0 for each t >
0. Then, T has a unique fixed point in Z.

Proof: Let pg be an arbitrary point in Z.We define a sequence {py}in Z ppy1= T py, n = 0. (8.1.2)

If ph= Pn+1, for some n, then, T has trivially a fixed point. Therefore we assume that

Pn# Pn+1 for all n€ N .For convenience

d(pn,pn+1) =d, (313>
First,we show that {d,} is a monotonically decreasing sequence, i.e,, dptq < dp.
Casel: Ifnis odd. Taken = 2m-1. We prove that d; < djp_1.
Now taking p = pam—1,9 = P2m 1n equality (3.1.1)
1
we have [1+ r d(Pam-1,P2m)] d*(P2m-1,5P2m) < g max > [d* (P2m-1, SPzm-1) d(P2m» SP2m) +

d2 (pZmrSpZm—l
"1+ d(P2m/SP2m-1)

1,d(P2m-1,5P2m) d(P2m>SP2m) d(P2m> SP2m) } + M(P2m-1, P2m) -

d(P2m-1,5P2m-1)d*(P2m-SP2m) J,[d(P2m-1,5P2m-1)d(P2m-1,5P2m) d(P2m-SP2m-1) +

d? (P2 m SP2m-1)
1+ d(P2m:SP2m-1)d(P2m-1.S P2m

@ [m(P2m-1, P2m)]
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Where
d*(P2m-1,P2m)> A(P2m—-1, SP2m—-1)d(P2m, SP2m-1)
d? (pams SP2m-
(M):d(pvaszm—1)d(p2m—1'5p2m—1)'

1+ d(P2m,SP2m-1)
r 42 (P2m:SP2m)
2s [d(P2m-1, SP2m-1)d(P2m-1, SP2m) (1+ d(pZm'SPZm))

d* (P2m-1,SP2m) ) }
1+ d(P2m-1,SP2m-1)d(P2m-1,5P2m)

K(p2m-1, P2m)= max

d(P2m; SP2m-1)d(P2ms SP2m) » (

Now using Inequality ( 3.1.2)
1
1+ r d(P2m-1, P2m)] d® (p2m, P2m+1) < E max  { B [d? (P2m-1 P2m) d(P2m> P2m+1) + d(P2m-1, P2m) d* (P2m, P2m+1)
d? (pZm’pZm) d? (P2m/P2m)
1+ d(PZmIPZm) 1+ d(pzm'sz)d(sz—psz

d(P2m> P2m+1) }+ M(P2m-1, P2m) - @ [M(P2m-1, P2m)_

Jo [ d(P2m-1,P2m) d(Pzm-1,P2m+1) d(P2m, P2m)+ 7,d(P2m-1, P2m+1) (P2m> P2m)

d? (P2m, P2m) )
1+ d(p2m, Pzm)

—

( d*(P2m+1,Pzm), d(P2m-1, P2m)d(P2m, P2m) (
,d(P2m) P2m) d(P2m-1, P2m),

k 1 = max d? (pam. )
(P2m-1, P2m) ZT_S [d(P2m-1,P2m) dP2m-1,P2m + 1 (ﬁ;;_) + d(Pzm, P2m+1)s

( d? (P2m-1P2m+1) )
1+ d(P2m-1,P2m) d(P2m-1,P2m+1)
1
[+ r dpm—q ] dipy < E max {7 [d3m-1 dom+ dom-1d3m , O, 0, O}+ m(dom—1,dom) - @ (dzm-1, dom)]
(3.1.4)
Where

k(P2m-1, P2m>) = maX{d%m—p d5y-1 dom dam O, i [d3m-1 d(P2m-1,Pzm+1), 0 ,0]}

k(P2m-1, P2m) :max{d%m—lt d3m-1 dzm dom O, ZLs [d3m-1 r(d3m—1 + d3m )0 '0]}
[By triangular inequality of b-metric space]

Ifd?2m_1 < dom

Then

m(p2m _ 1 P2m) < max { d3m 0,0, d%m} =d3y,

So Inequality ( 3.1.4) becomes

A2+ 1 A3y By < S max {5 [d3my By + dBiy d3m 7,00} + B — @(d3m) -
<rd3_, diy + ddn - (d3n) -

Which gives (p(d%m) < 0, a contraction .

Thus d3, < d3;,_1

Case 2 : If nis even, taking n = 2m and p = pypy

q = P2m+1 in Inequality (1) and proceeding as above we can easily obtain that d3 1 < A3
Therefore ,{d,} is a monotonically decreasing sequence of non-negative real numbers and convergent.
Let logn e dp=k for some k = 0 (3.1.5)

We assume that k = 0. Using Inequality (3.1.1), we have

1 ~
C1+ v d(Pn, Pnt1 )] 4% (SPn,SPns1) < = max ~[d? (Pn,SPn ) d(Pn+1,S Pn+1) + d(Pn,SPn )
S 2

2 d® (Pp, 1.5Py . d* (Pn+1,5Pn)
d (pn+17spn+1):1+ d(an,Spn)j’Ed(pn ,>Spn ,) d(pn,S pn+1)d(pn+1yspn ) it d(Pn+1,5Pn )d(Pn S Pni1)

d(pn+1rs pn+1) } + m(pn ) pn+1) - Em(pn > pn+1)]

Js d(Pn-SPn+1) d(Pn+1,5Pn)

1
[+ 1 d(Pn, Pos1 )T €% (Pasr Pre2) S ¢ max 5 [d® (pnpn+1) dpn+1s Pnve) + AP Pn+1) @2 (Pnt1s Pnte )

s
) d? (Pn+1 ,Pn+1)

d? (Pn+1.Pnt1
et Bost 5 [4(py, pry41) (P Picre) APt 1, P 1) +ygp e

"1+ d(Pn+1,Pn+1
d(pn, Pn+2) dPn+1> Pn+1) d(Pn+1> Pn+2) } + m(Pn.Pn+1) - @ [M(Pn,Pn+1)]
This implies that
1
(1+rdy) diy < Emax {3 [df dns1 +dnd341,0,00 3 +m (pppn+1) - @ [m (Pn.pn+1)] (3.1.6)
Where
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( d*(pn, Pn 4 1), d(Pn, SPn)d(Pn 4 1.SPn) )
d* (Pn_ 1,5Pn)
(m) »d (pn 4 1,Spn)d(pn, Spn),
T d® (pp, 1,5Pn)
— [d(Pn, SP)d(Pn, Spn 4 1), (FraniPol d(pmspn)) +
d® (Pp.SPn 1) ) J
1+ d(panPn)d(pn+1vSpn)

k( pn, pn+1) = max

\d(Pn 4 1.5p)d(Pn 4 1.5Pn 4 . (

( d*(pn,Pn 4 1),d(Pn, Pn 4 1d(Pn 4 1.Pn 4 1) )
d? (py  1.Pn, 1)
— n 1rn 1/
(1+d (Pn+1lpn+1)) ,d (pn +1Pn 4 1)d(pn, Pn + 1
max r d* (pp, 1.Pn 1)
— — n, rn 17
25 [d(Pn, Pn + 1)d(pn. Pn + 2), (1+ d(Pn+1»Pn+1))
k d? (Pp.Pp , 2) ) J
1+ d(pnvpn+1)d(pn+1'pn+1)

+d(pn + 1Pn 4 1)d(pp + 1LPn 4 2), (

Now, using triangle inequality of b- metric space, taking limit as n = o and using Inequality (3.1.5) we have

< max{drzv 2_rs [dn d(Pn, Pn + 2) 0, 0.}

1
lognw K(pnopn 4 1) < max{l 35 [ 0+ 0,00 _p2 (51

Now taking limit as n = o in inequality (3.1.6) and using Inequality (8.1.7) we have
(1+1)k2< DI +k2-gk? <rk® + k2 - (k?)
Which gives @(k?) < 0, which implies thatk = 0.
Therefore,
limdy = lim d(pn,pn 4 1) = 0 (8-1.8)
Now , we show that {p,} is a cauchy sequence in Z. Let m,n € N;m > n, then d(pn’ Pm)<s{ d(pn' Pn 41 ) +d(pn +1Pm )
} <sd(pnPn41)+s*{ d(Pn 4 1 Pny2)+dPn 4 2,Pm)}
SSd(pn,pn_|_1)*52‘Jl(pn_|_l,lf’n_|_2)+53Ol(lf’n_|_2,1°n_|_3)+ ------------
=sdy +5%dpsq1 F55dnsn Foeeri
Taking limit n— oo and using Inequality (3.1.8) we get limy,,d( pn Pm ) =0
Hence {pp} is a cauchy sequence in Z. But Z is a complete b- matric srpace and therefore there exists some p€ Z
Such that limy, e py = p (3.1.9)
Now ,we prove that p is a fixed point of S.

Replacing q by py in inequality (3.1.1),we obtain

1 d? (pn,S
C1 -+ rd(p, p)T A2 (Sp,Spn) < T max {5 [d (p.Sp) d(@Pnsr) + d(p:SP) & (PaPns1) i1y qmnss Ty [ d(p.Sp) d(p.Pns1)
d? (p,pn+1)
d(PnsSP) + T a5 d(p.pii;(pmsw 1, d(p,Pn+1) d(Pn,SP) d(Pn,Pn+1) § + m (P, Pn) —o{m(p,pn)}

1 d? (pn,S
C1+1d(p, Pa)] d? (S, Pns) <rmax {5 [d? (pSp) d(q,Spa) + d(p.Sp) d* (Pn,SPn) ,ﬁl
d? (p,Spn)
C d(p.Sp) d (p.SPn) d(Pn,SP) + T35, T tpspy » (P:SPn) d(Pn,Sp) d(Pn.SPn) } + m (p,Pn) - ¢{m(p,pn)}
(8.1.10)
Where
d? (pp,S
d2(p, pn), d(p, SP)d(pn, SP) 1P
1 d? ( nSp)
k(p, pn) = max{ d(ps, Sp)d(p,Sp), - [d(p,Sp)d(p, Spy), (#p;’p)) +
d2 (p,Spn
d(pn, Sp)d(pn, Spn), (1+ d(p,(Spp)I(]pj.Sp))] )
d? (pn.S
¢2(p, pa), d(p, SP)A(pn, SP) 7 gens  d(pn, SPA(P, SP), |
1 d? (pp,S
k(p, pn) = maxq 2= [d(p, SP)A(p, Pn+1), (ﬁpg)) + d(pn, Sp)d(pn, Spn)
( d® (P.Pn+1) )]

1+ d(p,Sp)(Pn,SP)

Now taking limit as n— 00 and using Inequality (3.1.8) and Inequality (3.1.9) we get
1My o K(P, Pn) = max{0,00 - [0,0+ 0,0]} =0 (8.1.11)
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Now taking limit as n— 00 and using Inequality (8.1.10) and Inequality (8.1.11) we have
1 +07d? (Sp,p) ngax {% [0+0,0, L0+ 07,0} +0 -@(0) =0
This implies that d? (Sp,p) < 0. Thus d? (Sp,p) = 0 and consequently, d(Sp,p) = 0

Thus Sp =p
Uniqueness: Let p and q be two fixed points of S.Then by using Sp = p and Sq = q ,inequality(1)
Reduces to
2 <r 109 2 d* (q,p) d? (p.g)

[1+rd(pg)]d” (p,q) < gmax {7 [d° (pp) d(a,q) + d(pp) d° (9.9) ;g oy DL APP) d (P.a) d(@p) +go2SeT, d(pa) d(g,p)
d(q,q) } + m (p, q) - @{m(p, q)} (8-1.12)

Where

d? (ap) 1 d? (a,p) a2 (p.q)

K(p.a)=max{d2(p, @), d(p, P)A(A, P) 1 g, d(a, PP, P), 52 [4(p, P)A(P, ) (Fgis) + d(a,P)d(a, ), (o=}
k(p,q) = max { d*(p,q), 0,0,d*(p, q), 0}
=d*(p, )

So Inequality (8.1.12) becomes

C1+rd(p,a)]d? (p,q) < Imax {0,0,0} +d(p,q) - @{d*(p,q)}
rd® (p@) < - o{d*(p.a)

rd® (@) + @d*(p.q) <o,

Which is only possible when d?(p,q) = 0.

This implies that p = q .

Hence S has a unique fixed point.

Now we furnish an example that shows the existence of a unique fixed point for a self map in complete b-metric space Z( Z is not a
metric space as shown in example 2.3)

Corollary 3.3
Let (Z, d, s) be a complete b- metric space and S be a self —map of Z satisfying
d?(Sp,Sq) < m(p.q) — @(m(p, ) ,
1
where M(p, q) = max {d?(p,q),d(p, Sp) d(q, Sq).d(p, Sq)d(q, Sp).5; [ d(p.Sq)d(p.Sq)+ d(q.Sp)d(q.Sq)1}
R = 0 is a real number and ¢ :[0,00 ) = [0, ,00) is a continuous function with @(t) = 0 if and only if t = 0 and @(t) > 0 for each t
> 0. Then S has a unique fixed points in Z.

Now we extend theorem 3.1 by finding a common fixed points result for two self maps using generalized ¢ — weak cotractive
condition with cubic term involving r in the setting of b-metric space.

Theorem 3.2 : Let (Z, d, s) be a complete b- metric space and L, M self maps of Z such that M(Z) < L(Z) and the pair {L,M} is
weakly compatible. Also,

1 d? (Lg,Mp)
[1+ rd(Lp.La)] d* (Mp,Mq) < max {3 [d* (Lp, Lp) d(La, Ma) + d(Lp, Mp) d (L, Ma) 55857, d(Lp.Mp) d (Lp, Ma)

d? (Lp,Mq)

d(La, Mp) +17 d(Lp,Mq)(Lq,Mp)

‘Where

71, d(Lp, Mq) d(Lq, Mp) d(Lg, Mq) } + m (Lp, Lq) —¢@{m(Lp,L q)} (8.2.1)

d? (LgM
d2(Lp, La), d(Lp, Mp)d(Lq, Mp) ;g

1 d? (Lg,M
k(Lp, Lq) = max{ d(Lg,Mp)d(Lp,Mp), - [d(Lp, Mp)d(Lp, Mq), (ﬁ)+ :

d? (Lp,Mq)
d(Lg, Mp)d(Lg, Mq), (1+ Ao Mp) (Lq_Mp))]

)

r = 0 is areal number and and ¢ :[0,00 ) = [0, ,00) is a continuous function with @(t) = 0 if and only if t = 0 and @(t)> 0 for each
t> 0. Then L and M have a unique fixed points in Z.

Proof : Let pg be an arbitrary point in Z. Since M(Z) € 1(Z) . Therefore we can find some p; such that Mpy = Lp; =q; .

We define a sequence {qn} in Z by q, = Mpy_1 =Lp,,n=0. (8.2.2)

For convenience, we write d(qp, qp+1) = dp (3.2.8)

First we show that {q,} is a monotonically decreasing sequence, i.e. dp4q < dy

Case 1: If n is odd. Take n = 2z-1 .We prove that dy, < dj,_1

Now taking p = p2;-1, q = gz in Inequality(8.2.1),we have

1
[1 + rd(Lp2z-1,1.q24)] d? (Mp2,-1,Mqy,) < Emax {; [dz (Lp2z-1,1p2z-1) d(L.d22,M0z;) + d(Lp2z-1,MpP2z-1) dZ(LQZz:MQZZ

dz (querpzz—l) dz (Lpzz—lquzz)
Tt Ao Mpar) J,0d(Lp2z-1,Mp2z-1) d(Lp2z-1,Md32z) d(Lg2;,Mp2,-1) 17 Ayt M) Ly Mpoa) 7, d(Lpzz-1,Mdzz)
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d(Lg22,Mp2;-1) d(Lq2;,Mqz;) } + m (Lpz,—1,1.42,) — @{m(Lp2,_1 , L q2,)}
‘Where

k(Lpzz—1,L.022)=

dz(Lp2z—1, Lq34), d(Lpzz—1, Mpaz—1)d(Lqz,, Mpy,—1)

d? (Lg22,Mp2z-1)
1+ AL Mpryy) d(Lazz Mpa,—1)d(Lpzs—1, Mpa,-1),

1
max s [d(Lpaz-1,Mp2z-1)

d? (Lg2zMp2z-1)
d(Lpz,-1,Mqy,), (%) + d(Lqgzz Mp2,-1)

d? (Lp2z-1,MQz;)
d(Lqu, MqZZ)' (1+ d(Lp2z—1,MPzz—1)(Lsz,MPzz—ﬂ)

Now using Inequality (8.2.2) ,we get

1 d? (d22.P2z
[1 + rd(p2z-1,d22)] d? (P22, A2z41) < Emax { 2 [dz (P2z-1,P2z-1) d(d22:922+1) + d(P22z-1,P22) dz(pZZ’qZZ+1) y% L
d? (P2z-1.922+1)

|
T
1 d@zz—v‘]zzu)(‘lzz»pzz)

d(P22-1,P22) d (P22-1,922+1) d(d22,P27) I, d(P2z-1.922+1) d(d22,P2z) d(d22,922+1) } + M (P2z-1,922) —

@{m(p2;-1,922)}
‘Where

1+ d(qz2,Mp2z)
1
k(Lp2z-1,1.q2,)= max d(d22, P22)d(P22-1,P22) » 7 [d(p22-1,P22)d(P22-1, A2241))

d? (d22,P22) d? (P2z-1,922+1) J
l(1+ d((lzz»pzz)) + d(qZZ; pZZ)d(qZZ' qu+1)! (1+ d(pzz—lrpzz)(QZZ‘pzz))]

d? (d22,P22)
dz(pZZ—quZZ)'d(pZZ—erZZ)d(qZZ’pZZ)L , l

Then

1
[1+rdp,—4]d3, < gmax {3 [0 +dp,—1 d5,, 01,00 +07,0} +m(Pry—1.027) — @{M(P2z—1,022)} (5.2.4)
Where

1

k(Lp2z-1,1.922) :max{d%z—ll 0,0, - [d2z-15(d2z—1 + do, )10:0]}
[By triangle Inequality of b- metric space ]
[fdy,—y <dg
Then
M(pzz-1,dzz ) < max {d3,, d3,,0d3,} =dj,
So Inequality(3.2.3) becomes
dZ, + rdz,d3, < max {3 [dyy d3, 000} —@{dZ,}
=r rde—ld%z + d%z - ‘P{d%z }
[dgz—l < d%z ’gives - (p{d%z } <- qj{d%z—l}]
Which gives dp; <dj,—

Case 2: If n is a even, taking n = 2z and putting p = pa,,q = daz4+1 in Inequality (3.1.1) and proceeding as above we can easily
obtain that dy,4q < dy,
Therefore {d,} Is a monotonically decreasing sequence of nonnegative real number. Now proceding as in 3.1 we can easily prove
that
limp,e d; = limy 0, d(qz, 9241 ) = 0 and {q;} is a Cauchy sequence in Z.
But Z is a complete b- metric space and therefore exists some q € Z such that
lim,,q, =q (3.2.5)
Since q € M(Z) € L(Z), therefore,there exist a point
v € Z such that q = Lv . Now we prove that Mv = q. For this replacing p by v and q by p, in inequality (3.2.1),

we obtain

+ rd(Lv, Lp,)] d? (Mv,Mp,) < Emax { % [d?(Lv,Lv) d(Lp;,Mp,) + d(Lv,Mv) d?(Lp,,Mp,)

d? (Lv,Mp,
At J d(Lv.Mp,) d(Lp,,Mv) d(Lp, Mp,)} +m(Lv.Lp,-p{m(Lv, L p,)} (5.2:6)

d? (Lp, Mv)

T+ d(Lp,MV) 7.0 d(Lv, Mv) d(Lv,

Mp,) d(Lp,,Mv) +

Where
k(Lv,Lp,)=
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d? (Lpz'MV)

1+ d(Lp,,Mv)
d? (Lp,,Mv) 5
1+ d(Lpz,Mv)) + d(Lpz: Mv)d(Lp,, Mp,),

( d? (Lv,Mp,) )]
1+ d(Lv,Mv)(Lp,Mv)

( d?(Lv, Lp,), d(Lv, Mv)d(Lp,, Mv) ,d(Lp,, Mv)d(Lv, Mv),]

max4 2—15 [d(Lv, Mv)d(Lv, Mp,), (

1 d? (q,M
[0+ 1d(0,0,)] 42 (MY, Q) < Tmax {5 [4%(0) d(02.041) + d@MY) d2(00.0001) g T d(@MY) d(0g41) d(d M)
d? (4,92+1)
T e D A(48z41) d(@2MY) d(Gz8z41) } + M (4.02) ~ @M, 62}
Where
d? (q,M
d(q,,), d(q, MV)d(a, Mv) 720

k(q,q;)= max d(q,, Mv)d(q, Mv), zis [d(q, Mv)d(q, 9z4+1),

d? (qz,Mv) d? (4.9z+1)
(1+ d(qz,MV)) + d(az Mv)d(dz dz+1), (1+ d(q,Mv)(qZ,Mv))]

Now taking limit as n— o0 and using Inequality (3.2.5), we get
d? (Mv,q) < Emax {0,0,0} + m(q,q;)
- {m(q,q,)}
where
K (q, qz) = max{ 0,0,0,0,0} =0
Therefore, K (q, q;) < 0, which gives ¢ = Mv
Hence Lv = q =Mv . Thus v is coincidence point of L and M . Now since {I,M}is weakly compatible, therefore LMv = MLv
Which gives Lq = Mq.
Now we claim that q is common fixed point of L and M. For this we replace p by v in Inequality(3.2.1)

. 2 T 12 mary N A2 d? (LgMv)
[1+rd(Lv,Lq)] d (Mv,Mq) < Smax { 2 [d* (Lv,Lv) d(Lq,Mq) + d(Lv,Mv) d* (Lq,Mq) Tr ey 7

d? (Lv,Mq)
Cd(Lv,Mv) d (Lv, Mq) d(Lq, Mv) +W‘;)(Eq.mw 7, d(Lv,Mq) d(Lq,Mv) d(Lq,Mq) } + m (Lv,Lq) —@{m(Lv,Lq)}
‘Where
( d?(Lv, Lg), d(Lv, Mv)d(Lq, Mv) -~ k2™ )

1+ d(Lg,Mv)

k(Lv,Lq)= max d(Lg, Mv)d(Lv, Mv), [d(Lv Mv)d(Lv, Mq),

d? (LqMv) % (LvMq)
(1+ d(Lq,Mv)) + d(Lq, Mv)d(Lq, Maq), (1+ d(Lv,Mp)(Lq,Mv) J

Since Lv = q = Mv and Mq = Lq ,Therefore

1 d? (L,
[+ rd(q, L] @ (qLa) < Tmax { [4* (qa) d(La, La) + d(g, @) & (La, La) Srgeins 30 d(g) d (aLa) d(Laa)
d? (qLq) _
Hraatoeey & 4@ La) d(La, q) d(Lg, Lq) } +m (q.Lq) - ¢{m(q, L @)}
Where
k(q, Lq)=
2 d? (Lq,q)
max{d®(q, Lq), d(q, Dd(La, D gess
d? (Lg,q) d? (qLq)

d(La, d(a,a), 3: (40 DA La), (Fres) + d(La, DdlLa, Lo). (Famat—)l}
k(q,Lq)= max{dz(q, Lg),0, 0, Z [0,0 + 0,0]} =d?(q,Lq)
Therefore,

d? (g, Lq) +rd® (g Lg) << .0+d* (q,Lq)

-o{d* (g L) }

This implies that

rd® (q,Lq) + ¢{d? (q,Lq) } < 0, which gives d(q,Lq) = 0 and hence q =Lq = Mq .
Thus q is common fixed point of L and M.

Uniqueness: Let ¢ be a another common fixed point of L and M . Then using Inequality (3.2.1) ,

we have
2
[1+rd(Le, Lq)] d? (Mc,Mq) < Tmax {3 [d?(Le.Le) d(LqMaq) + d(Le,Mp) d?(La,Mq) % 1, [ d(LeMe) d (Le,Mq)
d? (Lc,Mq)
d(Lq,Mc) o Ao Mey LMD 7,d(Le,Mq) d(Lgq,Mc) d(Lq,Mq) } + m (Lc,Lq) — @{m(Lc, L q)} (3.2.7)
Where
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k(Le,Lq)= max{d?(Le, Lg), d(Le, M)d(Lg, Mc)% , d(Lg, MAd(Le, Mo), = [d(Le, MOd(Le, Mq),(%)
d? (Lc,Mq)
d(Lq' MC)d(Lq' Mq)' (1+ d(Lc,Mp)(Lq,Mc))]}
[1+ rd(eq)] &2 (c,q) < max {5 [ (¢, ¢) d(q, )+ die, p) & (4, 6) iy g epggy HL(E ©) d(L @) d(q, ©) +7 oot T dc,
q) d(q, ¢) d(q, q) } + m(c, q) - @{m(c,q)} (3.2.8)
d2(c, ), d(c, )d(q,0) 7y, d(,)d(c, )

k(c, q)= max 1 & (ac &2 (¢

25 [d(c,d(c,q), (ﬁ;‘qz)) +d(q,9)d(q,q), (ﬁ)]
=d? (c.q)

Solving inequality (18),we have ¢ = q.

Consequently ,q is a unique common fixed point of L and M.

Now ,we given example in support of our theorem.

Conclusion:

In the present paper, firstly ,we have established a fixed point theorem using a generalized ¢ weak contractive condition
involving cubic terms of d(p,q) in the setting of b metric space and then we have generalized the results by finding a unique
common fixed point of two self mappings. The results proved in this paper generalized and extend various known existing results.
Further, some suitable examples are also given which show the generality of our proven results over the existing ones.
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Advances in Data Security in Cryptography

Mohit Shrivastava', Kanchan Mishra®*

Abstract

In the ultra-modern period, evaluation of networking and wireless networks within information and
communication technology has brought many changes to deal with this technology using internet,
growing strongly over the past several decades, data security has come a main concern for anyone
connected to the web. Data security ensures that our data can only be accessed by authorized recipients
and prevents any unauthorized access or alteration of the data. We punctuate the strengths and sins of
state-of-the-art ways, and conclude that, while no single approach is likely to approach as a tableware
pellet. Therefore, the key is to combine different tools and software approaches to work in confluence
using partitioned computing, where a computation is resolved across different cryptographic ways
precisely, so as not to compromise security. We punctuate some recent work in that direction. The
significant volume, rapid pace, and diverse nature of this data pose a security risk. Given the constraints
of loT devices such as low power and limited computational speed, traditional encryption methods like
DES, 3DES, and AES are too complex for implementation. Therefore, there is a necessity to create
lightweight encryption algorithms tailored for IoT devices to ensure secure communication and data
transmission within loT environments. Cryptographic and steganographic techniques are employed to
safeguard data transmitted over the internet.

Keywords: Cryptography, security, encryption, decryption, big data

INTRODUCTION

With cloud emerging as the dominant computing platform, secure data outsourcing, originally
described in significant data management challenge [1-10]. Initial work on secure computing focused
extensively on encryption techniques to allow operations to execute on the cloud. With the very fast
growth of internet technology, our lives are steadily led into a virtual world. We are going to live in an
imaginary space.

In the virtual realm, individuals have the freedom to engage in various activities such as shopping,
chatting, and working. Internet of things is an emerging domain which will be the main reason for
generating the Big Data. Big Data is also an emerging field and the latest topic of interest. loT devices
are increasing day by day, and the data being generated by them also increases as shown in Figure 1.
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LITERATURE REVIEW

1. Saini and Susan [11]: It has been observed that network and computer security represent a rapidly
evolving field within computer science, where the pursuit of secure computing is an ongoing
challenge. Courses in computer security primarily emphasize on algorithmic and mathematical
elements such as hashing methods and encryption. As hackers devise new ways to breach
network systems, educational programs adapt by introducing courses that address the latest attack
methods. However, these attack techniques quickly become obsolete as new security software
respond to them. The terminology and techniques in security are continually evolving, leading to
the emergence of new skills and practices in various domains such as business operations,
network optimization, security architecture, and legal frameworks.

2. Ina study concerning network security and cryptography, Tayal highlighted the increasing volume
of data generated daily by global organizations due to the rise of social networks and e-commerce
applications [12]. Consequently, ensuring secure data transfer over the internet has become a
significant concern. The growing number of internet users underscores the importance of employing
cryptography methods to address this issue. The paper offers a summary of different approaches
employed by networks to bolster security, including cryptography.

3. Qadir and Varol [13]: The research focused on symmetric encryption, utilized for encrypting
specific text or speech. In this investigation, the data intended for encryption undergoes initial
conversion into an encapsulated cipher format, rendering it indecipherable by a cipher algorithm.

4. Chachapara and Bhadlawala [14]: They explored secure data sharing through cryptography in
cloud computing, presenting a framework that employs cryptographic algorithms such as RSA
and AES. Among these algorithms, AES is identified as the most robust cryptographic method.
Within this framework, cloud users have the capability to generate keys tailored for various users,
each with different levels of permissions for accessing their files.

5. Orman [15]: The author noted that extensive debates and advancements are ongoing in the field
of cryptography. They emphasized the crucial role of hash functions in cryptography, which
assign a unique numerical value to each piece of data. As vulnerabilities in MD5 became apparent
over time, it sparked uncertainty regarding the appropriate design of hash functions.

6. Gennaro et al. [16]: They explored the concept of randomness in cryptography, highlighting that
a random process is characterized by unpredictable outcomes. The discussion emphasized the
significance of randomness in cryptography as it enables the generation of information that
remains inaccessible to adversaries, preventing them from learning or predicting it.

7. Preneel et al. [17]: The authors showcased the application of cryptography and information
security in the aftermath of the Snowden revelations, addressing issues such as mass surveillance
and the vulnerability of ICT systems. Additionally, they examined various methods through
which advanced attackers can circumvent or weaken cryptographic measures.

BACKGROUND OF SECURITY TECHNIQUES
Steganography

“Steganography derived from two Greek words ‘steganos’ which means either secret or covered and
‘graphein’ which means writing or drawing”. Which shows that steganography means secret notation,
secret delineation, covered notation, or covered delineation. About 2000 times agone, the Greek used
this fashion to transfer secret dispatches [ 18—20]. Steganography means hiding a secret communication
within another communication. Steganography is used to hide secret data into the non-secret data. The
train in which the secret data is concealed is called the carrier. After concealing the secret data, the
modified carrier looks like an original carrier. Some swish carriers are images, audio and video lines. In
steganography, we do not reckon the data, we simply conceal our data within image, audio or video lines.

Cryptography

Cryptography is used to make security. Cryptography is an important tool to cover the data. Our
computer word is secured by cryptographic hash function. When we shoot a dispatch, it is also secured
by cryptography fashion SSL [20-30].
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Cryptography concerns with confidentiality (No one can pierce the data except the person to whom
it may concern), integrity (No one can change or modify the data), and authenticate (sender and receiver
conform their identity). Cryptography is used to store and transfer the data in such a form that only
sender and receiver can understand it or reuse it. A meddler cannot pierce or understand that data.
Cryptography depends upon the algorithm and the key. Two main terms used in cryptography are
encryption and decryption. Encryption is a process to convert a plain textbook into cipher textbook and
decryption is the process to convert cipher textbook to plain textbook [31-40].

Featherlight Cryptography in Internet of Effects machines connected to machines or machines
connected to mortal to communicate or to shoot data. [oT bias have lower computational power, so we
need to design featherlight encryption ways to cipher the data. Featherlight Cryptography is used in a
constrained terrain like RFID markers, healthcare bias, and detectors. While developing Lightweight
Cryptography ways, we must have to take into consideration the software and tackle specification.

CRYPTOGRAPHIC SECURE DATA PROCESSING

Inimical and security models for the Cloud: Cryptographic ways are designed to deal with different
types of inimical public shadows, videlicet honest-but-curious (HBC) and vicious shadows. An HBC
inimical pall, which is considered extensively in numerous cryptographic algorithms, stores an
outsourced dataset without tampering, rightly computes assigned tasks, and returns answers; still, it may
exploit lateral knowledge.

To acquire significant insights into sensitive data, investigators focus on querying prosecution,
background information, and the scale of the affair. A vicious adversary may diverge from the algorithm
and may execute a task that he/she wishes (e.g., delete tuples from the relation). To ensure security in
HBC and vicious inimical models, IND-CKA and IND-CKA?2 are star security parcels, independently.
Further, to deal with securely streamlining and fitting data, forward and backward security parcels were
introduced. In this study, we discuss different inimical models and security parcels. Secret-
Participating-grounded Data Outsourcing Secret-Participating was constructed singly. In using secret-
sharing, the database (DB) proprietor divides a secret value into different fractions, called shares, and
sends each share to a set of non-communicating actors/waiters. These waiters cannot know the secret
value until they collect shares. Note that the threshold value c is often set to be greater than c to
accommodate potentially malicious adversaries which may attempt to alter the value of their shares.
We discuss fresh hypotheticals about the inimical model when using secret-sharing, e.g., the adversary
cannot machinate with all (or conceivably the maturity of) the waiters. Also, the adversary cannot
overhear on a maturity of communication channels between the DB proprietor and the waiters. Note
that if the adversary could either machinate with or successfully overhear on the communication
channels between the maturity of waiters and the DB proprietor, the secret-sharing fashion will not
apply [41-50].

Order-conserving secret-sharing (OP-SS), maintains the order of the values in secret-shares too. Due
to maintaining the ordering of values, chancing records with outside/minimum values using OP-SS is
trivial, while revealing ordering information to the adversary. In 2006, [37] introduced the first work
for data outsourcing using SSS and OP-SS for executing sum, outside, and minimal queries. Another
paper by [38]. using OP-SS for aggregation queries requires the DB proprietor to retain each
polynomial, which was used to produce database shares. The similar approach, suggesting Secret
Sharing Scheme (SSS)-based sum and average queries; still, they bear the DB proprietor to retain tuple-
ids of qualifying tuples introduced a new approach for searching over the secret-participated data
without taking help from the DB proprietor, utilizing the string-matching operation over the shares at
the garcon by applying a MapReduce job. In short, these results offer a limited form of selection or
aggregation queries, but overload the DB proprietor (by storing enough data related to polynomials and
completely sharing in a query prosecution), are insecure due to OP-SS, or reveal access-patterns. Recent
work, OBSCURE eliminates all similar limitations and provides a completely secure and effective result
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for enforcing aggregation queries with selections. OBSCURE exploits OP-SS, while OP-SS is not
secure (it is prone to background knowledge attacks, for case) [51, 52].

The way OBSCURE cleverly uses OP-SS, it prevents similar attacks by meetly partitioning data,
while still being suitable to exploit OP-SS for effectiveness. SMCQL and Conclave are two systems
that allow executing SQL queries among different DB possessors, while pushing most corridor of the
calculation in cleartext. Recent performances of Intel CPUs introduced SGX, a collection of
microarchitectural mechanisms aimed to cover third-party pall operations from the software mound of
an untrusted system. SGX allows us to produce a small, trusted prosecution terrain that is insulated and
defended from the rest of the system. For illustration, in the pall, SGX protects the calculation from the
operating system controlled by the tenant, but vulnerable to multitudinous operations, system level
attacks, and the hypervisor controlled by the pall. In addition to guarding against software attacks, SGX
provides encryption of enclave’s memory having law and data and integrity is defended by the CPU,
when the data leaves the last position of the caching scale. This protects SGX operations from tackle
attacks like memory poking. While running on the waiters controlled by the call, from a trust point of
view, SGX enclaves are effectively controlled by the customer. 1799 Failing of the being SGX
armature. Unfortunately, being executions of SGX are prone to a range of side-channel attacks that
exploit one of the microarchitectural factors of the CPU, e.g., branch target buffers pattern-history table
caches, DRAM row buffer, runner-tables, runner-fault exceptions, instructors, and academic
prosecution capabilities to exfiltrate sensitive data and occasionally the entire memory of the enclave.
Runner-fault attacks calculate on the operating system that is under control of the bushwhacker to
exfiltrate sensitive data from the enclave by driving runner-faults and tracking enclave’s memory
accesses at the granularity of memory runners. Branch shadowing attacks allow reconstructing control
inflow inside the enclave, and hence, secret data by covering all taken branches through a side-channel
in the branch vaticination unit. Cache based side-channel attacks allow bushwhackers to trace all
memory accesses within the enclave. Foreshadow and Meltdown-type attacks on SGX allow complete
access to enclave’s memory and registers. Unexpectedly, the side-channel attacks allow a bushwhacker
to reconstruct a significant bit of the sensitive dataset, frequently gaining complete access to it in
cleartext [53-59].

To illustrate the power of side-channel attacks, we bandy several recent case studies that is
cryptographic keys, graphical images, and sensitive genomic data from the enclave in a practical and
realistic script). Data Processing using SGX. Several recent systems surfaced to give secure data
processing in the SGX terrain. We give a literal perspective on the problem starting with TrustedDB
and Cipherbase, the systems that were first to use secure tackle and initiated the field of secure tackle-
grounded data processing. We also bandy recent systems, similar as Opaque Enclave, DBS, Health DB,
M2R, and VC3, that are erected to influence SGX. We give an overview of types of queries these
systems support, and bandy their advantages and limitations, and whether they give practical security
in the face of important side-channel attacks. We also bandy an ongoing microarchitectural work aimed
to address side-channel attacks in the coming generation of chips, and possible limitations of tackle
approaches. Eventually, we give an overview of possible system-position defenses and algorithmic
approaches, furnishing a secure terrain with SGX. Data Partitioning-grounded outsourcing being a
secure ways do not gauge to large-sized datasets. For illustration, on TPC-H Line-Item table, executing
a simple selection query took 1051 sec on 1 M rows using secret-sharing-grounded Jana and 89 sec
using SGX based Opaque on 6 M rows. Partitioned computing involves segregating data into sensitive
and non-sensitive categories, offering potential advantages by (i) eliminating costly cryptographic
operations on non-sensitive data, and (ii) enabling query processing on non-sensitive data to utilize
indicators. Similar indicators (that cannot be fluently supported alongside encryption-grounded
mechanisms in a non-interactive setting) are a crucial medium for effective query processing in
traditional database systems. Partitioned computing over sensitive/non-sensitive data has been
considered, especially, in cold-blooded shadows (e.g., Hybr Ex Sedic Prometheus Tagged-Map Reduce
SEMROD and where sensitive data stays at a private pall and only clear text non-sensitive data stays at
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a public pall still, do not generalize to partitioned computing in the public pall setting (where sensitive
data is stored cryptographically secure and non-sensitive data resides in clear text). Recent work
generalizes the partitioned computing approach at the pall. We bandy a new security challenge due to
contemporaneous prosecution of queries on the translated (sensitive) dataset and on the plaintext (non-
sensitive) datasets, and also, show the need to new security description, called partitioned data security.
We punctuate the significance of partitioned calculation at the pall by illustrating selection query
prosecution.

GOAL OF THE TUTORIAL

Outgrowth, intended followership, and duration. This study provides a check on data security and
sequestration by preamble reducing the state-of-the-art results from the security literature (especially,
secret-sharing-, secure tackle-, and data partitioning-grounded ways) that are particularly applicable for
databases. Experimenters, scholars, inventors, interpreters interested in data security and sequestration
should be served. We covered content for different cults, as 10 freshman, 40 intermediate, 50 advanced.
The duration was 3 h. We show that the being data outsourcing ways and systems are not enough if we
aim for systems that operate concurrently.

1. Are effective and general enough (i.e., support significant corridor of SQL) to be practical.

2. Offer sustainable security from the stoner’s perspective. Below, we give open questions in
different directions. We may suppose about how SSS-grounded results can be developed for
large-sized datasets, how they can support complex SQL queries, and how one can minimize the
number of shadows while doing all operations at the pall. In the face of multitudinous side
channel attacks, naive relinquishment of SGX does not give any practical protection. Some of
the challenges will be answered by unborn tackle but some will bear algorithmic and compiler-
position results to support effective memory and branch-unconscious calculations. To make
partition computing further practical, we need to find ways to execute queries (e.g., join and
nested queries) using partitioned computing. Another open problem is in changing how one can
classify the data into sensitive and non-sensitive data. Another open problem could be in finding
which types of cryptographic ways can be supported by partition computing.

CONCULSION

Data security plays a crucial role in safeguarding digital information from unauthorized access,
alteration, or deletion. As the volume of sensitive data stored and transmitted online continues to grow,
the significance of data security has escalated. The challenges and advantages associated with
technology in terms of data security and privacy are closely intertwined. While technology introduces
new threats and vulnerabilities, it also offers contemporary solutions. Through adopting effective
strategies, staying abreast of emerging technologies, and implementing robust security protocols, we
can ensure the resilient protection of data and privacy in our increasingly digitalized environment. As
technology progresses, collaboration among individuals, organizations, and policymakers is essential
to address challenges and capitalize on opportunities effectively.
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fixed point

Abstract: In this article, we define compatible mappings of type (K) in intuitionistic fuzzy metric space and
prove a general Soft fixed point theorem with an application to self mappings on a full intuitionistic fuzzy
metric space. Our conclusion broadens and enhances earlier, related findings in the literature.

Keywords: Intuitionistic fuzzy metric space, weakly compatible, compatible mappings of type (K),Soft set,soft

Introduction

Functional analysis must include the
examination of soft fixed points. Studying
frequently occurring soft fixed points of mappings
that satisfy contractive type constraints has proven
to be a very fruitful field of research. The idea of a
fuzzy set was created in 1965 by L.A. Zade[11].
Following that, fuzzy metric spaces were introduced
by Kramosil and Michalek [13]. George and
Veeramani [1] used continuous t-norms to create the
idea of fuzzy metric spaces. In 1986, G. Jungck [5]
was the first to put forth the concept of compatible
mappings. By G. Jungck, P. P. Murthy, and Y. J.
Cho in 1993 [6,]. Compatible mappings of type (P)
were introduced by M. Kang

[7] and contrasted with compatible
mappings of type (A) and compatible mappings. In
1998,. The idea of compatible mappings of type (K)
in metric space was recently proposed by Jha et al.
[10], who also demonstrated that each compatible
mapping of type (K) is independent of the others. A
Preliminaries

common soft fixed point theorem for compatible
mappings of type (K) in intuitionistic fuzzy metric
spaces is established in this study with an
accompanying illustration. Molodtsov  [18]
introduced the idea of soft sets as a novel
mathematical approach for problem-solving. A
parameterized family of subsets of the full set is
what Molodtsov[1] refers to as a soft set. Each
element of the soft set is thought of as a collection
of nearby items, and the soft set is a parameterized
family of subsets of the full set. Numerous scholars
have been studying the foundations of soft set
theory during the past few years. A OR was
presented by Maji et al. [19]. They conducted study
and discussed the fundamental characteristics of
their methods. Pei and Miao [20] examined the
connection between information systems and soft
sets and redefined the terms intersection and subset
of soft sets. [21] with a focus on their fundamental
features. Soft matrix theory was introduced by
Cagman and Enginoglu [22]

Definition 2.1. [12] Any non empty set Y and B is a fuzzy set in Y is a mapping with domain Y and [0,1].
Definition 2.2. [1] A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if & is

satisfying the following conditions:
1. ¢ is commutative and associative;
2. <% iscontinuous;

3. pol=pforallace]|0,1];

4., poq<roswheneverp<randq<s,andp,q,r,s€[0,1].
Definition 2.3. [2] A binary operation * :[0, 1] x [0, 1] — [0, 1] is a continuous t-conorm if it satisfies the

following conditions:

1. is commutative and associative;
2. *is continuous;

3. p*0=pforall pe [0, 1];

4. p*q<r*swheneverp<randq<s, foreachp,q,r,s€[0,1].
Definition 2.4. [3] Let (Y,P, Q, *, ¢ ) be an intuitionistic fuzzy metric space.
1. Asequence {xn} in Y is called cauchy sequence if for eacht>0and P > 0, lim w—0 P (Yuwp,, t) = 1land lim

w—% Q (Yorp Yo, 1) = 0.

2. Asequence {yn}inY is convergenttoy €Y if lim w—w Q (Vusp,, t) = L and lim w—o Q (Yu+p,Yw, t) = 0.

3. foreacht>0.

4. An intuitionistic fuzzy metric space is said to be complete if every Cauchy sequence is convergent.
Definition 2.5.[10] The self mappings B and R of a fuzzy metric space (Y, P, #) are said to be compatible of type
(E) iff limw —o P(BBy., BRy,, t) =1, limw —o P(BBy,, Ry, t) =1,

limy ., P(BRys, Ry, t)=1and lim, .. P(RRy«, RBy,, t) = 1,limy_ .. P(RRy,, By, t) =1,

limy_ P(RRy,, By, t) = 1.
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Definition 2.6.[10] The self mappings B and R of a metric space (Y, d) are said to be compatibleof type (K) iff
limy_, BBy, = Ry and lim,_.RRy, = By, whenever {yw} is a sequence in Y such that lim,_.., By, =
limy_-Ry» =y forsomeyiny.

Definition 2.7 The self mappings B and R of a intuitionistic fuzzy metric space (Y, P, Q, *, ©) are said to be
compatible of type (K) iff lim,_., P(BBy., Ry, t) = 1 and lim,_., P(RRy., By, t) = 1, whenever {yw} is a
sequence in Y such that lim,_,., By, =lim._., Ry, =y for some x in Y and t

> 0.

Definition 2.10:[18]Let(Y,d) is a metric space and the set (F, B) is a soft set of Y is called null soft set and it is
denoted by ¢.iffor all € € B, F(g) = ¢. (empty set )

Definition 2.11:[19]Let (Y,d) is a metric space and suppose that the set (F, B) is a soft set
over (Y, d) is called absolute soft set. If for all ¢ € B, F(e) =Y.

Definition 2.12:[20]Let (Y,d) is a metric space and if the difference (F,A) of two soft sets (F,A) and (F,A) over Y
is denoted by (F,A)/(F,A)and is defined as

F(e) = H(e)\G(e) for all e € A.

Lemma 2.14. [16] Let (Y, P, Q, *,©) be an intuitionistic fuzzy metric space. If there exists a constant k € (0, 1)
such that, P(yw+2, yw+1 kt) > P(yw+1, yw , ), Q (yw+1, yw + 1,kt) < Q(yw+1, yw

,t) foreveryt>0andn=1,2,.. then {yw} is a Cauchy sequence in Y .

Definition 2.13:[21]For any two soft real numbers

1. p<q ifp (e) < q(e), foralle € A.

2. p=q ifp (e) > q (e), foralle € A.

3. p<q ifp (e) <q (e), foralle € A.

4. p >q,if p (e)>q (e), foralle € A.

Definition 2.14:[22] The complement of a soft set (P,B) is denoted by ( P, B)c and is defined by

(P, B)e= (P¢, B) whereF : B— Q(Y) is mapping given by (B) = Y— P(B) ,V B€ B.

Definition 2.15:[23] Let R be the set of real numbers and C(R)be the collection of all nonempty Bounded subsets

of R and C taken as a set of parameters. Then a mapping

A:H—B(R) is said to be a soft real set. It is denoted by (A,H).If specifically (A,H) isa singleton soft set, then

identifying (A,H) with the corresponding soft element, it will be said to a soft real number and denoted &, betc.

Let 0,1 are any two soft real numbers where 0(e) = 0,1 (e) = 1 for all e € H, respectively

Main Results

If the following requirements are met and B, K, L, and T are self mapping on a full intuitionistic soft fuzzy metric

space (Y, P, Q, *),

() CY) cT(Y, K(Y) c L(Y)

There exists k € (0, 1) such that for every X, ¥ € Y and t> 0,

P (C X, K¥, kt) > min {P (L%, T¥, t), P (CX, LX, t), P (Ky, Ty, t), P (CX, Ty, t), P (CXK¥, ), P (LX, K¥, 1)},
and

Q (CX, K¥, kt) <max {Q (LX, Ty, t), Q (CX, LX, t), Q (K¥, T¥, t), Q (CX, TV, 1),Q (Cx, Ky, 1), Q (LX, Ky,
}.

Kand T weakly compatible mappings.

Then C, K, L, and T all have a single common soft fixed point in Y if the pair of mappings (C, L) is compatible of

type (K) and one of the mappings is continuous.

Theorem 3.1: If the following requirements are met and B, K, L, and T are self mapping on a full intuitionistic

soft fuzzy metric space (Y, P, Q, *,),

() C(Y) €T (Y). K(Y) € L(Y).

There exists k € (0, 1) such that for every ¥,z € Yandt>0,

P(Cy

, K

, kt) > min{ P( Ly

' T

,t), P( Gy

 Ls

,t), P( KZ

Tz

o P(Cy Tz t)

1+ P(Cy ,Tz 1)
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P (Cy

, K X

, kt), (M) } and
1+ P(Ly ,KZ b)

Q(Cf’v Kiakt)Sma’X{Q(ij’Ti!t)lQ(GY!Li !t)'Q(Ki 1T§ lt)a
CQCY.TZ 1) y q(c .k k), (_QULY.KZ t)

1+ Q(Cy.TZ )

Yy VA
1+ Q(Ly KZ 1)

Kand T weakly compatible mappings. R
Then C, K, L, and T all have a single common soft fixed point in Y if the pair of mappings (C, L) is compatible of
type (K) and one of the mappings is continuous

Proof: Suppose ¥, be any random point in Y ,constracta {Z,} in Y
as ameans to Zpy-; = T¥e-1

=C¥p2 & Zop =L 20 =K $2041, ©=1,2,3,4 this can be done by (1),
By using contractive condition ,we obtain
P (Zawr1, Zaw+2, kt) = P (C 20, K§20041, Kt)
p (2203'*'1’ 2203'*'29 kt) z mln{P(LyZm T y2w+l > t): P( C?Z(m Ly2m+1 5 t): P(KSIZQ)H; T }N"Zu)—%-l 5 t): P(LSIZ(D )
K§
2m+1
0, __P(LP20 K20+l 1), I+ P(LF20 Ky2o+l t)
P (CR0.Ty20tl f)
1+ P ( Cy20,Ty20+1 ,t)
> min{P(Zzs , Zow+1 5 £)s P(Zowt1, Zowt1 5 1), P (Zowi1s Zowr1 5 1), P(Zaw , Zowr1 4 1),

P(20+1 . 220+1 ,t) 1+ P(220+1 ,220+1 ,t)
P (Ro Dol
1+P (22w,22m 1)

P (Zowt1, Zaws2, kt) > min{P(Zyq, , Zow+1 > 1), P ( Zowr1s Zowt1 5 1), P (Zowi1s Zowri > 1), P(Zaw  Zows1 o 1),
P(220t] 22w+1 t) P(220+1 ,Z220+1 1)

P (220 .Z20.t) 4

P (220,22w ,t)

P (2203+1, 2203+2, kt) > mil’l{P(izm , 22u)+l , t), 1, 1, P(zzw , 22u)+l y t),l,l }

P (Zowt1s Zowt2, kt) > P(Zag 5 Zoge1 4 1)

Similarly, we have P(izm , 220#1 , t) > P(izwfl , 22(0 , t) (1) So we get P(22m+2 . 22m+1 ) t) >
P(22m+1 s 2203 ’ t)

Also ,we get

Q(Zat1 5 Zowi2 > kt) = Q(CZyy , KZ311 ,Kt)

Q(Zawt1 » Zow+2 kt) <max{Q(Lyze ,T F20+1 5 1), Q ( CHaws L2041 5 1), Q (KF2w1, T F2041 4 1),

QL2
, Ky
2m+1
5, _Q(L20 Ky2o+l .t), 1+ Q(Lj2w Ky2w+1 ,t)
Q (CRo.TRo+l 1)
1+ Q ( Cy20,Ty20+1 1)
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< max {Q(ZZLO 5 z2u)+1 ) t): Q ( 220#1, szH 5 t), Q (22w+1a Zyp+1 » t)) Q (2203 5 ZZerl ’ t)u

O(22w+1 22w+l ) 1+ Q(z2w+1 Z2w+1 0
Q2w 22w1) }
1+ Q (2w,z22w 1)

Q (~22w+1, Zows2, kKt) < MaX {Q(22 w , Zow+1 ), Q (Zowsts Z2 w1 1), Q (Zowss, Zows1, B),
Q(ZZm

22w+l
O(z22w+1 22w+l 1) Q(z2w+1 Z20+1 0

QQw 2wt

Q (Z22w,z22w 1)

Q (Zzw+1, Z2 w+2, kt) < {Q(Zz w1 Z2w+1 t). 0,0, Q(Zz ® 1 Z2 w+l, t),O,O } Q (Zzw+1, Z2 w+2, kt) < Q(Zz ® v Z2w+1
t)

Similarly we have

Q(%Zw y 22w+1 s t) < Q(%Zw—l y EZw ’ t) (2) So we get Q(22w+2 ’ 22w+1 5 t)ﬁ Q(22w+1 ’ 220) ’ t)
From (1),(2) and (2.13), We comprehend that {z } is a Cauchy sequence in Y .

But (Y, F;, (j,*, ©) is complete,So there are a soft point Z in Y .Such that {Zo} — q. Also we have

{Ch202}: TV 201} 1LY 20} {KY 201} — G

Since (C, L) is compatible of type (K) and one of the mapping is continuous. So using (2.15),We obtain Cq. = Lq.
(©)

Since CiY) c TiY) ,Then one can find a point ¥. in Y~, asameansto Cq.=T¥.
Now by contractive condition, we obtain

P(C§,K¥,kt) >min {P(L,T¥,t),P(C3,L¥,t),P(K¥,T¥,1), PLIK%D
1+ (Lg.v.t)

P(CGKT,p), Pesrd 1y
1+ (€49t

= min { P(C4,C4,t),P(C3,Cq,0),P(K¥.C4,1), PCo*d

=+ (Cqvt)

. P(C3.Cq,p), Pledr™  }

1+ (Cq,9,t

=min { P(C4,Cq,t),P(Cq,Cq,1),P(K¥,Cq,t), P(KV,Cq,t) ,P(CG,Cq,1), P(KV,Cq,t) }
P(Cq,K¥,kt) > P(C3,K¥,t) (4)

Also ,we obtain

Q(C.K¥.kt) < max {Q(LE,T¥,1),Q(C,L¥,t),Q(K¥, Tv,p), WK
1+ Q(LG,Kv,1)

,Q(C4,K¥,1), Q(CE, T 3
1+ Q(Cq, TV t

= max { Q(C3,Cq,0,Q(C,C3,t),QKV,Cq,t), A+
1+ Q(Cq,Kv,t)

,Q(CE,Cq,t), AER

1+ Q(Cq,Kv,t
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=max { Q(Cq,Cq,1),Q(Cq,Cq,1),Q(KV,Cq,1), QK¥,Cq,1) ,Q(Cq,Cq,n), QKV,Cq.t) }
Q(Cq.K¥.kt) < Q(Cq,K¥,t) (5)

Now from (4) and (5) and Lemma (2.14), We obtain Cq = KV

Thus we obtain Cq = Lq =Kq =Tq (6)

Toprove Rq =q

P( Cq, Kzppr1 kt) =min {P(LG, Tzo+1 , t) , P(CQ, Lzawi1, ) ,P(KZow1, TZopr1s t ),

P(L3.Tz22w+1 ,t) 1+ P(Lq,Tz20+1 ,t)
, P(Cq, Kz
2m+1
0, P(Cq.Tz2mw+1.t) }
1+ P(Cq,T22w+1,t)

let as n — oo, we obtain

P(C4, 4,kt) > min {P(Lg, 4,1),P (Cq, 4.t ),P(q, §,t), "4

1+P(L,4,t)
L P(C, g, P9 3

1+P(Cq,q,t) .
P(C4, 4,kt) = min {P(L4, §,t), P (C§, §.t), I, P(Ca.G.0
1+P(C3,4.t)

L P(C, ), P9 3

1+P(C4,d,t)

P(C4, 4,kt) = min {P(Cq, §.t),P (Cq, 4,t).1, PCa49
1+P(C3,4.t)

, P(Cq, g, P9 3

1+P(C3,4,1)

P(Cq3 q’kt) = min {P(Cq’ q’t)9P (Cq3 qﬂt )31 31 b P(CCNL q;t)ﬂ 1 }
P(Cq, g.kt) =P (Cq, q.t) (7)

Q( C(ia KZZ(D+] kt) S max {Q(Lq: TZZ(»H 5 t) s Q(C(NL L22w+11 t) aQ(KZZ(x)Jrlu T22m+], t)n

O(La,TZZ(D+1 .,t) ,Q(C4, Kz
1+ Q(L3, T220+1 Lt)

let as n — oo, we obtain
2m+1

) Q(C4a.T22m+1.1) 3
1+ Q(Cq,Tz22m+1,t)

Q(CG, gkt smax{Q(Lg, &), QCG, G1), QG g0, 4+
1+Q(Lg,q,) i

, Q(Cq, 4,1), Q(Cq,4,0) }

1+Q(C4,q.1)
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Q(Cg, §.kt) = max {Q(Lg, 4,t), Q (C, §;t ), 0, X+ Q(Cq, 4.0, QACae0 3
1+Q(CLEY  1+Q(CEG.t)

Q(Cq, §, kt) = max{Q(C4q, §,t), Q (Cq, g,t), 0, ¥ Q(Cq, gt), ¥ }
1+Q(Cg,4,1) o o o

Q(Cq, g, kt) = max {Q(Cq, 4,1), Q (€9, 4,t),0,0,Q(Cq, §,1), 0 }

1+Q(Cq.q.1)

Q(Cq, q.kt) <max Q(Cq, q,t)  (8)

Now from (7) and (8) & lemma 2.14, we obtain
Cq=4q
That being the case ,we obtain Cq =Lq = So q is a comman soft point of C and L.

As well we obtain KV =TV =q (10)

Since K and T are weakly compatible ,we have T K¥ =K TV.

So from (6),we obtain Tq =Kq Again ,we obtain (11)

P(Cz

202

, Kq, kt)> min{ P(Lz
202

,Tq,t),P(Cz

202

L3, 0),P(KG, TG0, P(CR20-2 ,Td,t) '
1+ P(C220—2 ,Tq,t)

P(CZ

202

, L, 1), P(C2200—2 .Tq.t) }
1+ P(C20-2 ,T3.0)

Taking limit n — oo ,We have o
P(q . Kq, kt) > min { P(q,Tq,0, P . Ld, 1).P(K,Tq,p), "4

1+ P(q,T.t)

P(q, Kg, kt) > min { P(§,Tq.0), P(@ , Tq, .P(TG,Tq,p), "4 1%

PG, Tg, p, "y

1+ P(q,Tq,t)

,P(Tq, Tg, 1), P@-T 3

1+P(q,Tqt) 1+ P(q.Tq,n

P(§, Kq, kt) > min { P (§,Tq,t), P (q, Td, t), 1,P(q,Tq, 1), 1,P(3,Tq,t) }
P(g, Kq, kt) >P(q,Tq,t) (12)

As well ,we obtain

Q(Cz Q(Cz
150
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20—2

202

, Kq, kt)< max  {Q(Lz

, L3, 9), Q(Cz2200—2 . Tq.t) 3

1+ Q(CRw-2 ,Tq.t)

20—2

;Tq,0, Q(Cz

2002

. L, 0.Q(K§,Tg.p), 422 189
1+ Q(CR20-2 ,T§.t)

Taking limit n — o ,We have o
Q(d, K3, kt) < max{Q(3,Tq,0), PG , L4, 1,Q(Kg,Tg,p), 21
1+ Q(q,Tq.0)

Q({ , K, kt) <max {Q(q,Tq,t), Q@G , Tq, t),Q(Tq,Tg,t), 241
1+Q@.TqaH

,Q@, Tg, 1), 2410 3

1+Q(q.,Tq,t)

, Q(Tqq, T, t), _2@-T4 3
1+ Q(q , Tg,t)

Q(q, Kq, kt) =max {Q(q,Tq.,), Q(q , Tq, 1), 1,Q(4, Tq, 1), 1,Q(q,Tq, )}

Q@@,Kq ,kt) < Q(q,Tq,t) (13)

Now from (12) and (13 ) and Lemma( 2.14)

Since we have Tq =Kq =q (14)

That being the case ,we obtain ¢ is a ordinary soft fixed point of C,K,L and T. For Uniqueness

Suppose t be the another ordinary soft fixed point then Cf = Lf = Kf Rf = T

P(C4, Kr, kt) > min {P((L§, T, t), P(Cq, L, t), P(Kr, TF, t), P&
1+ P(C§,TE 1)

, P(Cq, Kf, t) , P(Lq,TL,t) }

1+P (L§,Ti )

P(Cg, Kr, kt) > min {P((Cq, KF, t), P(Cq, Cr, t) , P(Kr, KF, t), "+

1+P (C§,KFb)

,P(CQ, KF, 1), "0y

1+P (Lg,KT1,t)

P(C§, Kf, kt) = min {P((CG, Kr, t), P(Cq, Cf, ) , 1, , P(Cq, K, t) , P(Cq, Kr, ), P(CG, Ki, t) }

(Cq, Kf, kt) > P((Cq, Kr, 1) (15)
As well we obtain

Q(Cq, Kf, kt) <max {Q((Lg, Tr, t), Q(Cq, L, t) , Q(KF, T
L9 Q(Cq.T1.t)

1+ Q(Cq, TL.t) o

,Q(Cq, Kf, ), T 3

1+Q (L§,TE t)

Q(C4, K, kt) <max {Q((Cq, Kf, t), Q(Cq, Cr, t) , Q(KE, Kr, t), ACHKR)
1+Q (C§,KE, 1)
}
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Q(C§, Kf, ), QCakKED
1+ Q(Lg,Kf,t)

Q(Cq, K1, kt) <max{Q((Cq, K
, 1), Q(Cq, Cr, 1), 0, , Q(Cq, K7, ), Q(Cq, K
, 1), Q(Cq, K, 1) }

Q(Cg, Kr, kt) < Q((Cq, Ki, t) ~ (16)
From (15),(16) and Lemma( 2.14)
We obtain Cq =Kq ,This implies Cq = Cr ,and q is a unique soft fixed point.

Remarks: Our result is also true for the pair of
mappings (A, S) is compatible of type (E) in place
of compatible mapping of type (K). Our result
extends and generalizes the results of M. Verma and
R.S. Chandel [13], Jha et al.[11] Manandhar et al.
and improve the result of Manandhar et al. [10].
Also, our result improves other similar results in
literature.
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